CMSE 890-001: Spectral Graph Theory and Related Topics, MSU, Spring 2021

Lecture 01: Introduction to Spectral Graph Theory
January 19, 2021

Lecturer: Matthew Hirn

1 Introduction

The main book for this course is the draft of the book, Spectral and Algebraic Graph Theory
by Daniel Spielman [1]; you can download it here. As of this writing, I am using the version
dated December 4, 2019. I will make every effort to keep my notation consistent with the
book’s notation.

As the course progresses we will incorporate other readings, particularly for topics on
graph signal processing and graph convolutional (neural) networks. Stay tuned for those.

2 Graphs

An (unweighted, undirected) graph G = (V, E) is a collection of vertices V' and edges FE.
The edge set consists of unordered pairs of distinct vertices:

E c{(a,b):a,beV and a # b and (a,b) = (b,a)}.

A better notation for an edge is probably {a,b} (to emphasize that the order does not
matter), but it is tradition to write (a,b).

Many times we will want to add weights to the edges; these are called weighted graphs and
are written G = (V, E,w). Here w : E — R gives the weight w(a,b) = w(b, a) of each edge.
Almost always the weights will be positive, i.e., w(a,b) > 0, but there might rare occasions
when we want to allow for negative weights. We can (and will) view an unweighted graph
as a weighted graph in which all the edge weights are equal to one.

Here is a simple example of a graph:

V:{1,2,3,4,5,6},
E= {<172>7 (173)7 (273)7 (3’4)7 (475)7 (476>} (1>

Graphs have natural visual representations. We can draw dots for the vertices and lines for
the edges. Figure 1 provides a drawing of the graph in (1). Here are some other abstract
graphs that we will encounter in this course (see Figure 2 for drawings of them):

e The path graph:
V={12,...,n},
E={(1,2),(23),...,(n—1,n)}.
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http://cs-www.cs.yale.edu/homes/spielman/sagt/

Figure 1: A drawing of the graph from (1).

e The cycle graph:

V=A{12,...,n},
E={(1,2),(2,3),...,(n—1,n),(1,n)}.

e The star graph:

V={1,2,...,n},
E={(1,2),(1,3),...,(1,n)}.

We will use these abstract graphs to gain theoretical insights, but in terms of applications,
the most interesting graphs come from real world data. In this case the vertices represents
objects or things, and the edges indicate some form of relationship or similarity between two
objects. Here are some examples:

e Friendship graphs (like Facebook): People are vertices, edges exist between pairs of
people who are friends (see Figure 3).

e Airplane route graphs: Cities are vertices, and edges exist between pairs of cities for
which there is a direct flight (see Figure 4).

e Molecular graphs: Atoms are vertices and edges exists between pairs of atoms that are
bonded. The graph represents a single molecule (see Figure 5).

e Gene-gene interaction graphs: Genes are vertices and two genes are connected by an
edge if there is physical relationship (e.g., one gene can bind to another) or a functional
relationship (see Figure 6).

In fact, almost any data set can be represented as a weighted graph. Indeed, suppose
one has data set
data set = {a,...,a,},
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Figure 2: Drawings of the path graph, the cycle graph, and the star graph.

and you are able to provide some notion of similarity between data points through a sym-
metric kernel function k(a;,a;) = k(a;,a;) in which k(a;,a;) = 0 means either a; and a;
are completely dissimilar or it is impossible to measure to their similarity and k(a;, a;) > 0
means a; and a; have some similarity, with larger values implying a greater degree of simi-
larity. Then we can create a weighted graph G = (V, F,w) in which

V=Aay,...,a,},
E = {(a;,a;) : k(a;,a;) >0and i # j},

w(a;, a;) = k(a;, a;) .

This is often a very useful way of thinking about a data set, and the techniques we develop
in this course will help you analyze such data.

Remark 1. There are other types of graphs one can consider. These include:
e Pseudograph: Graphs with loops, i.e., we allow (a,a) € F for a € V.

e Directed graphs, i.e., (a,b) # (b,a). In other words, the edges have a directionality
now.

e Mixed graphs: These are graphs with some undirected edges and some directed edges.



Figure 3: Facebook  friendship graph of a particular person from
https://griffsgraphs.wordpress.com/tag/social-network/. Per the description
on the website, red are high school friends, blue are college friends, yellow are his girlfriend’s
friends, purple are academic colleagues, and pink are friends met from traveling.


https://griffsgraphs.wordpress.com/tag/social-network/

Figure 4: Northwest Airlines route map from 1987.

Figure 5: The Benzene molecule represented as a graph. The vertices marked with C repre-

sent carbon atoms, and the vertices marked with H represent hydrogen atoms; edges represent
bonds.
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Figure 6: Gene-gene interaction graph; provided by Prof. Arjun Krishnan of CMSE!



e Multigraphs: We allow for multiple distinct edges between the same pair of vertices.
e Hypergraphs: An edge can join more than two vertices.

e Simplicial complexes: These are structures that have vertices, edges, triangles, and
their higher-dimensional counterparts.

For the most part in this course we will focus on undirected, (weighted) graphs with no
loops. However, we might have an opportunity to look at some of the other types of graphs
listed above, depending on time and interests.

Remark 2. From here on out, if we do not say so, we will assume G = (V, E) is a graph
with n vertices. If we need to label the vertices, often we will use V= {1,...,n} (as above).

3 Matrices for graphs

Remark 3. We will denote functions or signals on the vertices of a graph G as x : V — R.
It will be very useful to think of these as functions, and so we will use (a) to denote the
value of x at the vertex a € V. However, it will also often be useful to think of & as an n x 1
column vector, in particular, so we can do linear algebra things (like matrix multiplication).

Remark 4. We will denote n x n matrices associated to G by bold uppercase letters, such
as M = M. Entries of these matrices will be denoted by M (a,b), to emphasize that they
depend on the vertices themselves, not the order in which we may write down the vertices.

We will associate different matrices M to a graph G. Throughout much of the course,
there will be three possible ways to think about such matrices:

1. As a spreadsheet that encodes the graph

2. As an operator that maps a function/vector & on the vertices to a new function/vector
Mzx.

3. As a quadratic form that maps a function/vector & on the vertices to the number
T
' Mzx.

3.1 Spreadsheet: The adjacency matrix

The most obvious matrix to associate to a graph G = (V| E) is its adjacency matriz, which

is defined as (.b)
1 (a,b) € F,
Me(a,b) = { 0 (a,b) ¢ E.

If the graph is weighted, that is G = (V, E, w), then instead we use the weighted adjacency
matrix:

| w(a,b) (a,b) € E,
M (a,b) = { 0 (a.b) ¢ E.



While the adjacency provides a nice way to encode a graph G, it is not terribly useful since
it does not provide a natural operator or a quadratic form.

3.2 Operator: Random walks

One of the most natural operators associated to a graph is the random walk operator. The
idea is the following. Suppose you start at some vertex a € V. You are allowed to step to
any other vertex b € V so long as (a,b) € E; incidentally this set of vertices is called the

neighborhood of a:
N(a) = Ng(a) :={beV :(a,b) € E}.

However, you don’t get to choose which vertex b € N(v) you step to, but rather you pick one
at random. The probabilities are uniform in an unweighted graph and they are proportional
to the weights in a weighted graph. The matrix that encodes the random walk is the random
walk matrix.

To define the random walk matrix we need the notion of degree. The degree of a vertex
in an unweighted graph is its number of neighbors:

deg(a) := [N(a)|.

In a weighted graph we weight each of the neighbors according to their degree:

deg(a) := Z w(a,b) .

beN (v)
Let d denote the degree vector, i.e., d(a) := deg(a), which we notice can be written as
d= M1,

where 1 is the vector of all ones (equivalently, the function that assigned 1(a) = 1 to every
vertex a € V). The degree matriz associated to a graph is the n x n diagonal matrix with

d on its diagonal:
B | d(a) a=0,
D(a,b) = Dg(a,b) .—{ 0 0t

The random walk matrix is defined as:
W =Wg := McD;'.

Let 6, : V — R denote the function that assigns the value of one a and the value of zero to

every other vertex in V, i.e.,
1 b=a,
6a(b)'_{0 b#a.

One can think of §, as a probability distribution on the vertices of G that indicates where
we are going to start our random walk. It says that we are starting at the vertex a and



there is no chance we are starting anywhere else. Now let us suppose we take one step in
our random walk. We want to know the probability of landing at each vertex in the graph.
It will be given by:

Wi, .

You can verify for yourself that Wé,(b) will only take nonzero values (that is, have non-zero
probabilities) when b € N(a) and its entries will add up to one. If we want to know the
probabilities of landing at each vertex in the graph after ¢ steps of the random walk, it will
be given by

w's, .

Spectral theory will play an important role here as it is a very useful tool by which to analyze
repeated applications of an operator, i.e., powers W1,



CMSE 890-001: Spectral Graph Theory and Related Topics, MSU, Spring 2021

Lecture 02: Introduction to Spectral Graph Theory (Part 2)
January 21, 2021

Lecturer: Matthew Hirn

3.3 Quadratic form: The graph Laplacian
The graph Laplacian is defined as
L:LglzDg—Mg.

It is a natural extension of the negative of the Laplacian operator A (from calculus) to graphs.
To (partially) see this, recall that the Laplacian operator applied to a twice-differentiable
function f : R — R computes the second derivative of f, i.e.,

Af=f"when f:R—R.
Recall further that the finite difference approximation of f”(u) at u € R is

) LT 2200 4 S0y, o)

Now consider the cycle graph with n = 5 vertices. Its graph Laplacian is:

2 -1 0 0 -1
-1 2 -1 0 0
0 -1 2 -1 0
o 0 -1 2 -1
-1 0 0 -1 2

L

Now apply L to x and let us evaluate at an arbitrary vertex a € {1,2,3,4,5} of our cycle
graph. We get:

— Lz(a) =x(a+1 modb5)—2x(a)+x(a—1 mod?5). (3)

Notice that if you replace & with f and set h = 1 and ignore the modular arithmetic,
equation (3) looks very similar to (2).

The above discussion views L as an operator (a sort of discrete differential operator in
fact), but it will also be extremely useful to associate the following quadratic form to the
graph Laplacian:

e'Le = Y wla,b)(x(a) - z(D)”. (4)

(a,b)EE
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Equation (4) measures the “smoothness” of & with respect to the graph G. If @ changes
drastically over several edges in (a,b) € E with a large weight w(a, b), then (4) will be large.
On the other hand, if « only changes by small amounts over edges in the graph, then (4) will
be small. Notice that changes in @ over pairs a,b € V such that (a,b) ¢ E do not contribute
to (4).

4 Spectral Theory

Remark 5. We will denote the inner product between two vectors in two different ways,
namely:

(z,y) =x"y.

Spectral theory refers to the study of eigenvalues and eigenvectors of matrices (or oper-
ators). Let us recall their definition. Let M be an n x n matrix. An n x 1 vector ¥ is an
eigenvector of M with eigenvalue pu € R if

M = b,
and if 7 is not the all zeros vector. Here are some equivalent formulations of eigenvalues:
e 4 is an eigenvalue if and only if uI — M is a singular matrix (that is, not invertible).

e 1 is an eigenvalue if and only if it is a root of the characteristic polynomial p(z) =
det(zI — M).

For general square matrices, it is hard to know when they admit eigenvectors and and
eigenvalues. However, for real valued symmetric matrices, we have the following.

Theorem 1 (Spectral Theorem). Let M be an n x n real valued, symmetric matriz. Then

there exists n real eigenvalues py, ..., pu, € R (not necessarily distinct) and n real valued,
orthonormal eigenvectors 1, ..., 1, such that ¥; is an eigenvector of M with eigenvalue
Ni. That 1s:

M, = pit;,

o=} 1)

The eigenvalues of M are unique but the eigenvectors are not. Indeed, if ¥ is an eigen-
vector, then —1) is also an eigenvector. Things can get even more complicated if some
eigenvalues are repeated.

Many of the matrices we encounter in this course will be real valued and symmetric, and
so the spectral theorem will apply. Others, such as the random walk matrix, will not be
symmetric but they will be similar to a symmetric matrix, and so we will see that we can
still use the Spectral Theorem to understand them.
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Often the matrices we study will also be positive semidefinite. A matrix is positive
semidefinite if it is symmetric and all of its eigenvalues are non-negative. A matrix is positive
definite if it is symmetric and if all of its eigenvalues are positive. The next theorem proves
the graph Laplacian is positive semidefinite.

Theorem 2. The graph Laplacian is positive semidefinite.
Proof. Let 1 be an eigenvector of L with [|¢|| = 1 and with eigenvalue A. Then:
YT Ly =P ap = A,
but on the other hand
YLy = ) wia,b)(y(a) - ()’ 2 0.
(a,b)eFE

Furthermore, one can verify
L1=0,

where 0 is the vector of all zeros, meaning that A = 0 is always an eigenvalue of L with
constant eigenvector. Thus L is positive semidefinite and not positive definite. O]

Remark 6. We will always order the eigenvalues of L in increasing order, i.e.,
O=A <A< <A,

I will also do my best to reserve the letter A for eigenvalues of the graph Laplacian, and to
use other (Greek) letters for eigenvalues of other matrices.

5 Previews

In this section we give previews of some of the things that will motivate us and some of the
things we will study this semester.

5.1 Eigenvalue/eigenvector frequency

Eigenvalues and eigenvectors of the graph Laplacian have a natural notion of frequency, with
smaller eigenvalues corresponding lower frequencies and larger eigenvalues corresponding to
higher frequencies. We can use the path graph to illustrate this idea now; we will delve into
it in more depth later. Let us take a look at the path graph on ten vertices; Figure 7 has a
picture.

Here are the eigenvalues of the graph Laplacian of the path graph with n = 10 ver-
tices: -5.16451812e-16, 9.78869674e-02, 3.81966011e-01, 8.24429495e-01, 1.38196601e+-00,
2.00000000e+00, 2.61803399e+00, 3.17557050e+00, 3.61803399e-+00, 3.90211303e+00. There
is a pattern here that we will prove later, but for now will remain a mystery.
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Figure 7: The path graph with n = 10 vertices.
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Figure 8: The second eigenvector of the graph Laplacian of the path graph with n = 10
vertices.

We know from the proof of Theorem 2 that the first eigenvalue is zero and its correspond-
ing eigenvector is constant. Since that is not very interesting, let us move onto the second
eigenvector, which is plotted in Figure 8. We can see the second eigenvector increases over
the path graph.

Now let us plot the second, third, and fourth eigenvectors of the path graph to get a
better feel for what is going on. Take a look at Figure 9. We see that as the eigenvalue
increases, the eigenvectors oscillate at higher and higher frequencies. Put another way, the
second eigenvector just increases, the third eigenvector goes down and then up, while the
fourth eigenvector goes up, then down, then back up. These eigenvectors are like discrete
versions of the modes of a vibrating string.

2nd eigenvector of the path graph 3rd eigenvector of the path graph 4th eigenvector of the path graph

Figure 9: Left: The second eigenvector of the path graph. Middle: The third eigenvector of
the path graph. Right: The fourth eigenvector of the path graph.
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To drive the point home further, let us look at the eighth, ninth, and tenth eigenvectors,
which correspond to the three eigenvectors with the three largest eigenvalues. They are
plotted in Figure 10. We see the oscillate at very high frequencies! In particular, the last
one goes up and down across each edge of the path graph.

8th eigenvector of the path graph 9th eigenvector of the path graph 10th eigenvector of the path graph

03
02
01
3
2 o0
H
& & ]
i o -01 i
02
03

-04

Figure 10: Left: The eighth eigenvector of the path graph. Middle: The ninth eigenvector
of the path graph. Right: The tenth eigenvector of the path graph.

Later in the course we will make this observation precise, first for the path graph, and
then for general graphs. These results in turn will lead to lots of interesting things, such as
clustering algorithms and graph signal processing, among others.

5.2 Graph signal processing

In the previous section we observed (anecdotally) that eigenvalue can be a proxy for the
frequency of the eigenvector of the graph Laplacian. We can take this one step further by
interpreting the eigenvectors of the graph Laplacian as the Fourier modes of the graph G. In
doing so, we can create a mathematical language for signal processing on graphs, in which
the aim is to extract information from a signal & defined on a graph G.

One of the key things we will be able to do is to develop notions of graph filters that
can be used to carry out this signal information extraction. Figure 11 shows an example in
which numerically the manifold is approximated by a graph and the filters are derived from
the resulting eigenvalues and eigenvectors of the graph Laplacian.

5.3 Graph convolutional networks

Graph convolutional networks merge signal processing on graphs with machine learning to
carry out complex inference tasks. Spectral based graph convolutional networks are based
upon graph signal processing and spectral graph theory.

14



Figure 11: Filters of two different sizes and locations on the person manifold, which numer-
ically is approximated by a graph. Figure taken from [2].

5.4 Random walks on graphs

We already briefly saw random walks on graphs. We will study them in more detail. They
also play a large role in machine learning on graphs and we will use them to develop models
for filters on graphs that are pertinent to graph signal processing and graph convolutional
networks.

5.5 Spectral clustering

Spectral graph theory also leads to a class of clustering algorithms called spectral clustering
methods. Here is the idea, which we will study in more detail later in the course.

We already saw that the first eigenvalue of the graph Laplacian is zero, that is \; = 0.
It turns out if the graph is disconnected, then Ay = 0 as well. In fact, the multiplicity of the
zero eigenvalue will tell us the number of connected components of the graph.

That is already pretty cool. However, we can say even more. Suppose that GG is connected.
Then we will show that necessarily Ay > 0. In fact, though, the magnitude of A5 tells us how
well connected G is. We will make this statement quantitatively precise.

5.6 Graph embeddings/drawings

We can use the low frequency eigenvectors embed graphs in low dimensions, such as R? for
visualization. This can be a good way to get an initial impression of a graph you do not
know much about. Here is one way we can embed a graph in two dimensions. For each

15



vertex a € V', we map it to:
a— ((a),1ps(a)) € R%. (5)

We do not use 1; because it is the constant vector and will give us know information about
the graph. We then plot the vertices using the coordinates (2(a), 13(a)).

In Figure 12(a) is a visualization of the Minnesota graph, which represents the road
network in the state of Minnesota. We compute its graph Laplacian and corresponding
eigenvectors, and in Figure 12(b) use the 2nd and 3rd eigenvectors to embed the graph into
R? using the map (5). The embedding is not bad, particularly if you knew nothing about
the graph.

minnesota
G.N=2642 nodes, G.Ne=3304 edges
Eigenvector embedding of the Minnesota graph

wla)

97 9 95 -84 -93 -92 91 -90 -003 -002 -0.01 (()0)0 001 002 003
wla.

(a) The Minnesota graph visualized using the  (b) The embedding of the Minnesota graph
physical geometry of the state into R? using (5)

Figure 12: The Minnesota graph and its embedding

5.7 Graph approximation

We may discuss what it means for one graph to approximate another graph. Using this
language, we can develop algorithms to approximate dense/arbitrary graphs with sparse
graphs (that is, graphs with only a few edges), which reduces the memory required to store
the graph on a computer and can make some graph processing algorithms more efficient.
Depending on interest and time, we may also even discuss how to reduce the number of
edges and vertices of a graph, while maintaining its spectral properties.

16



CMSE 890-001: Spectral Graph Theory and Related Topics, MSU, Spring 2021

Lecture 03: Eigenvalues, Optimization, and Connectivity
January 26, 2021
Lecturer: Matthew Hirn

6 Eigenvalues and optimization: The Courant-Fischer
Theorem
The Rayleigh quotient of a vector & with respect to a matrix M is

' Mx
Tz

Rayleigh quotient := :
An important fact is that the Rayleigh quotient is that the Rayleigh quotient of an eigenvector
is its eigenvalue. That is, if M1 = pap, then

Y My

Py
Imagine now that you want to maximize the Rayleigh quotient of some symmetric matrix
M. The Courant-Fischer Theorem tells us that the maximum will be the largest eigenvalue

of M, and the vector that achieves this maximum will be the corresponding eigenvector. In
fact, it will characterize every eigenvalue of M.

I

Theorem 3 (Courant-Fischer Theorem). Let M be an n X n symmetric, real valued matriz
with eigenvalues py > ps > -+ > . Then,

Mz ) ' Mx
[r = max min = min max ,
SCR" zes xTax TCR" zcT xlx
dim(S)=k z#0 dim(T)=n—k+1 z#0

where the outer max and min are over subspaces S and T of R™.
We will need the following lemma to prove Theorem 3.

Lemma 4. Let M be an n X n symmetric, real valued matriz with eigenvalues iy, . . ., iy
and corresponding eigenvectors ¥, ..., ¥,. Then for any x € R",

"Mz =) ul(z )
i=1

17



Proof. Since M is a real valued, symmetric matrix we can apply the Spectral Theorem
(Theorem 1). Let 41,...,%, be the orthonormal eigenvectors of M with corresponding
eigenvalues 1, ..., u,. Since we have n such eigenvectors, they form an orthonormal basis
(ONB) for R™, meaning that we may write

n

z = (x4 and |lz|*= Z [, :)|* (6)

i=1

Equation (6) is a standard fact from Linear Algebra that we will use a lot in this course; if
you do not remember it and/or do not remember why it is true, please go find your favorite
Linear Algebra book and look it up ©.

