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30 Graph sparsification via random sampling

30.1 Introduction
Recall that H = (V, Ey, wy) is an e-approximation of a graph G = (V, B, w) if

(1—€¢)Lg < Ly < (1+¢€)Lg.

In Section 29, Theorem 56, we learned that (d, €)-expander graphs are e-approximations of
the re-scaled complete graph (d/n)K,. We also proved in Theorem 59 that
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€

and we observed that the Ramanujan graphs, which are a special type of expander graph,
satisfy
< 2v/d—1
€S —
meaning they are very good approximations of K,,, particularly when n is large. Recall that
a (d, €)-expander graph is a d-regular graph and so it has dn/2 edges. We can calculate the
number of edges in a Ramanujan graph in terms of its approximation error e. Indeed, by

the above two inequalities we can take:
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Therefore, the number of edges in a Ramanujan graph that e approximates (d/n) K, is equal
to

— =0(e?n).

In this section we will prove that any connected graph G, not just the complete graph,
can be well approximated by a sparse graph. We will see that by using a careful random
sampling of the edges in G, we can obtain an € approximation of G with only O(e ?nlogn)
edges, which is nearly as sparse as the Ramanujan graph (but, again, here we approximate
any G, not just K,). This is a very powerful statement, as it allows us to approximate any
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graph with a sparse graph through a relatively simple algorithm. As an example of this
power, remember that if H is an e-approximation of GG, then by Theorem 15 we have

(1—ON(G) < N(H) < (1+NG), 1<i<n.

Additionally, for all sets S C V, the number of edges in the boundary of S with respect to
H is similar to the number of edges in the boundary of S with respect to GG since, recalling
a calculation we performed in the proof of Theorem 39, we have:

(1 — 6)|8Gs| = (1 — 6)1£LG]-S < |8HS| = ]-gLHlS < (1 + 6)1§Lgl5 = (1 + 6)|8Gs| .

There are other properties for which G and H will be similar as well.

30.2 Overview of the algorithm

Now for the random sampling algorithm that will generate the graph H = (V, Ey, wg) from
the graph G = (V, E, w):

1. Carefully choose a probability p,; for each edge (a,b) € E, where p,; gives the prob-
ability that we keep the edge in H.

2. Randomly sample the edges from G to include in H using the probabilities p, ;.
3. If (a,b) is included in H, we give it weight

w(a, b)
DPap .

wy(a,b) ==

We will show that with properly chosen probabilities p,;, the resulting graph H will have
|Ex| = Ce2nlogn edges with high probability, and H will be an e-approximation of G also
with high probability.

As some initial intuition, the reason for re-weighting the edges is that it will imply the
expected matrix of Ly will be equal to L. To see this, recall that

LG = Z w(a, b)La,b .
(a,b)eE
On the other hand,
Ly= > Wyla,b)Lay, (73)
(

a,b)eE

where Wy (a,b) is the random variable defined as

P (WH(a, b) = %) =pap and P(Wg(a,b) =0)=1—pgy. (74)
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It follows that the expected value of Wy (a,b) is:

E[Wg(a,b)] =P (WH(a, b) = “’](Qj’bb)> : “’](Qj’bb) +P(Wy(a,b) =0)-0

w(a,b)

= pa,b : + (1 _pa,b) : O

Da,b

=w(a,b).

Thus, on average, the weight of each edge is preserved and thus the overall weight of the
graph on average is preserved. Furthermore,

E[Ly)= Y EWg(a,b)Lay= Y w(a,b)Le = Le,

(a,b)eEFE (a,b)eE

indicating that the average graph Laplacian of H over an infinite number of random draws
of H will be equal to Lg. However, for most random draws of H, Ly will be much sparser
than Lq (if we pick the probabilities p,p correctly).

Remark 30. Since on average the overall weight of G is preserved by H, one can think of the
new weights wy(a,b) = w(a,b)/pap, which increase the weight of the edge, as aggregating
the weights of the edges that are removed from G into the fewer remaining edges left in H.
As an additional reference point, if G = K,, with all edge weights equal to one, and if H is
a (d, €)-expander graph also with all edge weights equal to one, then it is H = (n/d)H that
e-approximates K,. In particular, we see that all the edge weights are blown up in this case
too.

30.3 Chernoff bounds

To prove that the algorithm from Section 30.2 works, we will need two types of Chernoff
bounds, one for random variables and one for random matrices. All of these results are types
of concentration inequalities.

Theorem 60 (Random variable Chernoff bound). Let X, ..., X,, be independent random
variables taking values in {0,1}. Define

and let p = E[X]. Then for any 0 <6 <1,
6752u/2

P(X < (1—6)p)
P(X > (1+6)u)

IN

Y
e~ 0n/3

IN
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Theorem 61 (Random matrix Chernoff bound). Let X;, ..., X,, be independent random
n X n, symmetric, positive semi-definite matrices so that || X;|| < R almost surely. Define

P(Amin(X) < (1= €)ptmin) < ne” < Hmin/28,
]P)()‘max(X> (1 + E)Iumax) < ’I’Le_62“max/3R .

v

Remark 31. It is important to note that the random variables X1, ..., X,, in Theorem 60,
and the random matrices X1, ..., X,, in Theorem 61, can have different distributions.

Remark 32. Looking ahead, we will use Theorem 60 to prove that the number of edges in
H is O(e?nlogn) with high probability, and we will use Theorem 61 to prove that H is an
e-approximation of G with high probability.
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