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30.4 The key transformation
From Section 30.2 we know that E[LH ] = LG. We could try to write LH as the sum of
random matrices and apply Theorem 61 with X = LH and E[X] = E[LH ] = LG, but
to make our life easier we will first make an important transformation into an equivalent
problem for which µmin = µmax = 1.

For positive definite matrices A and B we have

A 4 cB () B
�1/2

AB
�1/2 4 cI .

In the above, recall that
B = �⇤�T ,

where ⇤ is the diagonal matrix with the eigenvalues �1, . . . ,�n of B on its diagonal. Since
B is positive definite, �i > 0 for all 1  i  n, and we define

B
�1/2 := �⇤�1/2�T , ⇤�1/2(i, i) := 1/

p
�i .

The same property holds for positive semi-definite matrices so long as they have the same
null space, and if we replace the inverse of B with the pseudo-inverse of B. More precisely,
let B be a positive semi-definite matrix. Then the pseudo-inverse of B is defined as:

B
+ := �⇤+�T , ⇤+(i, i) :=

⇢
0 �i = 0
��1
i

�i > 0
.

Similarly, we define B
+/2 as:

B
+/2 := �⇤+/2�T , ⇤+/2(i, i) :=

⇢
0 �i = 0

��1/2
i

�i > 0
.

Now, if A and B are positive semi-definite matrices with the same null space, then

A 4 cB () B
+/2

AB
+/2 4 cB+/2

BB
+/2 .

In particular, if H and G are both connected graphs, then both LH and LG have the
same null space given by {↵1 : ↵ 2 R}. As such:

LH 4 (1 + ✏)LG () L
+/2
G

LHL
+/2
G

4 (1 + ✏)L+/2
G

LGL
+/2
G

.
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Set
⇧ := L

+/2
G

LGL
+/2
G

.

We conclude that

(1� ✏)LG 4 LH 4 (1 + ✏)LG () (1� ✏)⇧ 4 L
+/2
G

LHL
+/2
G

4 (1 + ✏)⇧ .

In other words, LH is an ✏-approximation of LG if and only if L+/2
G

LHL
+/2
G

is an ✏-approximation
of ⇧. So rather than prove that LH is an ✏-approximation of G with high probability, we
will instead prove that L

+/2
G

LHL
+/2
G

is an ✏-approximation of ⇧ with high probability.
At this point, it is instructive to get a feel for what the operator ⇧ does. In words, it

projects a vector x onto the range LG. Since G is connected, the range of LG is given by
span{ 2, . . . , n}. To see that ⇧ projects x onto span{ 2, . . . , n}, we compute

⇧ =  ⇤+/2 T ⇤ T ⇤+/2 T =  ⇤+/2⇤⇤+/2 T =  

0

BBBBB@

0 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
...

...
... . . . ...

0 0 0 · · · 1

1

CCCCCA
 T .

As such,

⇧x =
nX

i=2

hx, ii i ,

and we note that �1(⇧) = 0 and �2(⇧) = · · · = �n(⇧) = 1.

30.5 The edge probabilities and graph approximation

In this section we prove that L+/2
G

LHL
+/2
G

is an ✏-approximation of ⇧ with high probability.
In other words, we want to show:

P
⇣
L

+/2
G

LHL
+/2
G

4 (1� ✏)⇧
⌘
⌧ 1 , (75)

P
⇣
L

+/2
G

LHL
+/2
G

< (1 + ✏)⇧
⌘
⌧ 1 . (76)

Note, if L+/2
G

LHL
+/2
G

< (1 + ✏)⇧, then by Theorem 15 we have

�n(L
+/2
G

LHL
+/2
G

) � (1 + ✏)�n(⇧) = 1 + ✏ .

Thus,
P
⇣
L

+/2
G

LHL
+/2
G

< (1 + ✏)⇧
⌘
 P

⇣
�n(L

+/2
G

LHL
+/2
G

) � 1 + ✏
⌘
.

As such, to show (76) it is sufficient to show

P
⇣
�n(L

+/2
G

LHL
+/2
G

) � 1 + ✏
⌘
⌧ 1 .
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Similarly, to show (75) it is sufficient to show

P
⇣
�2(L

+/2
G

LHL
+/2
G

)  1� ✏
⌘
⌧ 1 .

Note that we use �2 instead of �1 since we are guaranteed to have �1(L
+/2
G

LHL
+/2
G

) =
�1(⇧) = 0.