The lemma will follow from (6) and the following calculation:

' Mz = (x, Mx)

(@, i) pi, MY (1),
j=1

;
i)

\E

7

[y

3

S e i > (x,aps) M,

7

I
—

Jj=1

<$, ¢1>1/)17 Z<m7 ¢j>,uj¢j>

1 =1
i (@, i) (x, ;) (i, ;)

1

I

M:

3

n

Il
-
T

.
Il

]

Proof of Theorem 3. We will prove the second formulation, as the proof of the first formu-
lation can be found in |1, Chapter 2|. To start, let

T = span{ty, ..., ¥, }.
We can expand any « € T as

i=k

Furthermore, using Lemma 4 and (6),

' Mz _ Z?:k Mz‘|<93>¢i>|2 < Kk Z?:k |<fl3,’¢i>|2 _——
xTx Z?:k|<$,¢j>|2 - Z?:k|<$7¢j>|2
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Therefore,

' Mx -
max =~ Mg
zcT xlx a
x#0

Thus we have an upper bound.
To prove equality, we will show that for all subspaces T" of dimension n — k + 1 we have

' Mx -
max = Mk .
zeT xlx K
x#0

To do so, let
S = Span{’lpl? s ﬂbk} :

Since S has dimension k, any 7' of dimension n— k-1 has an intersection with S of dimension
at least one, i.e., dim(S NT) > 1. Therefore

' Mx ' Mx o xTMx Mz
max > max > min > min .
zcT xlx zesnT xTx zesnT xTx zcs xlx
x#0 x#0 x#0 x#0

Since any x € S can be written as

we have, using Lemma 4 and (6) again, for any « € 5,

e Maw L il o) S )
zfz S @) T S )

Mk -

7 The Laplacian and connectivity

Recall the graph Laplacian is defined as L = D — M. Let us think of L as an operator and
compute Lx(a) at a vertex a € V:

Lx(a) = Dx(a) — Mx(a)
= d(a)z(a) — > w(a,b)z(b)

beN(a)

— Z w(a,b) | z(a) — Z w(a, b)x(b)

beN(a) bEN (a)
= Y w(a,b)(x(a) — (D). (7)
bEN(a)
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Equation (7) gives us an alternate way of writing Lz (a). We immediately see from (7) that
L1=0,

which verifies this fact that we had used in the proof of Theorem 2. Thus \; = 0 is always
the smallest eigenvalue of L and it has corresponding eigenvector 1. The next theorem shows
that whether )y is zero or not corresponds to whether GG is connected or not; it is our first
theorem relating spectral properties of L to the structure of G.

Theorem 5. Let G = (V, E,w) be a weighted graph, and let 0 = X\ < Ay < --- <\, be the
eigenvalues of its graph Laplacian L. Then, Ay > 0 if and only if G is connected.

Proof. “If and only if” means we need to prove two things:
1. Ay > 0 implies G is connected;
2. (G is connected implies Ay > 0.

Let us start with the first statement. First note that it is equivalent to “G is disconnected
implies Ay = 0.” Let us prove this statement. Since G is disconnected, it can be written as
the union of two subgraphs, G = G; U G5, where there are no edges going between G; and
(5; see also Figure 13. Order the vertices of G so that ones are from G and the last ones

Figure 13: Since G is disconnected, it can be partitioned into two subgraphs GG; and G5 that
have no edges between them.

are from (5. Since there are no edges going between G; and G5, we can write the graph
Laplacian of G as:
( Lg, O
LG“( 0 LGZ)’

where in the above equation O represents a sub-matrix of zeros (0 will alternate between
meaning a vectors of zeros and a matrix of zeros; the context should make clear which
interpretation to use). Therefore L has two independent eigenvectors both with eigenvalue

Z€ero:
1/)1:<(1)) and ¢2:((1));

where 107 is constant on G; and zero on GGy and 1), is zero on (G; and constant on Go.
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Now for the second statement. Let 10 be an eigenvector of L with eigenvalue zero,
Ly =0.

Therefore:

PLy =Y  wlab)(y(a) —9(b)* =0.

(a,b)EE

Thus, for every a,b € V such that (a,b) € E (i.e., every pair of vertices connected by an
edge), we have 1(a) = ¥ (b). Now fix an a € V and let b € V be any vertex in G. Since G

is connected there exists a path in G from a to b; that is, there is a sequence of vertices:
a=uvy,v9,...,U, =>b suchthat (v;,v4)€F, V1<i<m-—1.

Therefore:
Pla) =P(v1) = P(va) = -+ = P(vn) = P(b).

Thus 1) is constant on G and we conclude that the only eigenvectors of L with eigenvalue
zero are constant vectors. Thus there is only one independent eigenvector with eigenvalue
zero, and so Ay > 0. O

Remark 7. In fact we can strengthen Theorem 5 and show that the multiplicity of the zero
eigenvalue is equal to the number of connected components of G.

Using similar techniques we can also prove that an eigenvector @ of zero eigenvalue must
be constant on each of the connected components of G.

Theorem 6. Let G = (V, E,w) be a weighted graph and let 1 be an eigenvector of its graph
Laplacian with eigenvalue 0, i.e., L1y = 0. Then 1 must be constant on each of the connected
components of G.

Proof. As in the proof of Theorem 5, since L1 = 0 we have

0 =T Lap = Z w(a,b)((a) —P(b))?,

(a,b)EE

and it follows that ¥ (a) = 4 (b) for all (a,b) € E. Now let a,b € V and suppose that a
and b are in the same connected component of G. Since they are in the same connected
component, there is a path from a to b, i.e.,

a=vy,v9,...,U, =>b suchthat (v;,v4)€F, V1<i<m-—1.

Therefore:
P(a) =P(v1) = P(v2) = = P(vy) = (b)),

and it follows that 1) is constant on the connected component. ]
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Remark 8. If we want to cluster our data in terms of connected components, Remark 7 and
Theorem 6 tells us how to do so. We can compute the graph Laplacian L and then compute
its eigenvalues and eigenvectors. We then check the multiplicity of the zero eigenvalue, which
gives us the number of connected components. If the multiplicity of the zero eigenvalue is k,
we can use Yy, ..., ¥ to find the connected components of GG, although it might not be so
easy that each eigenvector corresponds to the indicator function on a connected component.
Nevertheless, since each 1, ..., has to be constant on each connected component, and
since the eigenvectors can be taken to be orthogonal, we can combine the information from
each eigenvector to figure out the clusters.

Here is an example with four clusters. Suppose our graph G has 20 vertices and 4
connected components G, Go, G3, and Gy, all of which have 5 vertices. Then the following
four eigenvectors are orthogonal and all have eigenvalue zero:

Pvi=1, Yo=1gue —lauc,, Y3=1la —1la,, Ya=1lg, —1g,.

Clearly 1), tells us nothing. The second eigenvector, 1)y, is useful and separates G; U Go
from G35 U G4, but does not separate G; from G5 nor G3 from G4. The third eigenvector,
though, separates (G; from G, but still tells us nothing for separating G5 from G4. However,
the last eigenvector, 14, allows us to separate G3 from Gy.

A way to automate the example is the following. Suppose the multiplicity of the zero
eigenvalue is k. Then we will use 41, ..., to to embed each vertex into R¥ via:

ar ($1(a),..., () € R

Those vertices with the same k-tuples are in the same cluster, and those with different
k-dimensional embeddings are in different clusters. In the above example we have:

aeG— (1,1,1 O)
a € Gy (1, )
a€ Gy— (1,—1, O 1)
a€ Gy (1,-1,0,-1)
Remark 9. Later on in the course we will show, quantitatively, that even if GG is connected,

the size of Ay > 0 will indicate how well connected G is! We can use this idea to cluster G
even when it has one connected component.
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8 The complete graph

Throughout the course, but especially in the first part of it, we will compute the eigenvalues
(and eigenvectors) of particular graphs. We begin doing so in this section, and we start with
the complete graph.

The complete graph on n vertices, often denoted by K,, = (V| E), is defined as:

V=A{1,...,n},
E ={(a,b):a,beV and a # b}.

In other words, the complete graph contains every possible edge; see Figure 14 for a picture
of K5.

Figure 14: The complete graph on n = 5 vertices, Ks.

Theorem 7. The graph Laplacian of K,, has eigenvalue 0 with multiplicity 1 and eigenvalue
n with multiplicity n — 1.
Proof. Since K, is connected, we know from Theorem 5 that A\; = 0 and Ay > 0; therefore,

the eigenvalue 0 has multiplicity 1, and we know its eigenvector is 1.
To compute the non-zero eigenvalues, let ¢» # 0 be any vector orthogonal to 1. Thus:

(1) => Pa)=0 = Pla)=-> ¥(b).
acV ll))sé‘g

Let us now compute Ltp(a) for an arbitrary vertex a € V. Using (7) and the above equation,
we get:

Ly(a) = 3-(la) = (b)) = (0~ (o) = 3 $() = nip(a).
i i
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Since a was arbitrary we have L1 = na) for any vector orthogonal to 1. In other words,
every vector orthogonal 1 is an eigenvector of L with eigenvalue n, and so the eigenvalue n
has multiplicity n — 1. O

9 Drawing with Laplacian eigenvectors

In this section we give mathematical justification to embedding a connected graph into R?
using the first two non-trivial eigenvectors of its graph Laplacian. Recall the map was given
by a + (12(a),s(a)) € R? and an example was given in Figure 12.

Let us begin with the simpler problem of embedding a graph into R. Let  : VV — R be
a candidate function on the vertices that we are going to use to map G into R via a — x(a).
Our modeling assumption is that we would like vertices that are neighbors to be close to one
another in the embedding. So a natural candidate is:

x =arginf 2" Lz = Z (z(a) — z(b))%.

ZER® (a,b)€E

However, there are some issues. The first is that there is nothing to prevent us from picking
x = 0, the all zeros vector, which maps every vertex to 0. We can remedy this by enforcing
that & have unit norm, i.e.,
x =arginfz' Lz .
zcR"™
zll=1
This new version still does not work, though, as we can pick * = (1/y/n)1; that is the
constant vector. This embedding still maps every vertex to the same point in R, which is
not a very interesting or useful embedding. We can fix this problem by adding the constraint
that « be orthogonal to 1:
x = arginf 2" Lz. (8)

(2z,1)=0

This final formulation will give us something interesting. In fact, we already know what it
will give us! Using the Courant-Fischer Theorem (Theorem 3), we know that the value of
the argument of (8) is Ay and that @ = 1, will be the solution.

But our original goal was to embed G into R2. To do so, we need two coordinate functions,
z:V - Rand y:V — R, that will give us an embedding a — (x(a),y(a)) € R% Using
again the modeling assumption that we want neighboring vertices to be close to one another,
we seek to minimize the sum of the squares of the lengths between neighboring vertices in
the embedding:

()~ (0l
ZQ(CL) Zg(b)

x,y = arginf
z1,22€R" (

a,b)eE
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We first notice that this minimization problem can also be written in terms of the graph
Laplacian, as:

zZ1 ((l) . zZ1 (b)

z2(a) z3(b)

(a,b)eE
As before we need to impose constraints on @ and y to avoid degenerate solutions. We we
impose the unit norm constraint,

2

= Y (21(0) = 21(0)* + (za(a) — 2a(b))?,

(a,b)EE

= szzl + szzg )

|zl = llyll =1,
and the orthogonality constraint with respect to the constant vector,
(x,1) = (y,1) =0.

However, since have two coordinates now, we have another type of degenerate solution in
which & = y = 5. In order to avoid this solution, we impose that x be orthogonal to y,
i.e., (x,y) = 0, which leads to the optimization problem:

(Z)-(20)

A natural candidate for the solution of (9) is © = 1)y and y = ).
More generally, suppose we want to embed G into R¥ with k coordinate functions

2

x,y=  arginf E
z1,22€R"™
lza||=|zl|=1 (@DEE
(z1,1)=(22,1)=0
(z1,22)=0

xTy,...,x; that are orthonormal and are orthogonal to 1 and that minimize Zle 2zl Lz;,
ie.,
k
Zy,...,Tp = arg infz 2l Lz; subject to (z;,z;) =8(i —j) and (2;,1) =0.  (10)
Z1s9%k i=1

As in the two-dimensional case, a natural candidate is to take x; = ;. Since ¥! Lip; = \;,
we see that the value of the argument of (10) will be Zf;l Ai. The following theorem says
this is the best we can do.

Theorem 8. Let G = (V, E) be a graph and let 0 = Ay < Ay < -+ < N, be the eigenvalues of
its graph Laplacian L with associated orthonormal eigenvectors 4y, ..., Y¥,. Letxy,... ,x); €
R™ be orthonormal vectors that are all orthogonal to 1. Then

k+1

k
YIETIES SN
i=1 =2
and furthermore, one achieves equality if and only if

(i, ;) =0 for all j such that N\j > Agyq -
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Proof. It is a standard fact from Linear Algebra that a set of orthonormal vectors @1, ..., x; €
R™ can be completed to form an orthonormal basis x,...,x,. We now have two ONBs,

Z1,...,T, and ¥y, ...,1,. Using (6),
Y Hai )P =1 and > (i) =1. (11)
i=1 j=1

Also, let 101 be the constant vector.
Since (x;, 1) = 0 for 1 < i < k, we have using Lemma 4 and (11):

= Ait1 + Z — N1 (=i, ;) |2

k+1

= Ao+ 3 (N = Aer) [, ) + Z (A — At [(@i, )
2%,—/ k+2%’_/
Jj= <0 Jj= >0
k+1
> Mesr + (5 = M) (i, 1)
j=2

Notice that the inequality will be an equality if and only if (x;, ;) = 0 for all j such that
)\j > Ajgq-
Now let us sum over 1 < i < k and use the previous calculation along with (11):

k+1 k
Z iBTLiBZ > k>\k+1 + Z /\ - )\k—i-l) Z |<£B“ 1/"j>|2
i=1 j=2 i=1
k+1
= k)\k—f—l + ()\ — /\k+1) (1 — | Z;, 'l/) )
JZQ%T)—/ z;—&-l ! .
- og <1
k+1
> /{J)\k+1 + Z(/\] - )\k-i—l) (12)
Jj=2
k+1
=> N
Jj=2

The last step is to show that the final inequality, (12), is an equality if and only if (x;, ;) =0
for all 7 such that \; > Az44. I leave that for you to verify on your own. O

Theorem 8 shows that the eigenvector embedding of a graph G is optimal in the sense
that we defined in this section. It thus gives a mathematical justification for this embedding
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method. However, one must be careful to remember that the embedding will only be good
if the quantity we are minimizing makes sense for the particular graph you are studying.
There are lots of other graph embedding/data visualization algorithms that minimize (or
maximize) other quantities.
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10 Product graphs

Let G = (V,E,v) and H = (W, F,w) be two weighted graphs. Define the product graph
G x H as the graph with vertex set V' x W and with edge set Fgxp:

e ((a1,b), (az,b)) with weight wexu((a1,b), (as,b)) = v(ar, az2) where (a1, az) € E; and
e ((a,b1),(a,by)) with weight wgxm((a,by), (a,be)) = w(by, by) where (by,by) € F.

Let P, be the path graph on n vertices. The graph P,, x P, is the m x n grid graph; see
Figure 15 for a picture.

o—o—0—0—0—0—0—0—0—0—0—0

Figure 15: The 8 x 12 grid graph.

Let’s draw the grid graph in R? using the eigenvector embedding of Section 9; the embed-
ding of the 8 x 12 grid graph is given in Figure 16. Comparing to Figure 15, the eigenvector
embedding is a remarkably good drawing of the grid graph given that it used nothing specific
to the grid graph. The reason for this is that the eigenvectors of a product graph G x H are
the product of the eigenvectors of the two graphs G and H. The next theorem explains.
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Eigenvector embedding of the grid graph

-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15

Figure 16: The eigenvector embedding of the 8 x 12 grid graph.

Theorem 9. Let G = (V,E,v) and H = (W, F,w) be weighted graphs with graph Lapla-
cian eigenvalues i, ..., Ay and fy, ..., lm, and graph Laplacian eigenvectors au, ..., o,
and B, ..., Bm, respectively. Then Layy has eigenvalues

{Ni+pj1<i<n, 1<j<m},
with etgenvectors
’l/)@j(d,b) = az(a)ﬁ](b), \V/1 S 7 S n, 1 S] S m.

Proof. We drop the (i, j) sub-indices but otherwise everything is defined as in the statement
of theorem. Recall from (7) that

La(c)= Y (e, d)(z(c) —(d)),

deN(c)

for any graph G = (‘7, E ,w). Let us apply this fact and make the following calculation:
LGXHw(aﬂb) - Z wGXH((au b),(C, d))(d"(aab) —’l,b(C, d))

(¢,d)EN(a,b)

= > vla,a)(p(a.b) —plar b))+ > w(bby)(¥(a,b) — (a,b))

(a,a1)EE (bb1)eF
= Y ola,a)(@(@)Bb) - ala)B®) + Y w(bb)(a(a)Bb) - ala)B(b))
(a,a1)EE (b,b1)EF
= B(b) v(a, m)(afa) — afar)) + ala) D w(b,b)(Bb) - B(b))
a1€N(a) b1EN(b)
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11 The star graph

In your first homework you were asked to make a conjecture regarding the eigenvalues of the
star graph on n vertices. Let us now prove that they are 0, 1 (with multiplicity n — 2), and
n. Recall the star graph on n vertices, which we will denote by S,, = (V, E), is defined as

V=A_1,...,n},
E={(1,a):2<a<n}.

We will first need the following lemma, which is of interest even for general graphs.

Lemma 10. Let G = (V, E) be a graph and let a,b € V' be vertices of degree one that are
both connected to another vertex ¢ € V. Then, the vector ¥ = 8, — 8y is an eigenvector of
L with eigenvalue 1.

Proof. We will use (7) and calculate L) (v) for each vertex v € V. Applying (7) we have:

Lp(v)= Y (@) = (W) = Y (8a(v) = 8(v) = a(u) + &(u)). (13)

u€N (v) u€N (v)
Now we have four cases.

1. v = a. Then c is only the neighbor of v = a and (13) is equal to (d,(a) — dy(a) —

v

da(c) + (c)) = 1 = 9(a).

2. v = b. Again c is the only neighbor of v = b and (13) is equal to (8,(b) — d,(b) — da(c) +
d(c)) = =1 = (b).

3. v = c. In this case a and b are neighbors of v = ¢, and ¢ may have other neighbors too.
We write (13) as:

(13) = (da(c) = Gu(¢) — ba(a) + dy(a))
+(8a(c) = 0(c) = 8a(b) + 8,(D))
+ D (8a(e) = 8(e) — 8alu) + &y(u)
)

ueN(c
uF#a,b

= 1414+0=0=1(c).
4. v # a,b,c. In this case we may write (13) as

(13) = D (8a(v) = 8(v) = 8u(w) + 8y(u)) = 0 = (v) .
u€N (v)
u#a,b

30



As a corollary we have the following lemma which will also be useful.

Lemma 11. Let G = (V, E) be a graph, let a,b € V be vertices of degree one that are both
connected to another vertex ¢ € V', and let ¢ be an eigenvector of L with eigenvalue \ # 1.

Then ¢(a) = ¢(b).
Proof. By Lemma 10, ¢ = §, — 9, is an eigenvector of L with eigenvalue 1. Furthermore,

since ¢ is also an eigenvector of L but with eigenvalue A\ # 1, we know by Exercise 1 of
Homework 01 that (¢, 1) = 0. Therefore:

0=(, %) =D d)Pp(v) = > B(v)(8a(v) — 8(v)) = Bla) — ¢(b).

veV veV

Now we can prove the following theorem about the star graph.

Theorem 12. The star graph S, has eigenvalue 0 with multiplicity 1, eigenvalue 1 with
multiplicity n — 2, and eigenvalue n with multiplicity 1.

Proof. Since the star graph is connected we know it has eigenvalue 0 with multiplicity 1 and
the eigenvector is 1. Notice that a and a + 1, for 2 < a < n — 1, are vertices of .S, of degree
1 both connected to vertex ¢ = 1. Therefore

P, =08, — 0,11, V2<a<n-1,

are eigenvectors of L, each with eigenvalue 1. Even though {1, : 2 < a < n — 1} are not
orthogonal, they are independent, and so the eigenvalue 1 must have multiplicity at least
n — 2. Thus we just need to determine \,,.

In your current homework (Exercise 2 of Homework 02), you are asked to show that the
trace of a symmetric, real-valued n x n matrix is equal to the sum of its eigenvalue. Let us
apply this to L:

n—2+)\n:zn:)\i:Tr() Tr(D — M) = deg(a) (14)

i=1 acV

In S,, we have one vertex of degree n— 1 and n— 1 vertices of degree 1. Therefore (14) reads:
n—-24+X\,=2n—-2 — M, =n.

That completes the theorem, but as a bonus we can we can compute the eigenvector asso-
ciated to A, as well. By Lemma 11 we know that ¥,(a) = ¢(a+ 1) forall 2 <a <n -1
which means that 1, (a) is constant over 2 < a < n (the points of the star). Let us set
Pn(a) = 1 for 2 < a < n. To determine 1,(1), we note that on the other hand, 1, must
also be orthogonal 1. Therefore:

0= (thn, 1) =Y thu(a) =n— 1 +1pa(1),

acV

and we see that ¥, (1) = —(n — 1). O
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12 Upper bounding the second eigenvalue via test vectors

In this section we describe a general technique for getting upper bounds on Ay. We first prove
the following theorem that gives a useful characterization of Ay (note that this theorem more
or less follows from Section 9, but we state and prove it separately here since it is so useful).

Theorem 13. Let G = (V,E,w) be a weighted graph with graph Laplacian eigenvalues

- xTLx
A2 = min .
xreR™ QZTCC
(x,1)=0

Proof. Let 4by, ..., 1, be orthonormal eigenvectors of L with ¢y = (1/y/n)1. Thus (15, 1) =

0 and .
Py Lpy
= = A\
2 Y2
Therefore
- x'Lx
min = < )\
zeR™ '
(2,1)=0

Now let € R™ with (z,1) = 0. Using Lemma 4 we have

'Lz =Y M@, 9h2)]> > X Y [(@,9h)]” = Nolz])* = oz
i—2 =2

Thus
. 'Lz o wxTx
min > min = As.
zeR"  xlx zeR”  xTx
(x,1)=0 (x,1)=0

]

Theorem 13 is useful for upper bounding A, in the following way. It shows that any
x € R with (x,1) = 0 provides an upper bound for A\, since

' Lx

Aoy < .
2 Tz
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If we can guess an x that is not too far from 1), then this upper bound might be a good
approximation of \y. Such an @ is called a test vector.

Let us apply this technique to the path graph on n vertices, which we will denote by
P, = (V,E), where

V={1,...,n},
E={(a,a+1):1<a<n-—1}.

Recall in Figure 8 we plotted the second eigenvector of Py, and saw it was an increasing
function of the vertex index a. Recall as well that if 1, is an eigenvector, then —a), is also
an eigenvector; the latter, in this case, would be a decreasing function of the vertex index.
Even though 1), for Py is clearly not an affine function, we choose as our test vector

z(a)=(n+1)—2a, 1<a<n.
Figure 17 plots & against —1p, and shows, visually, that it is a good guess!

Test vector (red) compared to 2nd eigenvector (blue) of the path graph

04
02

0.0

Function value

0 2 4 6 8
Vertex index

Figure 17: The second eigenvector, —t), (blue), of Pjg, along with the test vector @ (red).

We also see that
- 1
(@.1) =3 :m(a):n(n+1)—2§:a:n(n+1)_gm:O’

2
aeV a=1
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and so indeed we can use « to upper bound Ay(P,). Thus,

(P < Stz — oo+ 1

N > e T(a)?

Remark 10. Theorem 13 can be thought of as a specific case of the Courant-Fischer The-
orem (Theorem 3). We could try to use the same theorem to get a lower bound on Ay, but
we would need to use the following formulation of \s:

. 'Lz

Ao = max min )

ScrR®  zeS xTx
dim(S)=n—1 *#0

This is similar to Theorem 13; indeed Sy = {x € R" : (x,1) = 0} is a subspace of R™ of
dimension n — 1. However, to get a lower bound on Ay we would need a lower bound (not
an upper bound) on
. 'Lz
min ,
zes xlx
x#0

over a set S of dimension n — 1, which is not easy to do. The next section will give an
alternative method.

13 Comparing graphs and the Loewner partial order

In this section will discuss how to compare graphs through their Laplacian quadratic forms.

This will be immediately useful for bounding eigenvalues of graphs from below. Later on, it

will also be useful for defining what it means for one graph to approximate another graph.
For a symmetric matrix A we will write

A=0,

if A is positive semidefinite (recall, this means all the eigenvalues of A are non-negative).
Thus,
A0 <« zTAzx>0, Yz eR".

Similarly, we will write

A>B <— A-B>0 < z'Axz>2"Bzx, YxcR".
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The relation »= is the Loewner partial order. We say partial order because there will be
pairs of symmetric matrices (A, B) such that A % B and A £ B. On the other hand, for
pairs of symmetric matrices for which it does apply, it acts like an order. For example,

A>Band B>C — A:=C,

and
A=B — A+C=B+C.

We will overload this notation so we can compare graphs as well. In particular, for two
graph G and H with the same number of vertices we define:

Recall that H = (V, F,w) is a subgraph of G = (V, E,w) if F C E. Here is our first little
result using this notation.

Theorem 14. Let H be a subgraph of G. Then G = H.

Proof. We compute the graph Laplacian quadratic form:

'Lox = Y  wlab)(z(a)—x0)’> >  wab)(z()—z0)” =z "Ly,

(a,b)EE (a,b)eF
where in the inequality we used the fact that F' C E. O]

Define ¢ - G as the same graph as G = (V, E,w) but in which every edge weight is
multiplied by ¢, i.e.,
c-G:=(V,E,c-w).

The following theorem shows the usefulness of the Loewner partial order as it relates to the
eigenvalues of graph Laplacians.

Theorem 15. If G and H are graphs such that
G>c-H,

then
M(G) > e-N(H), V1I<Ek<n.

Proof. Using the definition of G = ¢ - H we have:

' Lex > ¢ mTLHw, Ve e R"

T T
x' Lox x* Lgx
“ >c. TZ Vo eR", £#0
Tz T
T T
x' Lox ' Lgx
—> max &2 > ¢ max 2 wT CR®, dim(T)=k. (15)
zeT alx zeT xTx
x#0 x#0



Now define Ty C R" as
' Leox

Tp = argminmax ——
TCR™ xeT T
dim(T)=k *

By the Courant-Fischer Theorem (Theorem 3) and (15) we have:

T T T
x' Lox x' Lyx . x' Lyx
A(G) =max ——— >c-max ——-— >c¢- min max =c-N(H).
xcTy [ A xcTy I TCR™ xeT xtax
x#0 x#£0 dim(T)=k x#0

]

Remark 11. Later on will want to approximate one graph G by another graph H. We will
say that H is a c-approximation of GG if

c-H»Gx=(1/c)-H.

14 The path inequality

In order to use Theorem 15 we need to be able to show G = ¢ - H for pairs of graphs G
and H. We will start by doing so for some simple graphs, and then extend to more general
graphs.

To that end, recall P, is the unweighted path graph on n vertices, and define G, ,, as the
unweighted graph on n vertices with the single edge (1,n).

Theorem 16. Forn > 2,

(n—1)-P, =Gy, . (16)
Proof. Equation (16) means that we need to show:
n—1
VeeR", (n—1) Z(a:(a +1) — z(a))* > (x(n) — x(1))>. (17)
a=1

Define A € R"! as
Aa) =z(a+1)—x(a), Vi<a<n-1.

Notice now that (17) can be rewritten as

(- 13" AP > (@) - 2(1))? = (i A(a)) | ()

Recall the Cauchy-Schwartz inequality |(z,y)| < ||z|||ly||. Equation (18) will follow from it
with x = A and y = 1. Indeed,

<2A(a)> =L A) < 1PAlf = (n—1) ) A(a)?.

36



Now we will prove a lower bound for A\y(P,) using Theorem 16. We will do so by proving
that
P, n & Cn Kn )

for a constant ¢,, that we will compute (recall K, is the complete graph on n vertices). First,
we will need a new way of writing L, .

Let G, be the graph on n vertices that contains only the edge (a,b). Its graph Laplacian,
Lg, ,, is a matrix full of zeros except for the 2 x 2 sub-matrix at the intersection of the rows
and columns indexed by a and b, where it is

(=)

Lg,, = (0, — 6,)(0, — 5)7".
Now let G = (V, E,w) be a general weighted graph. One can verify that

One can write L¢,, as

Le= ) w(ab)Lg,,. (19)
(a,b)eE

Using (19), we have

Lg,= Y Lg,,.

1<a<b<n

Let P,, for a < b, be the subgraph of P, that keeps the edges that are part of the path from
a to b, and removes the other edges. Note that P,; has (b —a) edges. Thus, using Theorem
16 we have

Gaop < (b—a)P,y.

Furthermore, using Theorem 14,
Pa,b<Pn — Ga7b<(b—a)Pa7b<(b—a)Pn.

Using this inequality we obtain:

Lg,= Y Lg,< Y, (b—a)Lpn:< > (b—a))Lpn.

1<a<b<n 1<a<b<n 1<a<b<n

One can calculate

> - a) = gnlw? — 1),

1<a<b<n

and so,
n(n?

—1
Lk, = T)LPTL-
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To obtain an estimate for \o(F,), we apply Theorem 7 (which proves A\o(K,) = n) and
Theorem 15 to obtain:

n(n?—1) 6
T)\Q(Pn) — )\Q(Pn) > 2] .

If we combine this lower bound with the upper bound we obtained in Section 12, we get

6 12
(n—1)(n+1) < Xa(Pa) < nn+1)

We will see soon this is a really good estimate of Ag(P,)!
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15 The cycle graph

In order to compute the eigenvectors an eigenvalues of the path graph, P,, it will be useful,
and easier, to compute the eigenvectors and eigenvalues of the cycle graph. Recall the cycle
graph on n vertices, which we will denote by C,, = (V, E), is defined as:

V=A{1,...,n},
E=1{(1,2),(2,3),...,(n—1,n),(n,1)}.

The following theorem shows that the eigenvectors of the cycle graph are the standard, real
valued Fourier modes, namely cosine and sine functions at different discrete frequencies.

Theorem 17. The graph Laplacian of the cycle graph, C,,, has eigenvectors

The eigenvectors xy, and Yy have eigenvalue
pr = 2 — 2cos(2nk/n) .

Proof. We prove, via direct calculation, the result for y,. A similar calculation works for xy,
which can be found in [1, Chapter 6.5]. We are going to use the following trig identity:

sin(aw + ) = sinawcos B £ cosasin 3,

which implies
sin(a — ) + sin(a+ ) = 2sinacos 5.
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Now we make the following calculation for each a € V:

l\D

L, yi(a) = 2yi(a) —yr(a —1 mod n) —yk(a+1 mod n)

() (D) et
()
—2sin (Z2) -

(27rka 27rk:) i (27rka 27rk>
— — ) —sin + —
n n n n
= <2 — 2cos (—27 )) sin (27rka)
n n

- (27rka) s (@)
= (2 — 2cos(2mk/n))yx(a) .

3

]

Remark 12. If we order the eigenvalues of L, in increasing order, 0 = A\ < Ay < A3 <
- < \,, we have:

M =0 with (a) =
Ay =2 —2cos(2rr/n) with ps(a) = x1(a) = cos(2ma/n)
A3 =2 —2cos(2r/n) with p3(a) = y1(a) = sin(27a/n),

and Ay > A3. Thus the eigenvector embedding of the cycle graph is
a— (o(a),s(a)) = (cos(2ma/n),sin(2wa/n)) .

This is a really good embedding, as it gives evenly spaced samples on the unit circle! See
also Exercise 5 from Homework 02.

16 The path graph

Now that we have computed the eigenvalues and eigenvectors of the cycle graph, C,,, we are
in a good position to compute the eigenvalues and eigenvectors of the path graph, P,.

Theorem 18. The graph Laplacian of the path graph, P,, has eigenvalues
Mer1 =2 —2cos(mk/n), 0<k<mn,

with etgenvectors
rka 7k

¢k+1<a>:COS<———> , 0<k<n.

n 2n
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Proof. Notice the values A\, are the eigenvalues of Cy,,, the cycle graph on 2n vertices. This
is not an accident and we will use Cy, to prove path graph result. The idea is to view P, as

the quotient of C5,. In particular:
Pn = C2n/ ~,

where ~ identifies a € V(Cy,) with 2n + 1 — a € V(Cy,), yielding the vertex a € V(P,).
The edges (1,2n), (n,n+1) € E(Cy,) are eliminated under this equivalence relation, and the
edges (a,a+1),(2n —a,2n+1—a) € E(Cy,) are identified as the same edge for 1 < a < n,
yielding the edge (a,a+1) € E(P,). See Figure 18 for a picture illustrating this equivalence
relation.

F,

Figure 18: Illustration of the equivalence relation P, = Cs,/ ~ for n = 4. Pairs of lines of
the same color identify two vertices of (5, with one vertex in P,.

Now consider the function ¢y : V(Cs,) — R defined as

wka 7wk

Prr1(a) := cos (— — —) , 1 <a<2n.

n 2n

Notice that ¢yi1(a) = Yri1(a) for 1 < a < n. In fact, though, ¢y, is well defined on P,
under the equivalence relation ~ (not just by restricting to 1 < a < n). In other words,

Gr1(a) = pp1(2n+1—a), V1<a<n. (20)
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Indeed,

k(2 1— k
Gr1(2n+ 1 —a) = cos (W (2n + a>—ﬁ—)
n 2n
= cos (27rk+7r—k—7r—m—7r—k>
n n 2n
( rka 71']{3)
=cos | —+ —
n 2n
(7‘(]{3& 7rk:)
=cos| — — —
n 2n
= ¢k+1(a)

Now we will use the trig identity
cos(a £ ) = cos(a) cos(B) Fsinasin 5,

to write @1 in terms of the eigenvectors xy, yi of L¢,, , which we computed in Theorem
17. We have

2rka Tk
¢r+1(a) = cos ( o %>

2rka 7k . 2rka\ . 7k
= COS cos | — | +sin sin | —
7wk . 7k
= cos (%> xi(a) + sin <%) yr(a) .

Thus ¢y 1 is a linear combination of o) and y;. Since x; and y;, have the same eigenvalue
Ak+1, this means that ¢y is an eigenvector of L¢,, with eigenvalue A\, as well, i.e.,

L02n¢k+1 = )\k+1¢k+1 . (21)

We can now show that 1,1 is an eigenvector of Lp, with eigenvalue \x,;. Using (20)
and (21), we make the following calculation:

Vi<a<n, Lpvi(a)=2¢%in(a) = Yr(a—1)—pp(a+1)

= %(2¢k+l<a> —Qprila—1) = pra(a+1)+...

o+ 20k (2nt 1 —a) = p(2n+1—(a— 1)) — Pp1(2n+ 1 — (a+ 1)))

1
=5 <L02n¢k+1(a) 4 Loy p(2n+1— a))
1

=3 <)\k+1¢k+1(a) + A1 (20 +1 - a))

= Mer1Pr41(a) .
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For a = 1 we have:

Lp,Yi1(1) = Yr1(1) — ¥11(2) = 29011(1) — Yrya(2) — Pria (1)
=201 1(1) — r11(2) — dry1(2n)
= L, Pri1(1) = Mey10n41(1) = M1 (1)

A similar calculation works for a = n as well. O]

Remark 13. In Sections 12 and 14 we estimated the second eigenvalue of Lp, as

6 12
(n—1)(n+1) < Xal(Pa) < nn+1)

Theorem 18 proves this is a very good estimate. Indeed, recall they Taylor series of cos(u) is

U2

cos(u) =1— 5 +O(u?).

Thus,

172 _4 w2 _4

Xo(P,) = 2(1 —cos(m/n)) =2 (1 -1+ 32 + O(n )> =3 +0(n™%).

Remark 14. Recall in Figure 9 and Figure 10 we made the empirical observation that the

eigenvectors of the path graph on 10 vertices increase in frequency with increasing eigenvalue.

This theorem proves that observation was not an accident, and that it holds for any path
graph P,. Indeed, since

Wa(a) = cos (W(k—l)&_ﬂ(k—l)) Cl<kh<n,

n 2n

we see the frequency of vy is m(k — 1)/n, which increases as k increases. Using this formula
for 15, one can show that if there is no vertex a € Vp, for which v¢;(a) = 0, then there are
exactly k — 1 edges (a,b) € Ep, for which 1 (a)1,(b) < 0, which corresponds to when
changes sign over an edge. In fact, we will be able to generalize this result to weighted path
graphs, and we will even be able to formulate an analogous result for general graphs. These
results will clarify what we mean by the frequency of an eigenvector of the graph Laplacian
for a general graph, and they will show that the frequency of these eigenvectors increases
with increasing eigenvalue. We will work towards this result over the next few lectures, along
the way covering items of independent interest as well.
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17 The adjacency matrix

Thus far in the course we have taken the point of view that the adjacency matrix is a
“spreadsheet” and that the matrix of real interest is the graph Laplacian, which can be viewed
as an operator and/or quadratic form. In this section we revisit the adjacency matrix and
show that it has some interesting properties as well.

Let G = (V,E,w) be a weighted graph and let M be its adjacency matrix. As an
operator, M acts as follows:

Maz(a) = > w(a,b)z(b),

beN(a)

that is Mx(a) replaces x(a) with a weighted sum of the values of x(b) for b in the neigh-
borhood of a. This is actually a pretty natural thing to do in machine learning problems on
graphs, for example in node classification. Suppose you do not know x(a) but you do know
x(b) for all b € N(a); a pretty good guess for x(a) then might be to take a weighted average
of the values of x(b) for b € N(a), which is exactly what Max(a) does.

We also remark that the quadratic form of M is:

Mz =Y > wlabz(@zd) =2 Y  wlabz()sd).

a€V beN(a) (a,b)eE

Since M is real valued and symmetric, as an operator, M has n eigenvalues and n

orthonormal eigenvectors,
Mo = pigi, 1<i<n.

We will order the eigenvalues in decreasing order,
M1 = o 2 2

In doing so, p; will correspond to \;, the i*® eigenvalue of L, since have ordered them as
A < Ay < -2 < \,. Indeed, consider the case of a d-regular graph. Then D = dI and so

L=D-M-=dI - M.

In this case we have

>\7,:d_,u27
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and we see, for example, that yy = d since \; = 0, and furthermore that ¢; =1, = 1.
But this required G being d-regular, which most graphs are not. For a general graph
G=(V,E), let
dmax = dmax(G) = 12168{;( deg(a) )

and define

g = o (G) = 7 Z deg(a
For an arbitrary graph we can bound p; using these two quantities.
Theorem 19. Let G = (V, E) be a graph. Then
Aave < 1 < diax -

Proof. From the Courant-Fischer Theorem (Theorem 3) we know that

' Mzx
1 — max .
B e el
x#£0

Let us use the test vector x = 1. We have:

1"M1 _ 2aev 2pen 1(@)10) 1
1y > T = eV bel;fl() :ﬁzdeg(a)_

To prove the upper bound, let ¢, be the eigenvector of M with eigenvalue ;. Let a € V
be the vertex at which ¢; takes its maximum value, so that

¢i(a) > (b)), beV.

We may assume that ¢;(a) > 0; if not, replace ¢ with —¢; if ¢; is strictly negative. We
have

Mo (a ) ZbEN 1(b)

M= () ¢1

= deg(a) < dpax - (22)

beN (a (a) beN(a
O
It turns out that if p1 = dpax, then G must be d,.-regular. Here is the result.
Corollary 20. If G is connected and p1; = dyax, then G is dyax-reqular.

Proof. If iy = dpax then we must have equality in the inequalities in (22). Thus we must
have

deg(a) = dpyax,
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and
¢1(b) = ¢1(a), Vbe N(a).

Thus ¢, takes its maximum value at a and all b € N(a). Now we can apply equation (22) to
each b € N(a). Since p1 = dpax, We again must have equality where there are inequalities,
which means deg(b) = dpax for all b € N(a) and ¢y1(c) = ¢1(b) for all ¢ € N(b) and all
b € N(a). If we keep repeating the argument, since G is connected, we will conclude that
deg(v) = dpax for all v € V. O

18 Eigenvalue interlacing

We now state and prove some useful results regarding the eigenvalues of a real-valued, sym-
metric matrix and the eigenvalues of some of its sub-matrices. This will be immediately
useful for strengthening Theorem 19.

For a weighted graph G = (V, E,w) and subset S C V we define the subgraph induced by
S, written as G(5), to be:

G(S) = (S, E(S), w|E(S)) s
E(S):={(a,b) € E:a,be S}. (23)
Relatedly, for a symmetric matrix A whose rows and columns are indexed by a vertex set

V, for S C V we write A(S) to be the symmetric sub-matrix obtained by keeping only the
rows and columns indexed by S. We remark that

M (S) = M) ,
but on the other hand, in general D¢(S) # Dgs) and thus Lg(S) # Les).

Theorem 21 (Cauchy’s Interlacing Theorem). Let A be an n X n real-valued, symmetric
matriz and let B be an (n—1)x (n—1) sub-matriz of A obtained by deleting the same row and
column of A. Let oy > ag > --- > «, be the eigenvalues of A and let B1 > [y > -+ > 6,1

be the eigenvalues of B. Then:
ar>2pr>2ay > P> Zan 1 2 B >y

Proof. Without loss of generality we may assume that B is obtained from A by removing
the first row and column of A. We will use the Courant-Fischer Theorem (Theorem 3) to

prove this theorem. Applying it to B we have:
T
) 20)
y v/, (24)

T
B .y By :
Br= max min=——— = max min =
SCR*~! y€eSs Y SCR—1 y€eSs Yy
dim(S)=k y#0 dim(S)=k y#0
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Define S as the set of sets of the following form:
S ={S CR":dim(S) = k and every « € S is of the form = = (0 y)” for some y € R""'}.