At this point you should be thinking that we will want to use Theorem 61. To do so we
need to do two things. First, we need to compute E[L+/2

G
LHL

+/2
G

]. We have:

E[L+/2
G

LHL
+/2
G

] = L
+/2
G

E[LH ]L
+/2
G

= L
+/2
G

LGL
+/2
G

= ⇧ .

That is great because it means that on average L
+/2
G

LHL
+/2
G

is equal to ⇧, and we will be
able to use Theorem 61 to prove that any individual realization of L+/2

G
LHL

+/2
G

should not
deviate from ⇧ by too much, with high probability. We note that,

1 + ✏ = (1 + ✏)�n(⇧) = (1 + ✏)�n

⇣
E[L+/2

G
LHL

+/2
G

]
⌘
,

and similarly,
1� ✏ = (1� ✏)�2(⇧) = (1� ✏)�2

⇣
E[L+/2

G
LHL

+/2
G

]
⌘
.

The second thing we need to do is write L
+/2
G

LHL
+/2
G

as the sum of random matrices.
To that end, for each (a, b) 2 E define Xa,b as the random matrix such that

P
✓
Xa,b =

w(a, b)

pa,b
L

+/2
G

La,bL
+/2
G

◆
= pa,b and P(Xa,b = 0) = 1� pa,b .

Recalling how we defined H in (73) and (74), we see that

L
+/2
G

LHL
+/2
G

=
X

(a,b)2E

Xa,b .

Now we need to specify the probabilities pa,b

pa,b :=
1

R
w(a, b)kL+/2

G
La,bL

+/2
G

k ,

where R is a parameter that we will specify shortly. Since

Xa,b =
w(a, b)

pa,b
L

+/2
G

LGL
+/2
G

,

when (a, b) 2 E is chosen, we see that

kXa,bk  R .
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Now, there is a chance that pa,b > 1. We will address that scenario at the end of our
discussion. For now let us assume that pa,b  1.

Set
R :=

✏2

⌧ log n
, ⌧ > 3 .

Applying Theorem 61 we have:

P
⇣
L

+/2
G

LHL
+/2
G

< (1 + ✏)⇧
⌘
 P

⇣
�n(L

+/2
G

LHL
+/2
G

) � 1 + ✏
⌘

= P
⇣
�n(L

+/2
G

LHL
+/2
G

) � (1 + ✏)�n(E[L+/2
G

LHL
+/2
G

])
⌘

 n exp

✓
� ✏2

3R

◆

= n exp

✓
�⌧ log n

3

◆

= n · n�⌧/3

= n�(⌧�3)/3 .

Since �1(Xa,b) = 0 for all (a, b) 2 E, we can apply Theorem 61 to �2 instead of �1 to obtain:

P
⇣
L

+/2
G

LHL
+/2
G

4 (1� ✏)⇧
⌘
 P

⇣
�2(L

+/2
G

LHL
+/2
G

)  1� ✏
⌘

= P
⇣
�2(L

+/2
G

LHL
+/2
G

)  (1� ✏)�2(E[L+/2
G

LHL
+/2
G

])
⌘

 n exp

✓
� ✏2

2R

◆

= n exp

✓
�⌧ log n

2

◆

= n · n�⌧/2

= n�(⌧�2)/2 .

Remark 33. Based on the above inequalities, one might be tempted to set ⌧ to be very
large. However, we will see in Section 30.6 that E[|EH |] increases with ⌧ .

30.6 The number of edges
Now we know that with high probability H will be an ✏-approximation of G, but we still need
to compute the expected number of edges in H. To that end define the random variables
Xa,b as

P(Xa,b = 1) = pa,b and P(Xa,b = 0) = 1� pa,b .

It follows that E[Xa,b] = pa,b and

|EH | = X :=
X

(a,b)2E

Xa,b .
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Thus,
E[|EH |] = E[X] =

X

(a,b)2E

E[Xa,b] =
X

(a,b)2E

pa,b .

So we need to compute the sum of the probabilities pa,b. Let us first compute kL+/2
G

La,bL
+/2
G

k.
Since La,b has rank one, the matrix L

+/2
G

La,bL
+/2
G

also has rank one. Thus it has one non-zero
eigenvalue �a,b > 0. Therefore:

kL+/2
G

La,bL
+/2
G

k = �a,b

= Tr(L+/2
G

La,bL
+/2
G

)

= Tr(L+
G
La,b) .