The right hand side of (24) can then be written as

. T Ax . xTAx
(24) = max min < max min = oy .
ses zeS xTx SCR® zcS xTx
x#0 dim(S)=k T#0

A similar proof works to prove that £, > aj.1. Indeed, applying the other version of the
Courant-Fischer Theorem we have

T
_ : y By
B = min max —-
TCR?1 yeT yY'y
dim(T)=n—1—k+1 y#0

()20

= min max >  min max = Q)1 -
TCR™1  yeT yTy TCR" @l xlx
dim(T)=n—k Y#0 dim(T)=n—k #0

Using Theorem 21 we have the following corollary.

Corollary 22. Let G = (V, E,w) and let S CV with |S| =n — k. Then
p(G) 2 (G(S)), 1<i<n-—k.

Proof. We will do a proof by induction. For the base cases we will take k = 0,1. When k£ =0
we have S =V and the result is obvious. When k =1 then S =n — 1 so Mg(s) = M (S)
removes the same row and column from M. Therefore we can apply the Cauchy Interlacing
Theorem (Theorem 21) and the result follows.

For the inductive step, assume the result is true for 0 < k < ¢ and let us prove it for
k=1{0+1. Let S C V be any subset with |S| =n — (£+1). For any such subset, there exists
a subset S such that S C S and |S| = n — £. Thus by the inductive hypothesis

1i(G) = pi(G(9)) -
On the other hand, we also have

Me(s) = MG(§)(S) )

and S only removes one row /column from S , so we can apply the Cauchy Interlacing Theorem
to conclude that

1i(G) = pi(G(S)) = wi(G(S)).
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Now we can use these results to improve our estimate of ;.

Theorem 23. Let G = (V, E) be a graph. Then,
11(G) 2 dug(G(S)), ¥SCV.

Proof. By Corollary 22 we know that

By Theorem 19 we have:

19 Perron-Frobenius Theory for symmetric matrices

We will next prove the Perron-Frobenius Theorem for the adjacency matrix of a weighted,
connected graph G. It will state, among other things, that even though ¢; does not have to
be the constant vector, it does have to be strictly positive. Let us first make the following
remark on p,, the smallest eigenvalue of M.

Remark 15. The eigenvalue pu,, must be negative so long as G has at least one edge. Indeed,
by Theorem 19, we know that 11y > dae. We also know, from Exercise 2 of Homework 2,
that

0="Tr(M) :i,un.
i=1

Theorem 24 (Perron-Frobenius Theorem). Let G = (V, E,w) be a connected graph, let M
be the adjacency matriz of G, and let py > po > -+ + > p, be the eigenvalues of M. Then

1. One can take ¢1(a) > 0 for alla € V
3. 1 > p2

To prove Theorem 24 we will need two other results. The first one deals with maximiz-
ing and minimizing the Rayleigh quotient. We know from the Courant-Fischer Theorem
(Theorem 3) that the maximum is the largest eigenvalue and the minimum is the smallest
eigenvalue, and that one way to achieve these values is by evaluating the Rayleigh quotient
at the corresponding eigenvector. It turns out this is the only way to achieve these values.

48



Theorem 25. Let A be a real-valued, symmetric matriz and let jy be the largest eigenvalue
of A. If
' Ax

Tz

M1 =

Y

for some ® € R™, then Ax = pyx. The same result holds for u,, the minimum eigenvalue

of A.

Proof. By the Courant-Fischer Theorem (Theorem 3) we know that

yTA
p1 = max R(y) = max = Y ,
yeR™ yer® yTy
y#0 y#0

where R(y) is the Rayleigh quotient of y. Since R(x) is the maximum of R : R" — R, we
know that
VR(x)=0.

Thus let us compute the gradient of R. We first note that

y'y=> yb)

bev
and so 9

——y'y = y(b)” =2y(a

dy(a) C‘?y ;
Thus
V(y"y)=2y.
Similarly,
V(y"Ay) = 24y

Therefore,

(y'y)(2Ay) — (y' Ay)(2y)
(yTy)?

VR(y) =
Thus VR(x) = 0 implies that

' Ax
Tz

(x'z)Ax = (2T Ax)x = Ax= T =T,

The proof for p, is similar. O
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Exercise 2. Recall the barbell graph B,, ,, depicted in Figure 19.

Figure 19: The barbell graph, B,, .
For Exercise 2 of Homework 3 (finding an upper bound for \y(B,,,)), we can first do
some numerical investigation. Let us implement a function to return the adjacency matrix
of the barbell graph B,,,, so that we can compute its second eigenvector. Here in Figure 20

is a plot of 1, for Lp, ;.

Plot of the 2nd eigenvector of the bar bell graph

0.1

Eigenvector value
o
o

-02

-03

0 2 4 6 8 10 12
First and last n vertices are the complete graphs; vertices in middile are the path

Figure 20: Plot of the 4y of Byg, with the path vertices in the middle, one complete graph
on the left, and one complete graph on the right.

We see that 1)y is nearly constant on each K, with the exception of the vertices shared
by P,,. We also see that 1), is nearly linear on P,,. Therefore we propose to use a test vector
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x that is constant on each K, and on P, is the same test vector we used when analyzing
the path graph. If we let the first m vertices of B,,, be those vertices on the path graph,
then we have

m—1 a € K, (for the K,, that includes a = 1)
z(a) =< (m+1)—2a a€PbP,
—(m—1) a € K, for the K,, that includes a = m)

See Figure 21 for a comparison between 1 and x; one can see they are in good agreement.

Plot of the test vector (orange) for the bar bell graph

0 2 4 6 8 10 12
First and last n vertices are the complete graphs; vertices in middle are the path

Test vector / 2nd eigenvector value
(=]

Figure 21: The test vector «, in orange, for the barbell graph By, with 1y (rescaled) in
blue for comparison.

Now we can get an upper bound on A\y(By, ) using & and computing:

L
A2(Bmn) < T Bl

xzTx
Computing the right hand side of the above gives the desired upper bound.

Exercise 3. The lower bound follows from this more general result. Let G = (V, E) be a
connected graph. For any a,b € V, let P,;(G) be a shortest path from a to b in G. Define
len(P, ,(G)), the length of P, ,(G), to be the number of edges on P, ;,(G). Define the diameter
of G as:

diam(G) := max{len(P,;(G)) : a,b € V'}.

One can then show 5

(n — 1)diam(G)

Ao(G) >

Here is the proof.

Proof. Let a,b € V. Using the path inequality (Theorem 16), as well as Theorem 14, we
have:

Gap < len(P, p(GQ)) Pap(G) < diam(G) P, 5(G) < diam(G)G .
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Now summing over all 1 < a < b < n, we obtain:
K pRE 2 =) Gam(G)G
n = a laln .
’b 2
1<a<b<n
Applying Theorem 15, we have:

"D fam(@a(G) = M(G) >

n = )\Q(Kn) S 2

52
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Our goal in this lecture is to prove Perron-Frobenius Theorem, which we stated in the
last lecture for the adjacency matrix M of a graph G, but which in fact has a more general
statement for symmetric, non-negative matrices. We will provide the more general statement
shortly.

First, let A be an n X n symmetric matrix with non-negative entries. Define diag(A) as
the n x n matrix with the diagonal of A on its diagonal, and zeroes elsewhere. Note that
we can decompose A as:

A = diag(A) + M ,

where M is an n X n, symmetric matrix with zeros down its diagonal. We use the notation
M because, indeed, M defines an adjacency matrix of a weighted graph G(A) = (V, E, w)
with vertices V = {1,...,n}, edges

E={(a,b) €V xV: M(a,b) > 0},

and weights w(a,b) = M (a,b). We refer to G(A) as the graph induced by A. We are now
ready to state the more general version of the Perron-Frobenius Theorem.

Theorem 26 (Perron-Frobenius Theorem, more general version). Let A be an n X n sym-
metric matriz with non-negative entries, with eigenvalues py > o > -+ > iy, and with
corresponding orthonormal eigenvectors ¢, ¢a, ..., ¢n. If the graph G(A) induced by A is
connected, then

1. One can take ¢1(a) > 0 for alla € V
2. p1 > |l

3. M1 > o

As mentioned last time, we will need two results to prove Theorem 24. The first of these
was the following theorem.

Theorem 25. Let A be a real-valued, symmetric matriz and let py be the largest eigenvalue
of A. If
T Ax

Tz

M1 =

Y

for some x € R™, then Ax = pyx. The same result holds for u,, the minimum eigenvalue

of A.
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We proved Theorem 25 in the last lecture. The second result we will need is the following
lemma.

Lemma 27. Let A be an n X n symmetric matriz with non-negative entries such that the
graph G(A) induced by A is connected. Let ¢ be an eigenvector of A such that ¢(a) > 0
foralla € V. Then ¢(a) >0 for alla € V.

Proof. Suppose ¢ is not strictly positive. Then there exists some vertex a € V for which
¢(a) = 0. Since G = G(A) = (V, E,w) is connected, there must also be a vertex b € V
(possibly with b = a) such that ¢(b) = 0 and for some ¢ € N(b), ¢(c) > 0. Let p be the
eigenvalue of ¢. Then:

0= up(b) = Ap(b) = A(b,b)d(b) + D>, Ab,v)¢(v) > A(b,)(c) >0,
vEN(b)
since (b, c) € E implies that A(b,c) > 0. However, this is a contradiction. O

Now we can prove the Perron-Frobenius Theorem.

Proof of Theorem 24. Let G = G(A) = (V, E,w) be the graph induced by A.
First part: Let ¢, be an eigenvector of A with eigenvalue p; and with unit norm, ||¢4|| =
1. Set

y(a) = |p1(a)], acV.

Notice that ||y|| = [|¢1]|| = 1 as well, so for both vectors their Rayleigh quotient has denom-
inator equal to one. We have:

=l Adr =) Ala,a)pi(a)’ +2 ) Ala,b)pi(a)$a(b)

acV (a,b)EE

< ZA(a, a)|ér(a)]* + 2 Z Ala,b)|gp1(a)|[p1(D)]
acV (a,b)EE

=Y " Aa,a)y(a)* +2 Y A(a,b)y(a)y(b)
acV (a,b)EE

=yl Ay.

But by the Courant-Fischer Theorem (Theorem 3),

T Az
1 = Imax
H xcR™ :cTa: ’
x#0

which means that we must have ju; = y’ Ay. But then, by Theorem 25, y must be an
eigenvector of A. Finally, applying Lemma 27, we see that y be must be strictly positive.

Second part: Let ¢, be an eigenvector of A with eigenvalue u, and with unit norm,
|¢n|| = 1. Similarly to the first part, set

y(a) == |pn(a)], a€V.
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We have:

| = |dh Ao = >~ Ala,a)pn(a)® +2 Y Ala,b)n(a)n(b)

acV (a,b)eE

<> Aa,0)|pn(@)? +2 D A(a,b)|@n(a)][¢n(b)]
acV (a,b)eE

:ZA(a,a 242 Z A(a,b)y(a)y(b)
aceV (a,b)eE

=y Ay

< e

Third part: Take ¢; to be the normalized eigenvector of A with eigenvalue p; that is
strictly positive (using part 1). Let ¢ be an eigenvector of A with eigenvalue p, unit norm,
|@2]] = 1, and that is orthogonal to ¢;. Following the same method as the previous two
parts, set

y(a) == |¢2(a)|, a€V.
We have that

o = G5 Ady = > Ala,a)ps(a)’ +2 Y Ala,b)epa(a)s(b)

acV (a,b)eE

<> Aa,a)|pa(a))’ +2 Y A(a,b)|pa(a)l|@2(b)]
acV (a,b)eE

:ZA(a,a 242 Z A(a,b)y(a)y(b)
aeV (a,b)eE

=y’ Ay

< py .

Of course we already knew gy > ps, but the important parts of the above calculation are the
steps in between. Now suppose that p; = ps. Then, by the above calculation, y? Ay = p,.
Thus, by Theorem 25, y must be an eigenvector of A with eigenvalue p;. Since y is a non-
negative eigenvector of A, we can apply Lemma 27 to conclude that y is strictly positive,
which in turn implies that ¢o(a) # 0 for all a € V.

Now, since (@1, ¢2) = 0 and ¢1(a) > 0 for all a € V, it must be that ¢, has some positive
entries and some negative entries. Since G is connected and since ¢y(a) # 0 for all a € V,
it must be that there exists an (u,v) € E such that

¢2(U) <0< ¢2(U) .
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But if that is the case, then

= A(a,a)pa(a)’ +2 D Aa,b)da(a)da(b) + 2A(u, v)s(u)a(v)
< <a(Z)2é(EE ) <0

<Y Aa,a)lgs(a)? +2 D Ala,b)|da(a)l|a(b)| = -
acV (a,b)eE

Thus ps < p1, which contradicts the assumption that ps = p1; we thus conclude that indeed
Mo < p1. L

Remark 16. Let puy > ps > --+ > pu, be the eigenvalues of the adjacency matrix, M, of
a graph G = (V, E). One can show if G is connected, then p; = —pu, if and only if G is
bipartite. The details can be found in [1, Chapter 4]

We can extend the Perron-Frobenius Theorem to the graph Laplacian (this was already
clear) and graph Laplacian like matrices. Here is the result.

Corollary 28. Let L bea symmetric, n X n matrix with non-positive off-diagonal entries,
so that B B
L = diag(L) — M ,

where M is a symmetric, real-valued matriz with non-negative_entries and zeroes down its
diagonal. Suppose the graph G induced by M is connected. Let \; be the smallest eigenvalue
of L with eigenvector 1py. Then ¢1 may be taken to be strictly positive, and )\1 has multiplicity
one.

Proof. Set B B
A=o0l —-L = (oI —diag(L))+ M.

If we set o such that

o > max L(a,a),

then the matrix A will be a symmetric matrix with non-negative entries such that the
graph G(A) is connected. We may therefore apply the Perron-Frobenius Theorem (the
general version, Theorem 26) to the matrix A, and conclude that its largest eigenvalue,
p1, has multiplicity one, and the eigenvector associated to pi, ¢;, may be taken to be
strictly positive. But any eigenvector ¢ of A is an eigenvector of L, and if A¢ = p¢ then
Lo = (0 —p)o, ie., A =0 — pis the corresponding eigenvalue of L. Thus A\; = ¢ — u has
multiplicity one. [l
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20 The weighted path graph

In Theorem 18 we proved that the eigenvectors of the path graph, P,, have the formula

w(k—Da  w(k— 1)) |

n 2n

Pila) = cos (

As such, one can show that 1), changes sign exactly £ — 1 times. We also observed this
phenomenon, empirically, in Figures 9 and 10.

In fact, this result holds for weighted path graphs too! In Figure 22 we plot the 2nd,
3rd, and 4th eigenvectors of a weighted path graph with random weights and with n = 10
vertices; Figure 23 plots the 8th, 9th, and 10th eigenvectors of the same weighted path graph.
We can see they are “deformed” versions of the unweighted path graph, but nevertheless,
they change sign the same number of times.

2nd eigenvector of the path graph 3rd eigenvector of the path graph 4th eigenvector of the path graph

02 02
£ oo 8 8
02

04

Figure 22: The 2nd, 3rd, and 4th eigenvectors of a weighted path graph on n = 10 vertices.

Let us now work towards proving this result. We will begin with a simple result, which
will help motivate the one that comes next.

Theorem 29. If A is an n X n positive semi-definite matriz, then so is BABT for every
n X n matriz B.

Proof. For any € R", we have
x'BAB"x = (B"2)A(B'z) >0,

since A is positive semi-definite. O
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8th eigenvector of the path graph 9th eigenvector of the path graph 10th eigenvector of the path graph
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Figure 23: The 8th, 9th, and 10th eigenvectors of a weighted path graph on n = 10 vertices.

Now we will generalize this result.

Theorem 30 (Sylvester’s Law of Inertia). Let A be a real-valued, symmetric matriz and B
be an invertible matriz. Then the matric BABT has the same number of positive, negative,
and zero eigenvalues as A.

Proof. We first note that A and BABT have the same rank (remember, B is invertible),
and so they have the same number of zero eigenvalues.

Let us prove that A has at least as many positive eigenvalues as BAB?. To that end, let
Y1 > e > - >, > 0 be the positive eigenvalues of BAB? with eigenvectors yi, ..., Yx.
Let Y} be the span of these eigenvectors,

Yy :=span{yy, ..., yx} -

Now define S}, as
Sy :=span{BTy,,..., B y,}.

Since B is invertible, dim(Sy) = k. Let a3 > ag > --+ > a,, be the eigenvalues of A. Using
the Courant-Fischer Theorem (Thoerem 3) and Lemma 4, we have

k
xTAx _ x"Az  y"BABTy . YU vl{y,u))
p = max Imin > min = min ————— = min > 0.
SCR™ zes xTx zeS, xlx  yevp, yTBBTy  yev | BTy|2
dim(8)=k ©#0 x£0 y#0 y#0

Thus A has at least k positive eigenvalues. Similarly, one can prove that A has at least as
many negative eigenvalues as BABT. The proof is therefore complete. ]

Remark 17. In your homework you were asked to prove that BAB~! has the same eigen-
values as A. In the above, the matrix BAB” is not similar to A, rather it is congruent;
that is, we have applied a change of basis to A.

Before we can prove that the £ eigenvector of a weighted path graph will change sign
k — 1 times, we need one more lemma. In the following lemma we will consider weighted
path graphs with negative edge weights, and their corresponding graph Laplacian matrices.
While this may seem strange, we will see its usefulness shortly.
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Lemma 31. Let G = (V, E,w) be a weighted path graph that can have negative (but not
zero) weights w(a — 1,a) (2 < a <mn), and let L be the graph Laplacian of G:

L= Z w(a—1,a)Lg,_,, (25)

a=2

Then L has one zero eigenvalue, the number of negative eigenvalues of L equals the number
of negative edge weights, and the number of positive eigenvalues of L equals the number of
positive edge weights.

Proof. Recall,
' Lx = Zw(a —1,a)(x(a) — x(a —1))%.
a=2
We will make a change of variables to diagonalize L. To that end, for any € R"™ define
y € R” as
x(1) a=1
y(a)—{ x(a)—x(a—1) 2<a<n

Clearly we have
z(a) =Y y(b).
b=1

Therefore, if we set B to be the lower triangular matrix with all ones on the diagonal and
all ones in the lower triangle, i.e.,

1 0 0 - 0
11 0 - 0
B = 1 11 0
1 11 1
then
x = By.

Clearly B has full rank, and so, by Sylvester’s Law of Inertia (Theorem 30), we know that
BT LB has the same number of positive, negative, and zero eigenvalues as L. Furthermore,
since y(a) = x(a) — x(a — 1) for 2 < a < n and = By,

y'B'LBy = Zw(a —1,a)y(a)®.

a=2

We see that the quadratic form of BT LB has no cross terms. Therefore, BT LB is a diagonal

matrix and
T ] 0 a=1
BLB(a’a)_{w(a—l,a) 2<a<n
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Thus BT LB has one zero eigenvalue and the weights of the path graph are its other eigen-
values. Since BT LB has the same number of zero, negative, and positive eigenvalues as L,
the result follows immediately. O]

Now we are at last ready to state our result on the weighted path graph.

Theorem 32. Let G = (V, E,w) be a weighted path graph on n vertices. Let L be its graph
Laplacian with eigenvalues 0 = \; < Ay < -+ < A, and let 1, be the k™ eigenvector
of L with eigenvalue \g. If p(a) # 0 for all a € V, then there are exactly k — 1 edges
(a —1,a) € E for which ¥(a — 1), (a) < 0.

Proof. Let W, denote the diagonal n x n matrix with ¥, on its diagonal. Consider the
matrix:

A=W, (L-\I)T,.

The matrix L — A1 has one zero eigenvalue and k — 1 negative eigenvalues. Since ¥g(a) # 0
for all @ € V, the matrix ¥, is invertible; note also, ¥ = W,. Thus, by Sylvester’s Law of
Inertia (Theorem 30), we know that A has one zero eigenvalue and k — 1 negative eigenvalues
as well.

I now claim that

n

A= w(a —1,a)p(a — 1)p(a)Lg,_, , - (26)

a=2

If (26) is true, we are nearly finished. Indeed, compare (26) with (25). We see that A is the
graph Laplacian of a second weighted path graph with weights w(a — 1, a)¥x(a — 1)Yi(a)
over the edges in the path. Since A has k — 1 negative eigenvalues, Lemma 31 says this
second weighted path graph must have k — 1 negative edge weights. Since w(a — 1,a) > 0,
it must be that ¥y (a — 1)yx(a) < 0 over k — 1 edges (a — 1,a) € E. That completes the
proof, aside from verifying (26), which we will do in the next lecture. ]
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In the last lecture we partially proved the following result.

Theorem 32. Let G = (V, E,w) be a weighted path graph on n vertices. Let L be its graph
Laplacian with eigenvalues 0 = \; < Ay < --- < \,, and let 1, be the k™ eigenvector
of L with eigenvalue \,. If ¥r(a) # 0 for all a € V', then there are exactly k — 1 edges
(a —1,a) € E for which ¥(a — 1)ip(a) < 0.

We now want to complete the proof. Recall we defined the matrix A as
A= \Ilk(L — )\kI)\I/k >

where Wy, is the n x n matrix with 1, down its diagonal and zeros elsewhere. To complete
the proof of Theorem 32, we need to show that

A= Zw(a —1,a)Yp(a — 1)¢k(a)LGa71,a J
a=2

which was labeled as equation (26) in the previous lecture. Let us do that now.

Proof of equation (26). We will prove the alternate formula for A in two steps. First, we
will show (26) holds for the off diagonal entries; then, we will show it holds for the diagonal
entries. For the off diagonal entries we first note that

A=, (L - \)¥), =V, LY, — )\, P37 .

Since ¥, is a diagonal matrix, the off diagonal entries of A are contained solely in W, LW¥,.
So, we will compute the entries of this matrix. First we compute:

W, L(u,v) = Z Wy (u,c)L(c,v) = Wy (u,u)L(u,v) = (u)L(u,v).

ceV

Then we have:

W, LY, (u,v) = Z W, L(u,c)Wi(c,v) = UrL(u,v)W(v,v) = Y (u)Pr(v)L(u,v) .

ceV

Therefore, since L(u,v) = —w(u,v) for (u,v) € E and L(u,v) =0 for (u,v) ¢ E, we have,

A(u,v) = U, LW (u,v) = { (;wm,v)d)k(ml/)k(v) EZ:Z; ; g
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On the other hand, for u # v,

(a,b)
LGavb(“’”):{ 0 (a,b)

and thus for u # v,

> wla.bypi(a)y(b) L, ,(u,0) =

(a,b)EE

{ o, V) (wpi(v) (w,0) € F
0 (u,v) ¢ E

= A(u,v).

For the diagonal entries, we will show the row sums of A are the same as the row sums of
the right hand side of (26). Since we know the off diagonal entries are the same, this will
show the diagonal entries are the same too. We compute the row sums of A via:

Al =W, (L — N\ D)W, 1 = U (L — N\ D)y, = Wi (L — Mr) = O (Ao — \Metr) = 0.

On the other hand, Lg, ,1 = 0 for all (a,b) € E, so the row sums of the right hand side of
(26) are zeros too. The proof is complete. O

Remark 18. In Theorem 32, we assumed \; has multiplicity one for each 1 < k < n, but
in fact one can prove this must be true, and thus this assumption can be removed.

Remark 19. We also assume that 1;(a) # 0 for all @ € V' in Theorem 32. We can also
relax this assumption and show that the eigenvector changes sign £ — 1 times over the path.

21 Nodal domains

We are now going to prove Fiedler’s Nodal Domain Theorem, which will generalize the result
on the weighted path graph to any connected, weighted graph! In doing so, our analysis and
interpretation of what the “frequency” of an eigenvector means will be complete.

Let G = (V, E,w) be a weighted, connected graph, and let us first define a nodal domain.
For S C V| recall that G(S) is the subgraph induced by S; see equation (23) for the definition.
For each eigenvector 1), of the graph Laplacian of G, 1 < k < n, define the set W), C S as

Wk :{CZGV’(,bk(CZ)ZO}

The subgraph induced by Wy, G(W}), is the k*® nodal domain for the graph G. Note, it
will depend on the choice of 1, but we will be able to say something about the number of
connected components of G(W},) irrespective the choice of .

To gain some intuition, let us go back to the weighted path graph. We know its eigenvector
1y, will change sign exactly k& — 1 times. Thus )y will change sign once, and G(W3) will
have one connected component. )3 will change sign twice, and depending on the sign of 13,
G(W3) will have ether one or two connected components. Similarly, G(W,) will have two
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connected components, and G(W;) will have two or three connected components. In other
words, the number of connected components of G(W)},) for the path graph will increase with
the eigenvalue index. One may also wish to look back at Figures 9, 10, 22, and 23.

We see from the path graph example that measuring the number of connected components
is a good proxy for the frequency of the eigenvector. Indeed, the more connected components
G(Wy) has, the more 1, must change its sign over the edges of G. For general weighted
graphs, we will take the number of connected components of G(W},) as our measure of the
frequency of 1. Fiedler’s Nodal Domain Theorem will show that the number of these
connected components, and hence the frequency of 1., is upper bounded by the index of
the eigenvector. Its proof will leverage two of our previous big results, namely the Cauchy
Eigenvalue Interlacing Theorem (Theorem 21) and the Perron-Frobenius Theorem (Theorem
26 and Corollary 28).

Theorem 33 (Fiedler’s Nodal Domain Theorem). Let G = (V, E,w) be a connected graph.
Then for k > 2, G(Wy) has at most k — 1 connected components.

Proof. Since 1 = 1 and (11, 1,) = 0 for all k£ > 2, we know that 1), must have positive
and negative entries and W, # ().

Suppose that G(W}) has ¢t connected components. Let us order the vertices of G so
that the vertices in one connected component of G(W}) come first, the vertices in another
connected component of G(W) come second, and so on so forth, and the vertices a € V' for
which 1, (a) < 0 come last. Then the graph Laplacian of G' can be written as:

B, 0 o -- 0o C

o B, 0 -- 0o C,
p-| 2 0B 0a]

0 0 0o --- B, C

cr ¢ ¢ ... CcT A

where:

e B, encodes the vertices and edges in the i*" connected component of G(W;). Note
that each B; is symmetric with non-positive entries on the off-diagonal, and hence the
Perron-Frobenius Theorem (specifically Corollary 28) applies to each one.

e C; encodes the edges between the vertices of the i connected component of of G(W})
and those vertices a € V' for which 1;(a) < 0. Note that every entry of C; is non-
positive and at least one entry of C; must be non-zero (thus negative) since otherwise
G would not be connected.

e A encodes the edges between the vertices a € V' for which ¥, (a) < 0.
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We can also decompose 1), using the same blocks of vertices:

T
T2
T3

Ty
)

where

e x; is a vector of length the number of vertices in the i*" connected component of G(W}),
and the entries of x; are non-negative.

e y is a vector of length the number of vertices a € V for which ,(a) < 0, and every
entry of y is negative.

We will now show that the smallest eigenvalue of each B; is strictly less than A, the
eigenvalue of 1. First note that we have:

Bl 0 0 s 0 Cl 1 B1331 + Cly T
0 B2 0 s 0 CQ o Bgmg + ng o
0 0 B3 s 0 C3 I3 B3£C3 + ng \ I3
0 0 0 cee Bt Ct Ty BtCUt + Cty Iy

ct ct ct ... cl A Yy St Clz; + Ay y

and in particular,

Bx;+Ciy =M \ex;, 1<i<t. (27)
Now, every entry of C; is non-positive, at least one entry of C; is negative, and every entry
of y is negative; therefore, every entry of C;y is non-negative and at least one entry of C;y
is positive. It follows that x; # 0, since if this were the case we would have C;y = 0, which
contradicts the fact that at least one entry of C;y is positive.

Furthermore, using the fact that every entry of @x; is non-negative, plus our conclusions
regarding C,y, as well as (27), we have

Aei(a) — Ciy(a) < Mywi(a) = Bixi(a) < Muwi(a), Va.
We deduce that
x! Bix; < \yxi x; . (28)
Now, by the Courant-Fischer Theorem (Theorem 3) and (28), we know that
'B,x x!Bx;
)\ B,L — . 7 (Aad?
1(Bi) rﬁg Tz — zlz;

< Ak

We have two cases:
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1. Suppose x; has at least one zero entry and x! B;x; = \yx! x; (if it is a strict inequality
we done). Applying the Perron-Frobenius Theorem (Corollary 28), though, we con-
clude that \; cannot be A\;(B;) since the eigenvector associated to A\;(B;) cannot have
any zero entries. Thus A\;(B;) < Ag.

2. Suppose x; has all positive entries. Since C;y is non-negative with at least one positive
entry, we have that 7 C;y > 0. Therefore, using (27),
iE;FB,ZBz = )\kaziT:ci — :viTC’iy < )\ka:iT:vi,
and thus A\ (B;) < A.

We have proved that

It follows that the matrix

B, 0 --- 0
0 B, - 0

B = . . . . P
0 0 --- B

has at least t eigenvalues less than ;. We now want to apply the Cauchy Interlacing Theorem
to L and the sub-matrix B. However, B is not a principal sub-matrix of L so we need to
verify that we can. B

First, let A be an n X n matrix and let B be an (n — 1) x (n — 1) principal sub-matrix
of A. This time, let us order the eigenvalues of A and B in increasing order:

M(A) < Xp(A) <+ <A (A) and M (B) < Xp(B) < -+ < Ai(B).
Applying the Cauchy Interlacing Theorem (Theorem 21), we know that

M(A) € M (B) € Aa(A) < Ao(B) < -+ < M1 (A) < Aot (B) < Ay(A)

In fact, even if B is an (n — ) x (n — £) sub-matrix of A obtained by removing the same
rows and columns from A, we can prove that
N(A) < N(B), 1<i<n—¢. (29)

The proof is nearly identical to the proof of Corollary 22, and in particular uses the Cauchy
Interlacing Theorem. B N
Let us apply (29) with A = L and B = B. We conclude that

MN(L) < N(B) < M(L), 1<i<t.
Since it is only possible for A\;(L) < Ax(L) for 1 <i < k—1, we conclude that t < k—1. [

Remark 20. The theorem is sharp. Indeed, consider the star graph S5 = (V, E) on five
vertices such that V' = {1,...,5} with a = 1 being the hub vertex. One can verify that
1 defined as ¥(1) = 0, ¥(2) = ¥(3) = ¥(4) = 1, and ¥(5) = —3 is an eigenvector with
eigenvalue Ay = 1 (use Lemma 10). On the other hand, if we consider the set {a € V :
¥ (a) > 0}, we get three connected components.
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22 Graph signal processing

The main reference for this section is [3].

Now that we have completed our understanding of eigenvector frequency, we can take a
small tangent and discuss graph signal processing. In graph signal processing, one is given a
graph G = (V, E,w) and a signal  : V' — R. The goal is to extract information from the
signal & with respect to the graph GG on which it is defined. Unlike our work thus far, in
which our sole goal was to extract information about the graph G, and the use of signal x,
such as test vectors, was a means to that end, here the signal x is the object of interest.

Here are some examples of this setting:

e The vertices of the graph consist of words and one places edges between words that
have similar meaning and which are used together. We can represent a text document
as a signal « on this graph by assigning x(a) (remember a € V is a word) to be the
number of times the word appears in the document. By extracting information from
the signal x, we extract information about the document it represents.

e The graph represents a discrete sampling of the earth (so a discrete sampling of the
sphere in which we connect nearby samples with edges) or some other graph repre-
sentation of a geographic region, such as the Minnesota graph. The signal & could
represent a phenomenon over the region, such as weather patterns, or the spread of
a disease (such as COVID-19). Different signals could represent different time snap
shots of the weather or disease spread, respectively.

e Gene-gene interaction network in which nodes are genes and edges are placed between
genes with a physical and/or functional relationship. A signal & : V. — R could
correspond to single cell sequencing of the genes for a particular individual. We could
have multiple signals, some from healthy individuals, and some from individuals with
a particular disease.

22.1 The graph Fourier transform

In classical signal processing one often analyzes a signal through its Fourier transform, which
measures the frequencies present in the signal. Suppose we have a signal f : R — R, such as
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a time series. We measure the frequencies of f by computing its Fourier transform. Define
ey, :R— C as
eo(t) = e = cos(wt) +isin(wt), weR, teR,

and define the Fourier transform of f, denote by f: R — C, as

Fw) = (fren) = | fe)etdt. (30)

If
+o00o
1]l = / F(8)]dt < oo,

then (30) is finite for all w € R and the Fourier transform is well defined. If ||f||1 < 00 as
well, then one can show that f determines f and we have the following Fourier inversion
result:

(1) = “)”(w)ewwda;::]( Tl eden(t) duw. (31)

—00 e o]

The second way of writing (31) is meant to recall an orthonormal basis expansion of a vector.
Indeed, if one replaces the integral with a finite sum, it is exactly that. The function e, is an
oscillating function that vibrates at the frequency w, and the Fourier transform measures the
overlap of f with e,. In light of (31), we see that knowing this frequency representation of
f is equivalent to knowing f itself, and each Fourier coefficient f(w) encodes the proportion
of f that vibrates at the frequency w.

We now ask the question as to how the complex sinusoidal functions e, arise. To that end,
define the Laplacian A as the operator that maps a twice-differentiable function f: R — R
to the negative of its second derivative:

Af = —f".

Notice, the functions e, are eigenfunctions of A. Indeed,

Ae,(t) = —€(t) = ———e™ = —(iw)?e™ = w?e,(t), (32)
and so the eigenvalue associated to e, is w?. These eigenfunctions are orthogonal (in the sense
of distributions), and the Fourier inversion formula (31) implies that any other eigenfunction
would not be linearly independent.

As discussed back in Section 3.3 (Lecture 02), the graph Laplacian L is the analogue of
the Laplacian for signals x defined on a graph G = (V, E,w). The above discussion shows,
then, that the eigenvectors of L are the analogues of the sinusoidal functions ej. Indeed, these
eigenvectors {4 }}_; can be thought of as the harmonics of the graph G. Furthermore, by
our recent work on the cycle graph (Theorem 17), the path graph (Theorem 18), the weighted
path graph (Theorem 32), and Fiedler’s Nodal Domain Theorem for general weighted graph
(Theorem 33), we know that the index k of 1 is a proxy for the frequency of the eigenvector.
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Therefore, we define the graph Fourier transform of a signal x : V — R, denoted by Z € R",
as

(k) = (xz,¢r), 1<k<n.
Since {4}, forms an ONB for R", we have the Fourier inverse:

n n

z =Y ®(k)pr =) (2, Pp)hy. (33)

k=1 k=1

Thus Z provides an alternate way of encoding the signal x through its frequency responses
with respect to the harmonics of the graph G; see also Figure 24. We also observe, in light
of (32), that Ay can be interpreted as the frequency squared of the eigenvector ;.

i
0.8}

0.6
0.4
0.2

(k)

0 1 2 3 4 5 6
Ak
(a) (b)

Figure 24: (a) The Minnesota graph and a signal « defined on the vertices of it, with values
x(a) indicated by the blue spikes at each vertex. (b) The graph Fourier transform, Z(k), of
the signal z, plotted as a function of the eigenvalues ). In this case Z(k) = e > and x is
obtained using the graph Fourier inverse formula (33). Figure taken from |3, Figure 4].

22.2 Smoothness and decay

In signal processing one relates the smoothness of a signal f to the decay of its Fourier
transform f. Informally, the smoother the signal f (as measured by the number of times
one can differentiate f), the faster its Fourier transform f(w) will decay as |w| — oo, and
vice versa.

We can make a similar observation for graph signals @. Recall we can use the graph
Laplacian quadratic form to measure the smoothness of @, and by Lemma 4 we can write it

using the Fourier transform of x:

2TLa = Y wlab)@la) — o) = > Mliw )P = > MEH)P.

(a,b)eE
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Recalling that 0 = \; < Ay < -+ < \,, we see that if 7 Lz is small (and hence @ is smooth),
then |Z(k)| will be small for large k, and conversely, if |Z(k)| decays as k gets larger, then
x” Lz will be small and hence x will be smooth.

It is important to note how strongly this notion of smoothness depends on the underlying
graph structure. Indeed, if two graphs G; = (V, E) and Gy = (V, E5) have the same vertices
V but different edge sets F; and F,, a signal x can be defined on either graph. However,
the smoothness of & with respect to G; may be very different than the smoothness of  with
respect to Go; see Figure 25 for an example.

G1= (V,E1) Gy = (V, E2) Gs = (V, E;)
l ° e 1 e ’ 31 """""""" °

T (11 T 1

(a)
1T T T T 1T LI B — 1F T é T T T T T T T ] 1F LI B R ) B R —
08 4 o8t 4 ost -
go.e— - go.a- ] go.e— d
8 g4l 1@ g4l 1 ®oal

02} 4 o2t 1 o2t i
0 L & 1 1 1 & 1 L L 0 & |r9| 1 & T 1 L T O q)lT L |I 1 T 1 ?D 1 1 T
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

(b)

Figure 25: (a) Three graphs G; = (V, E;), 1 <14 < 3, with a common vertex set but different
edge sets. A common signal  : V' — R is plotted on each graph. By considering the edges
in each graph, we can visually see the smoothness of & will change from graph to graph,
with decreasing smoothness from left to right. We have 7 Lg,x = 0.14, 7 Lg,z = 1.31,
and ! Lg,x = 1.81, indicating quantitatively that x is smoothest on G and is the least
smooth on G3. (b) The graph Fourier transform, Z(k), with respect to each graph G;. In
the case of G, on which « is the smoothest, we see that (k) is concentrated on k£ = 2. On
the other hand, in the case of G5, on which @ is the last smooth, |Z(k)| is small for small &
and is larger for some intermediate and larger values of k. The graph G, is an intermediate
case, which is reflected by Z on this graph. Figure taken from |3, Figure S1|.
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22.3 Filtering and graph convolution

One of the primary ways signal processing algorithms extract information from a signal
f R —= R is by filtering f with a filter A : R — C. This filtering operation is accomplished
with a convolution, which is defined as:

fxh(t) = " fw)h(t —u) du. (34)

—00

See, for example, Figure 26.

(a) Butterfly image f (b) Filtered butterfly f * h (c) Filter h

Figure 26: (a) A gray scale image of a butterfly. (b) The filtered butterfly image, using a
small oscillating filter with zero average that detects edges. (c) The filter used, in which
green is positive and pink is negative (note: the filter is not to scale and is enlarged for
visualization purposes).

By the Fourier convolution theorem,

and thus
—+o0 “+o00

Frh(t) = 7 h(w)e™ dw = / Flw)h(w)ew(t) dw. (35)

—0o0 —00

In other words, convolution in time/space corresponds to multiplication in frequency. In
classical signal processing, filters h are often defined in frequency, meaning that one specifies
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/ﬁ(w) and then obtains h(t) through the Fourier inverse (31). Additionally, such filters are
often designed to extract a localized range of frequencies from f, that is, ﬁ(w) has a localized
support so that f/*\h(w) corresponds to f(w) in the support of 2(w). Such filters & are often
localized in time/space as well (if, for example, 1 is smooth), and as such in space we see
that f * h(t) replaces f(t) with a local aggregation of information in the signal f around t.

On a graph G = (V, E,w), we must be more creative to define convolution since the
notion of a translation does not make sense except on certain types of graphs (such as the
path graph and the cycle graph). However, now that we have the notion of a graph Fourier
transform, one option is to define convolution in a way analogous to (35). To that end, let
x : V — R be a graph signal and h : V' — R another graph signal (which we will often
think of as a filter). Recall we let 0 = A\; < Ay < .-+ < A, be the eigenvalue of the graph
Laplacian L, and let 1,5, ..., 1, be corresponding orthonormal eigenvectors. Define the
convolution of & and h as:

z+h(a) =Y #B(k)h(k)i(a). (36)

Equation (36) resembles (35), and indeed (35) is the motivation for defining graph convolu-
tion as (36). It is important to note, though, that (35) is a consequence of the definition of
convolution (34) for Euclidean supported signals, whereas we are taking (36) as the definition
of convolution for graph supported signals.

If we set .
h(1) 0 - 0
0 h(2 0
H- ? ,
0 0 - h(n

and we let ¥ be the n x n matrix such that the £*" column of W is 1, then one can rewrite
(36) as
xxh=VHYV ¢, (37)

which resembles the decomposition of L as L = WAWPT (see Exercise 2 of Homework 1).

Indeed, it is often the case, like in classical signal processing, that we specify a graph filter
h through its graph Fourier transform h. Furthermore, it is often useful to do so through a
function g : [0,00) — R that acts on the eigenvalues of L, so that

h(k) = g(\).

In this case, if we define

sy = | 09 0 , (38)
0 0 g(An)



then
xxh=UgA)V x. (39)

There are several advantages to formulating the graph filter h as /f;(kz) = g(\x). Here are
some of them:

e In some cases, the regularity of g can be used to imply localization of h on the graph
G (more on this below).

e By defining the filter h through a function ¢g : [0,00) — R that is valid for any
eigenvalue A € [0,00), we can transfer the filter h between multiple graphs. This
will be useful for graph neural networks trained on multiple graphs (e.g., for graph
classification).

e We will be able to define the dilation of the filter h in frequency, which on the graph
will make its support smaller and larger depending on the dilation factor. This in turn
will allow us to define multiscale graph signal filtering operators.