As such:
X

(a,b)2E

pa,b =
1

R

X

(a,b)2E

w(a, b)kL+/2
G

La,bL
+/2
G

k

=
1

R

X

(a,b)2E

w(a, b)Tr(L+
G
La,b)

=
1

R
Tr

0

@
X

(a,b)2E

w(a, b)L+
G
La,b

1

A

=
1

R
Tr

0

@L
+
G

X

(a,b)2E

w(a, b)La,b

1

A

=
1

R
Tr(L+

G
LG)

=
1

R
Tr(⇧)

=
n� 1

R
.

We conclude that
E[|EH |] =

n� 1

R
.

Recall,

R =
✏2

⌧ log n
, ⌧ > 3 ,

so that
E[|EH |] = ⌧✏�2(n� 1) log n .
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Thus the expected number of edges is O(✏�2n log n), which is good. But what about any
single particular realization of H? Let 0  �  1 and apply Theorem 60:

P
�
|EH | � (1 + �)⌧✏�2(n� 1) log n

�
= P(|EH | � (1 + �)E[|EH |])

 exp

✓
��2E[|EH |]

3

◆

= exp

✓
��2(n� 1)

3R

◆

= exp

✓
�⌧�2(n� 1) log n

3✏2

◆

 exp

✓
��2(n� 1) log n

✏2

◆

 exp

✓
��2(n� 1)

✏2

◆
.

We can simplify even further by setting � = ✏, in which case we get:

P
�
|EH | � (1 + ✏)⌧✏�2(n� 1) log n

�
 e�(n�1)  3e�n .

In other words, it is exceedingly unlikely that |EH | will have more than O(✏�2n log n) edges,
even for small n.

30.7 Collecting everything
In this section we collect all the main results that we proved in the previous sections. Here
is our algorithm:

• Input: A connected graph G = (V,E,w), a tolerance 0 < ✏ < 1, and the parameter
⌧ > 3.

1. For each edge (a, b) 2 E compute the probabilities

pa,b := min

✓
1

R
w(a, b)kL+/2

G
La,bL

+/2
G

k , 1
◆

, with R :=
✏2

⌧ log n
.

2. Randomly sample the edges from G for inclusion in H = (V,EH , wH) according to the
probabilities:

P((a, b) 2 EH) = pa,b and P((a, b) /2 EH) = 1� pa,b .

3. For each edge (a, b) 2 EH , assign it the weight

wH(a, b) =
w(a, b)

pa,b
.
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• Output: The graph H = (V,EH , wH).

The following theorem collects what we can say about the graph H.

Theorem 62. In the algorithm above suppose that

pa,b =
1

R
w(a, b)kL+/2

G
La,bL

+/2
G

k  1 , 8 (a, b) 2 E .

Then the expected number of edges in H is

E[|EH |] = ⌧✏�2(n� 1) log n ,

and furthermore

|EH | < 2E[|EH |] = 2⌧✏�2(n� 1) log n with probability 1� 3e�n .

Additionally, H is an ✏-approximation of G with probability 1� 2n�(⌧�3)/3.

Remark 34. As we mentioned earlier, what if R�1w(a, b)kL+/2
G

La,bL
+/2
G

k > 1? We have
two options. One is use the above algorithm, which accounts for this possibility by setting
pa,b = 1 in this case. Theorem 62 does not apply, but one can adapt the Chernoff bounds to
get a similar result.

The other option is to adapt the algorithm. For any pa,b = R�1w(a, b)kL+/2
G

La,bL
+/2
G

k >
1, set k = bpa,bc � 1. Create k copies of the edge (a, b) 2 E such that each of these copies is
put into EH with probability 1; weight these edges as wH(a, b) = w(a, b)/pa,b. Associated to
these edges, create k random matrices X

(j)
a,b

, 1  j  k, such that

P
✓
X

(j)
a,b

=
w(a, b)

pa,b
L

+/2
G

La,bL
+/2
G

◆
= 1 , 1  j  k .

Create one additional copy of the edge (a, b) such that this copy is placed in EH with
probability pa,b � k and give it the same edge weight wH(a, b) = w(a, b)/pa,b. Associate to
this edge the random matrix X

(k+1)
a,b

such that

P
✓
X

(k+1)
a,b

=
w(a, b)

pa,b
L

+/2
G

La,bL
+/2
G

◆
= pa,b � k and P

⇣
X

(k+1)
a,b

= 0
⌘
= 1� (pa,b � k) .

Algorithmically, combine all the copies of (a, b) that make it into EH into a single edge, and
assign this single edge the weight equal to the sum of the edge weights of the copies. The
proof of Theorem 62 will go through with minor modifications; in particular, one will be able
to use the same Chernoff bounds.
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