On the other hand, there are some disadvantages as well. Chief among them is that if an
eigenvalueA)\k = Agr1 = -+ = A\ppe has multiplicity more than one, the Fourier trAansform of
the filter, h, must take the same value across the corresponding indices, h(k) = h(k + 1) =
cee = /f;(k‘ + ¢). Such filters lack the ability to encode local directionality in the graph G.

22.4 Spatial graph filtering

Let G = (V,E) and let a,b € V. Define the graph distance between a and b, denoted by
dist(a,b) = distg(a,b), to be the length of the shortest path from a to b. Previously we
defined N(a) to be all the neighbors of G; we now generalize it to the m-hop neighborhood
of a:
Ny (a) :={b€V :b+# aand dist(a,b) < m}.
Note that Ni(a) = N(a).
A spatial graph signal filtering is obtained through a matrix A,, (not necessarily sym-

metric) such that the diagonal entries A,,(a, a) can be anything, and the off-diagonal entries
A, (a,b) =0 for all b ¢ N,,(a). The filtering of « by A,, computes:

A,x(a) = Ap(a,a)z(a) + > Ap(ab)z(b).

bENm(a)

From the above formula, we see that A,, replaces (a) with a weighted combination of x(a)
plus (b) for all b € V' within m steps (or hops) of a. The following theorem relates certain
types of spectral filters based on polynomials to spatial m-hop filters.

Theorem 34. Let G = (V,E) and let p: R — R be a polynomial of order m, i.e.,

m

p(t) = et (40)

J=0
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Define a filter b : V' — R through its graph Fourier transform as
h(k) = p(\) .
Then h defines an m-hop filter A,,.

To prove Theorem 34 we need two lemmas. First, for a polynomial p as in (40), and for
a matrix B, define

p(B) = chBj.
=0

Note this definition is consistent with the definition of g(A) in (38) when g = p and B = A.

Lemma 35. Let B be a symmetric, n X n matriz with eigenvalues A1, ..., \, (here, even
though we use X\, to denote the eigenvalues, B does not have to be a graph Laplacian) and
corresponding orthonormal eigenvectors ¢v, ..., ¢,. Let ® be the n x n matriz whose k™
column is ¢y, and let A be the n x n diagonal matriz with A(k,k) = A\p. Then for any
polynomial p,

p(B) = ®p(A)@".

Lemma 36. Let G = (V, E) be a graph and let B be a matriz such that
Va,beV, a#b, b¢ N(a) = Bf(a,b)=0.

Then,
Va,beV, a#b, b¢ Np(a) = (B™)(a,b)=0.

I leave the proof of these lemmas to you. Let us now prove Theorem 34.

Proof of Theorem 34. Recalling (39), we write the convolution of a signal & against the filter
h in matrix form as

xxh=UpA)¥ .
Since L = WAWT using Lemma 35 we have:

Thus,
exh=pLx=> c¢;Lx. (41)
§=0
Now applying Lemma 36 to L, we see that
Va,b €V, a#b, bé¢ Nj(a) = (L')(a,b)=0. (42)
Thus we can write ‘ . '
L'z(a) = L(a,a)x(a) + Y L(a,b)a(b). (43)
bGNj(CL)
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Combining equations (41), (42), and (43), we obtain:

x xh(a) = Z c;L’z(a) = ch Li(a,a)x(a) + Z L’(a,b)x(b)
=0 J=0 bEN, (a)
- (Z chj(a,a)> x(a)+> ¢ | > L(ab)m(b)
N Jj=0 , Jj=0 bEN]-(a)
Amﬁ,a)
= A,(a,0)z(a) + Y (Z ;L (a, b)) x(b)
bENm(a)\ Jj=0 .
An(ah)
and the proof is completed. O

22.5 Translations of a graph filter

With the notion graph convolution now defined through the graph Fourier transform, we
can reverse engineer a definition of translation on graphs as well. This will be useful for
visualizing filters h defined on a graph, as it will allow us to localize and center the filter at
an arbitrary vertex of G, which we will see gives a better visualization of how h acts as a
filter compared with plotting h directly. This is how Figure 11 was created.

In order to motivate matters, let us first consider a function f : R — R and define the
translation of f to u € R as

fu(t) = ft —u).
We now write f,(¢) in frequency. To do so, we first note that its Fourier transform is:
+oo +oo 5 +o0 ~ N
fulw) = ft—u)e ™ dt = f(f)e’iw(”“) dt = e~ f@)e ™t dt = e ™" f(w),
where we used the change of variables £ = ¢ — u. Now, notice that, using the notation
e, (t) = €™, this means we have:

~

Fulw) = eu(u) fw),

and using the Fourier inversion formula:

1 “+oo “+o00 -

ft-w) = fu®) = o= [ Fw)etdo=— [ JFe@etds.  (44)

21 J_ o 2r J_

Now let G = (V, E,w) be a weighted graph. Motivated by (44), we define the graph
translation of a graph signal  : V' — R to the vertex b € V by:

2p(a) == Vi 3 @ (k) (D)bu(a) (45)
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We use the normalization factor y/n to preserve the mean of & (see Theorem 37 below).
On the other hand, traditional Euclidean translations also preserve the norm of the signal.
However, graph translation does not, and in particular ||x|| # ||x| generically. Figure
illustrates graph translation on the Minnesota graph.

Theorem 37. Let G = (V, E,w) be a connected graph, let x : V — R be a graph signal, and
let T, : V — R be the graph translation of x to the vertex b, as defined in (45). Then

> x(a) =) wa)

aceV acV

I leave the proof to you in Homework 06. As an additional remark on graph translation,
we note that we can write it as the graph convolution of  against the Dirac delta graph
signal §, : V' — R, which is defined as

5b(a)::{(1) Z;Z

The graph Fourier transform of §; is

5 (k) = (v, 1) Z dp(a)r(a) = (D) .

acV

Therefore we have
\/_Z k)pi(b)y, = \/_Z k)b = Vn(x % 8) - (46)

Note that a similar formula holds for Euclidean signal translation as well (although one has
to be careful in how ¢, is defined).

Now consider a graph filter h. We want to center h at the vertex b € V using hy, the
translation of h to the vertex b. Using the matrix representation (37) of h and (46), we

have:
1
—h,=hx*8,=VHT?§, = column b of the filter matrix WHET |

7

Thus, the translation of the filter h to the vertex b extracts the b** column of the associated
filter matrix WH W' Since this matrix is symmetric, that is equivalent to extracting the b*®
row of WHWT. Of course, it is exactly the inner product of the b row of WHW¥T with x
that defines @ % h(b), and in particular we have

1
—(x, hy) .
\/ﬁ< b>
Notice the previous equation mimics how one can write Euclidean convolutions. We see that
h;, represents how the filter h aggregates information of a signal « in the neighborhood of
the vertex b.

x x h(b) =
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22.6 Dilations and graph wavelets

In classical signal processing wavelet transforms are a common way of filtering a signal
f:R — R. A wavelet h is a filter that is localized in time/space, its Fourier transform
h : R — R is localized in frequency, and the filter has zero average:

0 :/Rh(t) dt— 0. (47)

A typical wavelet, along with its Fourier transform, is plotted in Figure 27. Notice that
because it has zero average, it oscillates. But unlike e, () = €™, the support of this waveform
is localized in space. This localization allows the wavelet, when used to filter f via f x h,
to isolate localized phenomena in the signal f, such as sharp transitions (edges in images),
which is not possible with standard Fourier analysis.

h(t)

=
£

1.5

0.5 1

0.5

0

-05
=5

Figure 27: A typical wavelet (left), and its Fourier transform (right). Figure taken from [4].

Now, because we do not know exactly what scale we want to use for a given signal f, and
because an individual signal f may exhibit different types of patterns at different scales, we
dilate the wavelet to make it larger and smaller. The standard approach is to do this using

dyadic scales: . .
hi(t):==2""h277t), jEL.
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When j > 0, the filter h; widens its support relative to h, and when j < 0, the filter
h; shrinks its support relative to h. We then filter information in f at different scales by
computing f * h; for j < J for some maximum scale 2”. Notice that

~

hi(w) = h(2w). (48)
Thus, using the Fourier convolution theorem (35), we have:
f#hj(w) = fwh(2w),

and so, from the frequency perspective, fx*h; captures the high frequencies of f in proportion
to 277 (hence the use of the letter h to denote this filter).

In order to capture large scale phenomena in the signal f at the scale larger than 27, we
use a low pass filter. Let £ : R — R denote a low pass filter, which we will assume means /¢
is localized in time/space, it has unit integral,

70) = /Rm) dt =1,

-~

and /(w) is localized around w = 0. A typical low pass filter is plotted in Figure 28.

£() fw)

0.8

0.6

Figure 28: A typical low pass filter (left), and its Fourier transform (right). Figure taken
from [4].

The wawvelet transform of f computes:

Wyf={fxtly, fxh;j:j<J},

which captures the low frequencies of f via f % {; (hence the use of the letter ¢ for this
filter), the high frequencies of f via f x h; for j < J, and thus all the information in the
signal f (recall the Fourier inversion formula (31)). In practice, one places a minimum value
on j in proportion to the sampling resolution of the signal f (i.e., how many samples of
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f@) el AN W\\w\/\v Pavy
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24 N\ /\
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fxe(t)

f(w)

fxly(u)

o ° . 7y (w)

. Ly(u)

(b) 2D wavelet transform

Figure 29: The 1D wavelet transform (a) and the 2D wavelet transform (b). In both cases,
the low pass filtering f *¢; smooths the original signal f. The high pass filtering coefficients,
f*h;, on the other hand, recover sharp transitions in the signal f, such as jump discontinuities
in the 1D case and edges in the 2D case.
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f(t) you get on the computer). Figure 29 shows a one-dimension wavelet transform and a
two-dimensional wavelet transform.

Our goal is to extend the wavelet transform to graphs. In order to do so, we need a
notion of dilation. Similar to translations, it is difficult to define the dilation of a filter h
directly on the vertices of the graph. However we can define dilation in frequency. Let h be
a function of the eigenvalues of L, i.e.,

h(k) = g(\),

for some function g : [0,00) — R. Using (48) as our inspiration, we define the dilation of h
via:

ﬁ](k) = g(27\) .

We can define a graph low pass filter £ via its graph Fourier transform as

~

EJ(k) = glow(QJ)\k) )

where g0y : [0,00) — R is designed so that giw(0) = 1, gow(t) > 0, and giy is a (not
necessarily monotonic) decreasing function. Similarly, we can define a high pass wavelet
filter h via its graph Fourier transform as

~

hj(k) = gnign(2’Ax) |
where ghign @ [0,00) — R is designed so that ghign(0) = 0, gnign(t) > 0, and the essential

support of gnign(t) is localized around a fixed value ¢y (so that g(27¢) is localized around
277ty). One can verify that
> hja) =

aeV

which mimics the zero- average condition (47) on Euclidean wavelets. See Figure 30 for an
illustration of how £, s and h fit together. Figure 31, on the other hand, shows graph wavelets
plotted on people mamfolds that are approx1mated numerically as graphs.

AL A3 Ay

Figure 30: Illustration of the graph low pass (blue) and graph wavelet (red) Fourier trans-
forms, when taken as a function of the eigenvalue of the graph Laplacian.
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Figure 31: Graph wavelets, (h;),, plotted in space using the graph translation operator (45),
for increasing j from left to right. The first two rows are the same manifold, but the wavelet
is translated to two different vertices b. The last two rows are different manifolds, but the
wavelet is translated to the same vertex b. Figure taken from [2].

We can define giow and gpign in such a way so that the graph wavelet transform runs over
0 < j < J. In that case, the graph wavelet transform W : R* — R™*(/*1) ig defined as

Wyx :={x*x€;, xxh; :0<j<J}.

The graph wavelet transform provides a multiscale representation of the signal  : V — R
with respect to the underlying graph structure G. It represents x in terms of J + 1 graph
signals that decompose x at different scales according to the graph G. See Figure 32 for an
example applied to the spherical MNIST data.

N

x x* b x * h;

Figure 32: The graph wavelet transform applied to an MNIST handwritten digit projected
onto the sphere. Numerically, the sphere is approximated by a graph and the digit’s responses
on the vertices of this graph form a graph signal x.
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We can define the norm of Wx as

J-1
(Wl =l £5]> + ) lla* by

J=0

The next theorem shows that under certain conditions on giow and guign, the graph wavelet
transform will preserve the norm of & and is invertible.

Theorem 38. Let G = (V,E,w) be a weighted graph with graph Laplacian eigenvalues
0= < <<\ If

J—1
‘glow(QJt)‘z + Z ‘ghigh<2jt)‘2 =1 ) Vit e [07 An] ) (49)
7=0
then
J—1
IWiz|| = |z|| and £=WiWz=x+L;x;+Y x+h;*h;.
=0

I leave the proof of Theorem 38 for your homework. One possibility for satisfying the
requirements of Theorem 38 is the following. Let G = (V, E,w) be a connected graph and
let g1 be any low pass filter function such that

Gow(t) =1, Yt e|0,\,],

with giow (t) decreasing for ¢t > A,; see Figure 33 for an illustration. Then set

1/2

Ghigh(t) = (|G1ow (1)]> = |g1ow (20)?) (50)

One can verify this combination of giow and gnign will satisfy (49), but there are other ways
as well.

Jlow(t)

|

|

@ t
A =0 An

Figure 33: One possibility for gi,y that, when combined with gyign as defined in (50), will
satisfy the conditions of Theorem 38.
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23 The isoperimetric ratio

We now return to standard spectral graph theory and shift into graph partitioning and
clustering. As we will see, these results will be intimately related to the second eigenvalue
of the graph Laplacian and the to-be-defined normalized graph Laplacian. In short, these
results will quantify the intuition we have sometimes already espoused, which is that even
if G is connected, Ay quantifies how well G is connected. In light of our discussions on
eigenvector frequency, this means that it is the low frequency eigenvectors that are good for
clustering G.

To begin, let G = (V, E') be an unweighted graph and let S C V. Let V — S denote all
the vertices in the graph that are not in S, i.e.,

V—-S={aecV:a¢S}.

One way to measure how well connected S is to the rest of the graph G is to measure the
number of edges going from S to V — 5. These edges are called the boundary of S and are
collected in the set 0.5:

0S :={(a,b) e E:aec SandbeV — S}.

Instead of counting the number of edges in 95, it is more useful to measure the ratio of edges
in 0S to the size of S. Indeed, for example if S is small but S is also small, then such a set
is relatively well connected to the rest of G. We define this ratio as the isoperimetric ratio

of S:
|05]
0(S) = —.

|5
The isoperimetric ratio of G is the minimum of 6(S) over all S C V such that |S| < n/2,
ie.,

O = min 6(5).
|S|<n/2

Intuitively, if the graph G has a “bottleneck” or two well connected parts that are only weakly
connected to each other, then 64 will be small, e.g., the barbell graph from Homework 03.
In the more extreme case, if G is disconnected, then #5 = 0. On the other hand, 65 will
be large if any division of V' into S and V' — S has many edges between S and V — S| e.g.,
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the complete graph. Graphs with large 6, are well connected in the sense that there is no
S C V such that G(S) can be removed from G by only cutting a relatively small number of
edges. The following theorem shows that Ay gives a lower bound for 6.

Theorem 39. Let G = (V. E), let 0 = Ay < Ay < -+ <\, be its graph Laplacian eigenvalues,
and let S C' V. Then 5|

n

0(S)>X(l—s), s: (51)

and as such,

Og > —. (52)

Proof. Since 6 minimizes over S C V with |S| < n/2 we have that s < 1/2 and as such
1 — s >1/2. That proves (52) assuming we can prove (51).
To prove (51), recall from Theorem 13 that

. z'Lx
Ao = 1min -
zeR™ XX
(2,1)=0
Thus,
L
Va € R" such that (x,1) =0, T n T > Ay
Tz

This is of course the test vector technique we discussed in Section 12. In this case, we need
to find a test vector x such that its Rayleigh quotient contains 6(.5).
We would like to pick = 1g, where

1 a€ S
Ls(a) = { 0 a¢ S
Indeed, recall E(S) := {(a,b) € £ : a,b € S} and notice that

1iL1s = ) (1s(a) — 15(b))?

(a,b)eE

= > (1s(a)-1s0))*+ Y. (1s(a)—1s(0)*+ D (1s(a) — 15(b))?
(a,b)€E(S) (a,b)€dS (a,b)eE(V=S)

=0+4105|+0

— |08] .

However, (1g,1) > 0 and so we cannot use lg as our test vector. So we use the next best
thing, which is
r = ]-S — sl i

w(@):{ l-s a€ S

and so
-s a¢S
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We have

<LE,1>:Zl—S+ Z —s

a€sS acV -8
=S| —s) = |V = 5]s
=[5](1 =) = (n—[5])s
= |S| — 5[S| — ns + s|S|
=[S = 15|
=0.

Thus x is a test vector. Additionally,

e'Le= )  ((Ls(a) —s) = (Ls(b) —=s)* = Y (1s(a) — 1s(b))* = |0S].

(a,b)eE (a,b)EE
To complete the proof we need to compute x” x:

xlr = (1g — s1)"(1g — s1)
= 1515 — 5151 — 51715 + s*171
= |S| — s|S| — s|S| + s°n

= |S| — 2s|S| + s|S|
=[5[(1—s).
Therefore,
0S| x'Lw

Sii—s  atw 2 — )z rl-s).

Remark 21. Theorem 39 says that graphs GG with large Ay are well connected.

24 The normalized graph Laplacian

Remark 22. Whenever discussing the normalized graph Laplacian, we will assume G has
no isolated vertices. That is, every vertex in G is connected to at least one other vertex and

hence deg(a) > 0 for all a € V.

To take our analysis of graph partitioning and clustering further, it will be useful to
introduce a new matrix called the normalized graph Laplacian. We will denote it by IN. For
a diagonal matrix A with positive entries on its diagonal, we define A“ for any a € R as

Aa(a, b) = { 64(G7G>a Z;Z
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Now define the normalized graph Laplacian as:
N:=D'’LDV*=1-D'?MD'/?.

Note this definition works for unweighted and weighted graphs. Recall that if G = (V, E, w)
is weighted, then the degree of a € V' is defined as

deg(a) := Z w(a,b) .

beN(a)
Recall also that we defined d : V' — R as the degree vector G, i.e.,
d(a) := deg(a).

We also have:

Arin = min deg(a) and dpax = max deg(a) .

The normalized graph Laplacian provides a degree independent representation of G.
Indeed, notice that G and ¢- G = (V, E, cw) have the same normalized graph Laplacian. We
will denote the eigenvalues of N by v < vy < -+ < 1, and, when needed, (orthonormal)
eigenvectors of N by ¢, @s, ..., Dn:

Nop=vppp, 1<k<n.

Before utilizing IN for graph partitioning and clustering, let us first discuss some basic
properties of the normalized graph Laplacian. This first theorem will relate the eigenvalues
of L to the eigenvalues of N.

Theorem 40. Let G = (V,E,w), let Ay < Ay < --- <\, be the eigenvalues of Lg, and let
vy < vy < - <, be the eigenvalues of Ng. Then

A A
Py < 2

)
dmax dmin

1<k<n.

Proof. By the Courant-Fischer theorem (Theorem 3) we know that

, ' Nz , (D~\?2x)TL(D~'?x)
Vpy = min max = min max : (53)
SCR" ‘zeS xTx SCR" zeS Tz
dim(S)=k =#0 dim(S)=k =#0

Now make the change of variables y = D~"2x. Since £ = D'/?y implies that ”a = y” Dy
and since D~1/2 has full rank, we can rewrite (53) as:

T
V= min max y Ly
e =
SCR™ yeS yT' Dy
dim(S)=k y#0
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Now observe that

"Dy =" deg(@)|y(@) < dwe 3 [9(0) = duurts"y -

acV acV
Therefore:
Vg = miI}L max y;FLy > minn max yTLg = 1 miI}L max yTTLy = Ak ,
dii%g):k Ziﬁ y' D digl%g):k Z% Do ¥ Y inax dii%gl%:k Ziﬁ y o

where we used the Courant-Fischer Theorem one more time in the last equality. The upper
bound is proved in a similar fashion. O

Remark 23. In the proof of Theorem 40 we showed that

. y'Ly . y'Ly
vy = min max - = max = min-—_-—=. (54)
SCR™ yeS y Dy ~ TCR yeT y!' Dy
dim(S)=k y#0 dim(T)=n—k+1 y#0

This formulation of v, is an important alternative formula for computing vy, so let us collect
it separately here.

Theorem 40 almost immediately gives us the following corollary.

Corollary 41. Let G = (V,E,w). Then the normalized graph Laplacian, Ng, is positive
semidefinite. Furthermore, vy = 0 and one can take ¢1(a) = d'/?(a) := deg(a)'/?. Finally,
vy > 0 if and only if G is connected.

Proof. Since L is positive semidefinite and \; = 0, it is immediate from Theorem 40 that N
is positive semidefinite and 4 = 0. Additionally, v, > 0 <= (G is connected, immediately
follows by combining Theorem 40 with Theorem 5 (recall the latter says that Ay > 0 <= G
is connected). Now let us compute Nd'/?:

Nd'/? =D '’LD'?d'* =D '’L1=D"?0=0.
O

Thus the normalized graph Laplacian is in many ways similar to the graph Laplacian.
Corollary 41 indicates one difference, which is that 1, = 1 while ¢p; = d'/? (although, notice
if G is d-regular then ¢ is constant). The next theorem gives another difference between L
and V.

Theorem 42. Let G = (V, E,w). The mean eigenvalue of Lg is the average degree of G,
whereas the mean eigenvalue of N¢g is 1.
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Proof. Recall from Homework 02, Exercise 02, that the sum of the eigenvalues of a matrix
is equal to its trace. Therefore:

]

Theorem 42 gives another indication that IN is a degree independent representation of
G, whereas L is not. Here is another fact along similar lines.

Theorem 43. Let G = (V, E,w). All eigenvalues of N¢ lie in the interval [0,2], i.e.,
O=r<wrm<--- <y <2.

I leave the proof of Theorem 43 to you in your homework.

Proof. We know from (54) that

We also know that

y'Ly= ) w(a,b)(yla)—y(b)’ and y"Dy=>) deg(a)y(a)*.
(a,b)eE acV

Now, for any two real numbers «, 5 € R, we have (if you have not seen this inequality before,
you should verify it for yourself):

(a+B)* <2(a®+ 7).
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Therefore,

y'Ly<2 > w a)* +y(b)*)

(ab)eE

=2 > w a)?+2 > w b)?

(a,b)eE (a,b)eE

_42

(a,b)EE

:22 Zwa

a€V beN(a)

=2 yla)® Y wla,b)

acV beN (a)

Thus:

O

As our last general fact about IN, we give an analogue of Theorem 13 (recall this theorem
gave a formula for \y).

Theorem 44. Let G = (V, E,w) and let 0 = v; < vy < -+ < v, < 2 be the eigenvalues of
Ng. Then

. z'Nzx . y'Ly

Vo = min = min .

zeR”  xlx yeR" yT Dy
(z,d'/2)=0 (y,d)=0

Proof. The proof of the first equality is nearly identical to the proof of Theorem 13, remem-
bering that ¢, = d'/?/||d'/?|| and that we can take the eigenvectors ¢y, ¢s, ..., ¢, of N to
be an ONB for R".

For the proof of the second equality, make the change of variables y = D~'/?x; we know
from the proof of Theorem 40 that we get the argument of the minimum. Note also that
with this change of variables:

0= (z,d"?) = (D'?y,d"?) = (y, D'*d"?) = (y,d).
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25 Conductance

The conductance of a weighted graph G = (V, F, w) provides and alternative measure to the
isoperimetric ratio by which to measure its connectivity. We set some preliminary notation
before defining the conductance. First, recall that in a weighted graph the degree of a vertex
a € V is the sum of the weights of the edges connected to a:

d(a) := deg(a) := Z w(a,b) .
beEN (a)
For a subset S C V, define d(S) as the sum of the degrees of all vertices in S:

d(S) = deg(a)=> Y wla,b).
)

a€s a€S beN(a

Notice that

dV)=2 ) w(a,b).

(a,b)eE

For a subset F' C E, define w(F') to be the sum of the weights of the edges in F:

w(F) = Z w(a,b).

(a,b)eF
Finally, recall that the boundary of S is:
0S :={(a,b) e E:ac SandbeV — S}.

We define the conductance of S as

w(0S)
min(d(S),d(V —5)) "

p(S) =
The conductance of the graph G minimizes ¢(.S) over all subsets S:

G = min ().
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In order to get a better feel for the conductance of a graph, it may be useful to consider
the following calculation for d(S):

I

a€S beN(a)
=) D wlab+) > w
a€s (a,b)EE a€S (a,b)EE
bes beV S
— 2w(E(S)) + w(dS). (55)

Thus, if min(d(S),d(V —S)) = d(S5), then
w(0S)
2w(E(S)) +w(0S)
On the other hand, note that w(9S) = w(9(V—.5S)). Thus, if min(d(5),d(V —-S5)) = d(V-5),

we have

p(S) =

These two facts also imply that
p(S) <1 and ¢(S) =V —S5).

Remark 24. Let us compare the isoperimetric ratio of a set S to its conductance for an
unweighted graph G = (V, E). Let us assume that min(d(S),d(V — S)) = d(S) for a bit of
added simplicity. In this case we have

105 ES
15| d(s)

Thus in both cases the numerator is the same, but it is the denominator that changes. In
particular, the isoperimetric ratio, 6(.S), places more importance on the number of vertices
being removed if one were to remove G(S) = (S, E(S)) from G, as indicated by having |S]
in the denominator. On the other hand, the conductance places more importance on the
number of edges being removed, since d(S) = 2|E(S)| + |0S|.

Remark 25. If G = (V, E) is d-regular and |S| < n/2, then §(S) and ¢(.5) differ by a factor
of d:

0(5) = and  ¢(S) =

0S| 19S]  6(S)
d(s) d|S] d
The above considerations indicate the conductance is a degree-invariant measure of con-
nectivity of a weighted graph G = (V, E,w). It thus makes sense to try to relate it to vy,

the second eigenvalue of the normalized graph Laplacian IN, as opposed to Ay, the second
eigenvalue of the graph Laplacian L. Our goal is to prove that

)
§§90G§ 21y,
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and to construct a set S C V such that ¢(S) < v/215. In doing so, we will have shown
that vy characterizes the connectivity of GG, and furthermore, we will be able to turn the
construction of S into an algorithm that allows us to compute a nearly optimal partition of
G. The next theorem provides the lower bound for ¢, which is an analogue of the similar
result for the isoperimetric ratio given in Theorem 39.

Theorem 45. Let G = (V,E,w), let 0 = vy < vy < -+ < v, < 2 be its normalized graph
Laplacian eigenvalues, and let S C V. Then
d(V)w(95)
d(S)d(V —S)

2V27

and as such,
e(S)21n/2 = ¢ =1/2.

Proof. The proof is pretty similar to the proof of Theorem 39. By Theorem 44 we know that

Vo = Imin yTLy
2 yER" yTDy ’
<y’d>:0

and so we again want to use the test vector technique to bound 15 from above. We need a
test vector that will give us the right quantities for the set S. As before, y = 15 would be a
nice choice, but it is not orthogonal to d. So instead we select:

y=1g—o01, 0:@.

(V')
We check that (y,d) = 0; indeed:

(y,d) = (15 —o1)'d = 15d — 017d = d(S) — 0d(V) = d(S) — ——%

Using a similar argument as in the proof of Theorem 39, let us compute:

y"Ly= ) w(ab)((s(a) —0) = (Ls(b) — )’

(a,b)eE

= 3 w(a,b)(Ls(a) — 15(b))?

(a,b)eE

= Z w(a,b)

(a.b)eds
= w(d9).
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Now we compute the denominator:

y'Dy =) d(a)y(a)’ =) (1-0)’d(a)+ Y (~0)*d(a)

acV acsS acV -5

(1 —0)%d(S) + o*d(V — S)

d(S) — 20d(S) + o*d(S) + o*d(V — S)
d(S) — 20d(S) + o*d(V)

—_—_

SN— \CB N—

|

)

R)

=

2!

_l’_

q‘

=

=

Il
-
|
&I
\8&
vmv@
=
2

=3
<
|
2]
=~

S)

Putting together our computations for y?* Ly and y” Dy we have the result:

y'Ly __d(V)w(9S)
y"Dy  d(V - S)d(S)

vy <

To complete the proof, note that since d(V') = d(S) + d(V — S), we have:

(V)
max(d(S),d(V = 5)) >d(V)/2 = max(d(9) AV —5)) <2.
Therefore,
< d(V)w(95S)

P d(S)d(V - S)
B d(V)w(95)
~ max(d(S),d(V — S)) min(d(S),d(V — 5))

2w(095)

~ min(d(5),d(V - 9))
= 2p(9)
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26 Cheeger’s inequality

Our goal now is to prove an upper bound for (g, the conductance of a weighted graph
G = (V,E,w), in terms of vy, the second eigenvalue of Ng. To that end, we will prove
Cheeger’s inequality:
o < V2. (56)
In order to prove (56), we will consider vectors y € R™ such that (y,d) = 0 and the sets
Syt C V defined as
Syt ={aeV :y(a) >1t}.

We will prove that for any such y, there is a ¢t € R such that ¢(S,,) is small. Here small
means we will show:

p(Sye)* _ y' Ly

f iately ch t.
9 =~ yT"Dy’ or appropriately chosen

Notice if we set y = D~/2¢, then (56) follows from the previous equation and Theorem 44.
Our proof for showing the existence of such a value ¢ will be constructive and will allow us
to develop and algorithm for finding the set Sy ;.

While proving a lower bound for ¢g was relatively straightforward and leveraged ideas
we have seen before (namely the test vector technique), proving the upper bound (56) for
pq is significantly harder. We will need several lemmas to prove our main result. Let us
collect some of the general ones (i.e., not specific to graphs) now.

Lemma 46. Let A, B,C, D > 0. Then

A+B>min A B
C+D — C'D)

Proof. Without loss of generality suppose
A (A B

Sl
QlT
IA
|

— = 1min 5,5

C C~

Then:
A+ B B A(l1+ B/A)
C+D C(1+D/C)

A
> —.
- C
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Lemma 47. Let o, 5 € R. Then for all0 < < 1,

(= B)* > ba® — 1——(562'

Proof. If a =0 or § = 0 the result is clearly true. So suppose a, 3 # 0. Define the function

J

f(5)=5042—m

52
Calculating the derivative of f we obtain

F(6) = a2 = (1— )18 — 6(1 — )22
Setting f’(d) = 0 and solving we obtain:

P =0 — 5*:11%

Let us also compute the second derivative of f so that we can check whether a critical point
is a maximum or a minimum. We obtain:

11(6) = —2(1 — 6)725° — 28(1 — )25,
Recall that a critical point 6* is a maximum if f”(6*) < 0. Since 3 # 0, we see that
f'(6) < 0= (1-6)2(1+66(1—-6)"" >0. (57)
Now observe that

1-f/la<l = 1+8/a>1,
1+ 8/la<l = 1-f/a>1.

We conclude that only one of the critical points can lie in the interval (—oo,1). Let us
examine the two possible cases.
Suppose that 1 — f/a € (—oo,1). Let us evaluate the right hand side of (57) at this
point:
RHS of (57) at 1 — B/a = a*/3°.
Now, if 1 — 8/a < 1, then /a > 0 and so /3% > 0 as well. Therefore f(1 — 3/a) is the

maximum value of f(J) on the interval (—oo, 1). We compute:

f(A=BJa)=(a-p),

and so the lemma holds in this case.
Now suppose that 1 + 5/a € (—o0,1). Evaluating the right hand side of (57) at this
point we obtain:

RHS of (57) at 1+ 8/a = —a®/3°.
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Now, if 1+ /a < 1, then B/a < 0 and so a®/3% < 0. Therefore —a®/$% > 0 and f(1+«/f3)
is the maximum value of f(d) on the interval (—oo, 1). We compute:

f+B/a) = (a+p5).

Notice, though, that §/a < 0 implies that a and § must have different signs. Therefore
(a — B)* > (o + B)? and the result holds in this case as well. O

Lemma 48. Let z1,..., 2z € R be such that
212292 22,20,

If aq,...,a € R and By, ..., 0 € R satisfy

then there exits j € {1,...,k} such that

=1 =1

Additionally, we may take j such that either z; > zj41 or j = k.

Proof. For the existence of at least one such j, we will do a proof by induction on k. The
result is clearly true for £ = 1. Now assume the result is true for all 1 <k < /¢ (£ > 1) and
let us prove the result for k = ¢ + 1. Define

~ Z1 ~ 21
Qg = a1— 4+  and 52:512—‘1‘52;
2

zZ9
so that
+1 (+1 o+1 +1
Q2 + g oz = E oz > E Bizi = Paza + E Bizi -
i—3 i=1 i1 i—3

By the inductive hypothesis, there exists j € {2,...,¢+ 1} so that

J J J J
&2+ZO€¢Z§2+Z@‘ = a1z—;+zai25lz—:+2@-
i—3 i—3 i—2 i—2

If oy > (1 we are done, so let us consider the case when «aq < 1. Since z; > 29, we have
z z z z
(—1—1>a1<(—1—1)51 — —(—1—1>a1>—(—1—1)ﬂ
29 29 22 <2
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But we also have:

ga¢:<a1—+2al>—(——1>(xl><ﬁli—;+§ﬂi>—(—_1> Z@,

For the second statement, let jo be the minimum possible index that satisfies (58). If
Jjo = k we are done, or if z;, > z;,41 we are done. So let us suppose that j, < k and
Zj, = %jo+1. Consider a new sequence of length £ — 1,

L2 2 21 2 Zjy 2 Zjot2 2 2 2k
with corresponding weights
A1y ee oy g1, Oy + Qjo+1, Ajg+2, - - - Ak

and
B Bjo—1, Bjo + Bjow1s Bjowas - - - B -

Apply the result we just proved to this setup to get an index j for this new sequence. We
know that j > jo since otherwise (58) will hold for j < jo which contradicts the minimality

of jo. But for j > jo, we have
J1 J1
i=1 i=1

where j; > jo + 1. If z;, > z;,41 or if j; = k, we are finished. If not, then z; = zj 4. If
that is the case, then it must be that z;, = 2zj,11 = 2;,42. Consider the following sequence
of length k£ — 2,

212 2 21 2 Zjy 2 Zjo+s 2 2 2k

with weights
A1y ee oy Ojg—1, Qg + Ajo+1 + jo+25 Xjg+3y - - -5 Ak s

and
ﬁh e 7ﬁj0*17 510 + 6j0+1 + /Bj0+27 ﬁj0+37 s J/Bk :
Now apply the same argument. We conclude this time that there is a jo, > jg + 2 such that

J2 J2
D =) B
i=1 i=1

Again, if zj, > zj,4; or if jo = k, we are finished. If not, repeat the argument again. If we
repeat the argument ¢ times, we get an index j, > jo + ¢ such that

Je Je
Z ;> Z Bi -
i=1 i=1

Since jy — oo as { — 0o, at some point we must either have z;, > 2,41 or j, = k. []
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Now we introduce the notion of a centered vector. Let G = (V, E,w) and let d be the
degree vector of G. We say that z : V' — R is centered with respect to d if

Y d(a)<d(V)/2 and Y d(a) <d(V)/2.

a:z(a)>0 a:z(a)<0

It is not hard to center a function  : V' — R. Let V = {1,...,n} and order the vertices of
G so that
z(l)>x(2) > - >x(n).

To center @, let k € V be the least number for which

k

> d(a) >d(V)/2. (59)

a=1

Then set
z=x—x(k)1.

Clearly z(k) = 0, and one can show that z is centered with respect to d. Indeed, since k is
the least index such that (59) holds, we have that

Additionally, again using (59),

k

> dla) < ) d(a)=d(V) =) d(a) <d(V)/2.

a:z(a)<0 i=k+1 i=1

In the proof of Cheeger’s inequality, it will be useful to replace y with its centered
version. The following lemma shows that in doing so we do not increase the generalized
Rayleigh quotient.

Lemma 49. Let G = (V,E,w) and let x : V — R. Define

xr,:=x — sl.
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Then

T
min Dx,,

is achieved at the s such that (xs,d) = 0. As such, if (y,d) =0 and z =y — y(k)1 is the

centered version of y, then
2TLz - y'Ly
2Dz — y"Dy "’

Proof. We first compute:

a2l Dz, =) d(a)z,(a)’ =) da —5)? =) d(a) [z(a)’ — 2sz(a) + 5*] .

acV acV acV
Therefore the derivative of the function f(s) = ! Dz, is:
:Zd( )(2s — 2x(a —QZd (s —x(a)).
acV acV
Setting f’(s) = 0, we conclude that
fiis)=0 = 0=> da)(@(a)—s) = (x—sl,d) = (z,,d).
acV

For the second statement, using Lemma 4 and the fact that (1,4p;) = 0 for ¢ > 2, we first
note that

n

z = z,; Y — y iNY, W) =Y LY.
z'L ZAl )| ZM ¥a)l” =D Mly ) =o' L

i=2
Additionally, since (y,d) = 0, by the first part of this theorem we know that
y"'Dy < 2"Dz.
Combining these previous two statements we conclude:
2Lz _ y'Ly - y'Ly
2Dz 2Dz — y"Dy’

]

The next lemma shows that in fact we can replace the generalized Rayleigh quotient of a
centered vector z by the Rayleigh quotient of the vector that only retains either the positive
entries of z or the negative entries of z.

Lemma 50. Let G = (V,E,w) and let x : V — R. Define

| x(a) ifx(a)>0 | x(a) ifxz(a) <0
z+(0) { 0 ifaza)<o T =) _{ 0  ifz(a) >0

Then

- (ax¥Lx, x"Lx_ ! Lx
min + * <
2Dz, "Dx_) ~— " Dx
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Proof. Using Lemma 46 we know that

. (alLe, x'Lx_ i Le, +ax'Lax_
M 2T De. T Dz = Dz, +x"Dx_ "
yPxy x_Dx_ T ~Dx_
Thus we need to show
xlLe, +xTLe. "Lz
Dz, +2'Dx_ ~ "Dz’
Noting that € = @ + _ and x,(a)x_(a) = 0 for all @ € V| for the denominator we
have:

' Dx = (xy +x_)'D(xy +2x_)
=z Dz, +z Dx_ +?2 Z d(a)xy(a)x_(a)

acV
= a:iDzm +x'Dx_ .

The numerator is a bit trickier. First, recall

' Lo = ) wla,b)(x(a) — o).

(a,b)EE

We can divide the edges E up into two types. Let the first type be those (a,b) € E such
that x(a) and x(b) have the same sign. In that case we have x(a) — x(b) = x, (a) — ()
and z_(a) = x_(b) = 0, or vice versa, and so

(x(a) — 2(b))” = (x1(a) — 2.(b)* + (x—(a) —2_(b))*.

Let the other type of edge be when x(a) and x(b) have the opposite sign. Then:

(x(a) — z(b))*

8 8

(a)* + z(b)* — 2x(a)x(D)
(a)? + @(b)’
x, (a) — x4 () + (x_(a) —x_(b)*.

Either way we have (z(a) — x(b))? > (x4 (a) —x(0))* + (x_(a) — z_(b))? and so

'Le = Y w(a,b)(x(a) — x(b))’

(a,b)eE
> > [w(ab)(@i(a) — 2 (b)* + wla,b)(z_(a) — 2 (b))*]
(a,b)EE

= wiL:m +a'Lax_ .

>

~—~

That completes the proof. O
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At last we are ready to formally state and prove our theorem on Cheeger’s inequality.

Theorem 51 (Cheeger’s inequality). Let G = (V, E,w) and let y : V' — R be orthogonal to
d. Then there exists a t € R for which the set of vertices

S={aecV:y(a)>t},

satisfies
»(5)” _ y'Ly
2 ~yTDy’
As such, if we set y = D712¢y, where ¢ is the second eigenvector of N, the normalized
graph Laplacian, then we obtain a set S CV such that

©(5)?

SVQa

where vy 1s the eigenvalue of ¢o. It follows that
ve < V2.

Proof. Let V.= {1,...,n}, order the vertices so that y(1) > y(2) > --- > y(n), and let z
be the centered version of y:

z2=Y - y(k>1 )
where k € V' is the least number for which (59) holds. Applying Lemma 49 and Lemma 50,
we have

. ziLz+ z'Lz_ < 2Lz < y'Ly
2Dz, 2Dz ) — 2"Dz ~— y"Dy
Without loss of generality let us assume that
2T Lz+ . (zTLz+ 2z'Lz_
= min
ziDz, 2!Dz_

(60)

2I'Dz,
We have
z1)>=z2)>--->zk—1)>zk)=0>2z(k+1)>--->2z(n).
For each j € V define the set S; CV as:

S;ji={aeV:1<a<j}.
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Now let us collect the vertices on which z takes the same value, so that:

z()=-=2z()>2(n+1), n=>1,
z(h+1)=-=2(2) > 2(ja+1), jo>j+1
z(jm,l—i—l):---:z(jm), ]m:n

Notice we have

z(j1) > 2(j2) > -+ > 2(je1) > 200) = 0> 2(je1) > -+ > 2(jm) ,
where ¢ is some index between 1 and m. Note that k € S;, but k ¢ S;, . It follows that:
Sjy={aeV:1<a<j}={aeV:z(a)>z()}
={aeV:ylo —yk) > y(G) —y(k)}
={aeV yla) 2y}

The remainder of the proof will be devoted to showing that one of the sets 5, satisfies the
theorem. We will have two cases:

1. £>2
2. =1
For the first case in which ¢ > 2, we will prove there exists an i* € {1,...,¢ — 1} such
that )
SO(SJZ*) < Z+LZ+ ' (61)
2 Z+DZ+
That will prove the result with ¢ = y(j;+). To facilitate the proof of (61), set:
0= min S;).
VISTIRR jzfl}(p( J>
By the definition of the index k,
k-1 d(v)
< N7
S aw <1,
and so d(S;) < d(V —5;) for all j € {j1,...,7e-1}. It follows that
w(0S; w(0S; . : .
o< p(S;) = (95;) = (95;) Je{d, -y je-1}- (62)

min(d(S;),d(V = S;)) — d(S;)

Recall that ¢(S5) < 1. Now we have two sub-cases: (i) 0 = 1; and (ii) 0 < ¢ < 1 (note
if o = 0 we immediately satisfy (61)). Let us tackle the ¢ = 1 case first. If 0 = 1 then
©(S;) =1forall j € {ji1,...,Ji—1}, and so showing (61) means we need to show

L zlz (63)
27 z,Dz,
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In (55) we showed previously that d(S) = 2w(E(S)) + w(9S), and so ¢(S;) = 1 if and
only if w(E(Sj)) = 0. Thus, if ¢ = 1, it must be that w(E(S;,_,)) = 0, which means that
E(S;,_,) = 0. Recall that z,(a) =0 for alla € V — S;,_,. We compute:

Lz, = 3 w(ab)(z(a) - 2 (1)

(a,b)eEFE

=1 >+ D>+ w(a,b)(z4(a) — 24 (b))?

(@b)EE(S;, ;) (ab)edS;, , (abeE(V-S;

= Y wlab)(zila) — z(b)?

1)

:Z Z w(a,b)z, (a)?

Therefore the right hand side of (63) is equal to one, and so (63) holds.
Now let us move on to the second sub-case, 0 < o < 1. Define:

Q= Z w(a,b),

beN(a)

b>a
By = Z w(a,b).
beN(a)

b<a

Notice that
d(a) = a, + Ba,
which in turn implies
J J
d(S;) =) dla) =) (aa+f), 1<j<n. (64)
a=1 a=1

We also have the following claim, which we will state as a lemma:

Lemma 52. The following holds:

w(08;) =Y (aa—fa), 1<j<n. (65)

a=1
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Proof of Lemma. We will prove the result by induction on j. The base case is j = 1. We

have
w@S) =d(1)= Y =,
bEN(1)
b>1
and
B = Z w(a,b) =0.
bEN(1)
b<1

Thus the base case is proven.
For the induction step, suppose the result is true for S;_; (with j > 2), and let us prove
it for S;. Using this induction hypothesis, we write:

w(@S) =Y Y w(a,b)

a=1 beN(a)
b>j
j—1
=33 wah+ > wiEb) - Y wla,))
a=1 beN(a) bEN(5) a€N(H)
b>j—1 b>j a<j

'LU(aijl) + Oéj — Bj
-1

(g — Bp) + j — Bj,
1

I
.

2
|

and so the lemma is proved. O

Subtract (65) from (64) and divide both sides by two. We obtain:

A A(5) _2“’(853') , 1<j<n. (66)
a=1
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Now let us see how we can use «, and ,. Using Lemma 47,

2Lz, = Z (z+(a) — 24 (b))?

(a b)eE
I - z:(0)
a=1 beN(a)
b>a
o
>y Y w [ (@ - 2 0z+<b>2]
a=1 beN(a)
b>a
=0 Z zi(a Z w(a, b))z (b)?
beN(a) a=1 beN(a
b>a b>a
n o n
= UZ a2y (a)? — T2 Zz+(b)2 Z w(a,b)
a=1 b=1 a€eN(b)
a<b
=0 Z a2y (a)? (67)
a=1
Since z4(a) = 0 for all a > j,_1, we can rewrite (67) as
Je—1 o
T 2
L > a a . 68
zy z+_;{aa 1_061z+(a) (68)
Set: -
z. Lz
R = T
(24) z.Dz,
Using (68) we have
je1 je-1 .
R(z, Z d(a)z,(a)? = R(z)z. Dz, = 2. Lz, > ; {aaa — 7 aﬁa] zy(a)?.

Since 2, (1)? > 2,(2)* > -+ > 2, (jo_1)? > 0, Lemma 48 proves there exists a 1 < j < jy_4

such that . '
J J
R(z)) da) =) {Uaa -
a=1 a=1

Furthermore, by the second part of Lemma 48, we know that we can take j such that
z.(j)* > 2z (j+1)? or j = jo_1; that means j € {ji,...,Jo_1}. The left hand side of (69) is:

R(z:) ) d(a) = R(z,)d(S)).
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For the right hand side, we use (62), (65), and (66) to make the following calculation:

J J 2 J
Z:: {aaa— 1?(754 ZU;(aa—ﬁa)— 1U_U;ﬁa

o [d(Sj) - w(c‘)Sj)]
l—-0o 2

o?w(9S;) — a*d(S;)

2(1-o0)
- 20%(1 — 0)d(S;) + o*d(S;) — o2d(S))
- 2(1—o0)
_20%d(S;) — 20%d(S;) + 0?d(S;) — 0*d(S;)
B 2(1 — o)

(0* = o%)d(5))
2(1—-o0)

0.2

= O'U)(@SJ) -

> o?d(S;) +

Therefore we have ) )
o o

S dS) = Rlz) 2.
Recalling that o = minjey;, .. ;3 ©(S;) completes the proof of this first case.

Recall the second case is when ¢ = 1. If £ = 1, then z(a) < 0 for all a« € V' which means
that z,(a) = 0 for all @ € V. Thus 2z, is not very useful, but on the other hand we have

z_ = z. Set

R(z1)d(S,)

so that
z(n)>z(n—-1) > >z(1)=0,
and
Z(jm) =+ = Z(m-1 + 1) > Z(jm-1)
Z(m) == Z([moa+ 1) > Z(jm_o2)
2(j2) = =21 +1) > 2(5)

Z(h) =---=2(1) = 0.

Additionally, note that m > 2. Indeed, (y,d) = 0 means that y must take positive and
negative values, which means that y takes at least two distinct values. Thus z takes at least
two distinct values too. Since m > 2 and since 1 < k < 71, we can apply the same proof as
in case 1 to . We conclude there exists a j; € {Jjo, ..., jm} such that

S = {aeV:z(a)>z()}={a€eV:—2z(a) > —2zU)}={aeV:z(a) <z(j)},
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satisfies _
©(S5)? - 2’Lz 2"Lz

9 — 2Dz 2Dz’
That’s pretty good except that S does not quite have the right form. We can fix that pretty
easily. First, recall that o(V — 5) = ¢(5). Furthermore,

V-S={aeV:z(a)>z()}.

By the way j; was defined, and since ¢ > 2, we know that all the vertices a € V satisfying
z(a) > z(j;) in fact satisfy z(a) > z(j;—1). Thus:

V-S=5, ={aeV:z(a)>z(i1)}.

That completes the proof. O

27 Spectral clustering

Given a weighted graph G = (V, E, w) we may be interested in dividing G into two (or more)
clusters. For example, we could have a data set A = {ay,...,a,} C R? that we represent as
a weighted graph G = (V, E,w) in which

eV =A

e For the edges F, we give each vertex k neighbors (this is called a k nearest neighbor
graph, or k-NN graph) according to the following rule. For each a; € A we re-order
the other vertices so that

Jas = @l < llas = @l < - < flas = a5, e .

We then set the initial neighborhood of a; to be:

N(a;) =={aj, : 1 <l <k}.

However, this results in asymmetric neighborhoods, i.e., just because a; € N (a;) it
does not mean that a; € N (a;). To fix this, define the symmetric neighborhood of
a; €V as: B B

N(a;) :={a; €V :a; € N(a;) or a; € N(a;)}.

e We give the edges weights according to the inverse of the distance between data points,

for example:
67”0'1'7(1]'”2/202 (ai’aj) € E

w(ai, a;) = { 0 (ai,a;) ¢ E

where o is a parameter that we must set.
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We can use the conductance to measure the optimal division of G into two clusters. In

particular we can set:
S* = argmin¢(9),
scv

which means that S* is the subset of vertices such that ¢(S*) = ¢g. We then divide
the vertices of G into two clusters, S* and V — S* (with associated subgraphs G(S*) =
(S*, E(S*),w|gs+) and G(V — §*) if we like). However, finding S* on a computer is very
expensive. Indeed, we would need to search over all subsets S C V in order to find it. Thus
the time to compute it is O(2") since there are 2" subsets of a set with n elements.

We can use Cheeger’s inequality (Theorem 51) to get a clustering that is nearly as good
as the clustering given by S*, but which has a much better run-time. Here is the algorithm:

1. Compute the normalized graph Laplacian, IN, of the graph G. Worst case is this step
takes O(n?) time, but it can be reduced if |E| < n(n — 1)/2 and hence N is sparse.

2. Compute the second eigenvalue v, and the second eigenvector ¢o of N. Worse case
is this step takes O(n?) time, but that is the time to compute all eigenvalues and
eigenvectors of IN. One can take advantage of the fact that we just want v, and ¢,
and if IV is sparse (see the previous step), we can get additional time savings.

3. If v, = 0 then G is disconnected and we can cluster G' by connected components,
similarly to Remark 8. Otherwise continue:

4. Set y = D™'/2¢,. This step requires O(n) time.

5. Sort the values of y in descending order and order the vertices of G' accordingly, so
that

y(1) >2y(2) = >yn).

This step requires O(nlogn) times using, for example, merge sort.

6. For each set
Si={aeV:1<a<j},

compute its conductance and set

J* = argmin p(9;).
J

This takes O(n?) time.
7. Cluster the vertices of G using S;« and V' — Sj«.

Thus the time to compute S is significantly less than the time to compute S*; indeed, it
is naively no worse than O(n?) and can be improved in certain cases. Furthermore, while
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S« is not necessarily the optimal partition, it is not too far from the optimal partition since
from Theorem 45 and Theorem 51 we know that

ve/2 < ¢(S™) < V21,

and we know from the proof of Theorem 51 that

/2 < @(Sj+) < V2us.
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28 Random walks on graphs

Now we study random walks on graphs. We will see they are closely related to the normalized
graph Laplacian. Among other things, they will give us another perspective, in addition to
Cheeger’s inequality, on the connectivity of a graph. Throughout let G = (V, E,w) be a
weighted, connected graph.

28.1 Definitions

A random walk on a graph G follows the following rules:

e Currently at vertex a € V.
e Move to vertex b € N(a) with probability p(bla) = w(a,b)/d(a).
e a < b and repeat.

As such, a random walk generates a sequence of vertices ay, as, as, ... such that (a;,a;11) € £
for all # > 1. While we are sometimes interested in realizations of random walks, it is often
the case that we want to analyze the expected behavior of the random walk. That is what
we will do here.

Let p; : V' — R denote the probability distribution after ¢ > 0 steps. In other words,
p:(a) denotes the probability we are at vertex a after ¢ steps of the random walk. Since p,
is a probability distribution that means that

pi(a) >0 and Y pia)=1.

acV

The distribution pg is the initial probability distribution. Often we will take py = 9, for
some vertex b € V; i.e., we start the random walk at vertex b € V. However, we can take py
as any initial distribution.

Our first task is to derive p;.1(a) from py(a). In order to get to a at step ¢+ 1, we must
be at some b € N(a) at step t; the probability of being at b at step t is p;(b). The probability
of walking from b to a in one step is p(a|b) = w(a, b)/d(b). Thus we have:

pn(@) = 3 plalb)pd) = 3 %m). (70)

beN(a) beN(a)
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Define the n x n random walk matrix W as

W . =MD",
Since ()
w(a
Wia,b) = A b
(0.8) = S = plalp).
it is clear from (70) that
Pir1 = Wp,.
It follows that
= tho .

Thus W propagates the walk one step and W' propagates it t steps.

Notice that the column sums of W are all equal to one. It follows that p; is a probability
distribution so long as py is a probability distribution. Once we verify this for p; the result
will follow by induction. Clearly if po(a) > 0 for all a € V' then py(a) > 0 for all a since
W (a,b) > 0 for all a,b € V. Now we need to check that p1 sums to one:

ZP1

acV a€V beN(a

sz Pol

acV beV

Z Po(b Z M(a
beV aeV
po

beV

= Zpo(b)
beV

=1.

Now, it is often the case that we will use a lazy random walk instead of a random walk.
Notice that in the random walk, if you are at vertex a € V then you can walk to any
b € N(a), but you cannot stay at the vertex a. A lazy random walk changes this by allowing
the walk to stay at a with probability 1/2, and to move to one of the neighbors of a with
probability 1/2:

prale) = gpia) + 5 3 i),
beN(a)

The walk matrix associated to the lazy random walk is:

~

and so .
Pir1 = Wp,.
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28.2 Spectra of random walks

In this section we compute the eigenvectors and eigenvalues of W and W. Even though
they are not symmetric matrices, they are similar to symmetric matrices, and thus we can
guarantee they will have n eigenvalues and n eigenvectors, although their eigenvectors will not
be orthogonal (recall Homework assignments 01 and 02). Define the normalized adjacency
matriz of G = (V, E,w) as

A:=D'?’MD? = D '?wD'/?.

Notice that
N=I-D'YV?MD'?=-1-A.

Thus the eigenvectors of N, ¢, ..., ¢, are the eigenvectors of A and the eigenvalues of A
are

/'Lizl_yiu

where we recall 0 = v; < vy <--- <y, <2 are the eigenvalues of V.

Theorem 53. The vector ¢ is an eigenvector of A with eigenvalue p if and only z'f/\l/)l/Q(b
is an eigenvector of W with eigenvalue p if and only if DY2¢ is an eigenvector of W with
etgenvalue (14 p1). .

Proof. Let A¢ = u¢. Then
WD1/2¢ — D1/2AD71/2D1/2¢) — D1/2A¢ — MD1/2¢ )
Additionally,
—~ 1 1
WD'2¢ = _(I+W)D" ¢ = _(1+p1)D'"*¢.
The reverse directions are similar. O

Since any eigenvalue v of IN lies in [0, 2], we see that any eigenvalue p of W' lies in [—1, 1].
In turn, any eigenvalue w of W lies in [0,1]. Let

l=w >wy >+ 2wy, >0,

be the eigenvalues of W. The eigenvalues of W are related to the eigenvalues of N via

1 1 V;
’i:_l i:_l 1—121——
wi =51+ pw)=50+1-w) 5
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Additionally, we have
~ 1
W = §(I + W)
1
= 5T+ D'?AD™'/?)

1
= §(I + DY3(I — N)D™Y?)

= 1(21 — D'2ND/?)

2
_1-‘pNpe
2
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28.3 Stationary distribution and mixing time

It turns out that no matter what distribution p, we start with, the lazy random walk on a
connected graph G = (V, E, w) will always converge to the stationary distribution 7w : V — R,
which is defined as

. d
T
where
ldll: = 3" ld(@)] = 3 da),
acV acV

since d(a) > 0 for all @ € V. First, observe that d is an eigenvector of W with eigenvalue
W = 1:

Wd = (I_ 1D1/2ND_1/2) d=d— lDl/QNd1/2 —d
2 2 )

since d'/? is an eigenvector of IN with eigenvalue v; = 0. Thus = is an eigenvector of w
with eigenvalue w; = 1. Since all the other eigenvalues of W are non-negative and strictly
less than one, we will see that p, = Wip, will converge to m as t — oo. The following
theorem gives a precise statement.

Theorem 54. Let G = (V, E,w) be connected, let py : V — R be a probability distribution,
and set .
pe=W'py, t>0.

Then,

dmax ! /2
o=l <t (52 Il

Proof. The main difficulty of this proof is that the eigenvectors of W are not orthogonal.
So let ¢, ..., ¢, be an orthonormal basis of eigenvectors of N, which means they are an
orthonormal basis of eigenvectors of A. By Theorem 53, we know that D'/2¢y,..., D'/?¢,
are eigenvectors of W. While they are not orthonormal, they do form a basis for R".
Therefore we can write

Do = Z OéiDl/Q@ )
i=1
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for some unique coefficients «;. This in turn implies,

n
D 'V’py = g
i=1
Now since ¢, ..., ¢, does form an orthonormal basis, we know that

Q; = (Dil/zpm i) -

In particular,

dl/? pOTD71/2d1/2 PoTl

1

o) = <D71/2P07 1) = (Dilﬂpo)T = =

1d72] 1d72] a2~

Now we compute
= tho =W Z a; D' ¢;
i=1
== Z OéthDl/2d)i
i=1

= iwfaiDl/Q(pi

i=1
= 041D1/2¢1 + waaiDl/Q@'
=2

1)1/2¢1 .
/2
T +Z fa; D'* ¢,

1 1/2 d/ - ¢ 1/2
— ||d1/2||D 172 "’sz’aiD (o}

+ Z W, Olel/Z(ﬁl

1=2

HciH1

=m+ waaiDl/qui .

=2

It follows that

P — w—ZwaZDl/quz — Dl/2 Zwalq’)z.

=2
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Thus,
||D 1/2 ||2 Zw2t|al|2
< W?Z [
1=2
n
< W?Z [
1=1

= D2y

To finish the proof, we observe that for any  : V — R,

; 1 1 =)
/2112 _ 2 2 _
D7 alf =3 et 2 73 el = o

and ) z|?
D 2z2=) — < .
I = 3 el < e Saler =
acV %
Therefore,
2 2
D — 7 - — D
o =7 e, — |t < wt Doy 2 < w22
and so:
d 1/2
t max
o=l < () Il

]

It follows that the closer ws is to 0, the faster p, converges to m. Recall that wy = 1—15/2.

Theorem 54 says:
/2
Uy ¢ dmax !
o=l < (1-2) (52 il

Now remember that v, measures the connectivity of GG since, by Theorems 45 and 51, we

have y
52 < e < V2,

where ¢ is the conductance of G. The upper bound on ¢g (Cheeger’s inequality, Theorem
51) can be used to rewrite Theorem 54 one more time as:

2\t d 1/2
ool < (1-22) (52 Il
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Unfortunately, since o < 1, this bound is a little too loose in this approach and it is better
to consider v, (equivalently ws) directly as the measure of connectivity of G.

Thus, for graphs that are well connected (meaning that v, will be large, or equivalently
wy will be small) will have p; converge fast. Indeed, if G is well connected then there will
be many paths from any vertex a to any vertex b and many realizations of the lazy random
walk will get from a to b in a small number of steps. Thus the lazy random walk will traverse
the graph fast (on average) and in turn converge to 7 quickly. On the other hand, graphs
that are not well connected will have small v, (equivalently, large ws) and the bound for the
convergence of p; to 7 will be weak. In fact, for many such graphs convergence will indeed
be slow. For example, if there exist pairs of vertices a,b € V for which there are only a few
paths from a to b, then only a few realizations of the lazy random walk will get from a to
b in a small number of steps, and most realizations of the lazy random walk will take many
steps to get from a to b. As such, the convergence of p; to 7w will be slow.

To quantify the number of steps it takes for a walk to mix through G, let us define the
mixing time of the lazy random walk as the minimum value of ¢ for which

7]

Hpt—ﬂ'HST-

Applying Theorem 54, we see the mixing time ¢ is no more than the ¢t for which

1/2
ol <ot () <
lpe—wll < wh (22 ) llpoll <
[ ||

/2
Vo t dmax !
= (=2 (F=) Ini <
1/2
(1_@>t<(dmm)/ [dl
2 o dmax 2Hp0H

Since 1 —x < e *, we have (1 — z)" < e . As such, we can again upper bound the mixing
time ¢ via:

1/2 1/2
AP (dmin) 7|l — st (dmin) Ikl
1——) < et?2 < — < log
( 2 dmax 2Hp0H 2 dmax QHPOH

e t> 2 <dmin>1/2 Il
—1lo
o 12} & dmax 2HPOH

1/2
ts Ziog [(dmax) 2 3|

Va min 7]

3 W

M ‘

We thus obtain an upper bound for the mixing time that is proportional to 1/vs. Thus if G
is well connected, and hence v, is large, then the mixing time will be small. On the other
hand, if G is not well connected (meaning v; is small), the mixing time could be large.
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In the case of when G is d-regular, we can simplify the log term. Indeed, dax = dpnin = d

in this case and
|dl|  nd 1

71' = — = —_— .
Il = al, = v = &

If pg = d, for some b as well, then ||py|| = 1 and we obtain:

log(4n)

2 2
t > —log(2 = —1 )2y = =2
= og( \/ﬁ) vy Og(( n) ) ”

In some graphs the log(4n) factor is too pessimistic and in fact the mixing time is O(1/vs).

28.4 Diffusion

In this section we consider the operators
P=Ww" and P:=WT".

Recall that W maps probability distributions to probability distributions, which is some-
times referred to as a Markov operator. We also have W (a, b) = p(alb), i.e., the probability
of walking to a given that you are located at b. On the other hand,

P(a,b) = W' =p(b|a),

that is, the probability of walking to b given that you are a. Since the column sums of w
are equal to one, the row sums of P are equal to one. This means that P acts as a diffusion,
or averaging operator, since:

Px(a) = P(a,a)z(a) + > P(a,b)x(b)
)

beEN(a

1 1
= 5w(a) + 5 be;(a) P(a, b)w(b)

. +% s ) g,

2 beN(a) (a)

and in particular if G = (V| E) is not weighted, then

~ 1 1 1
Pa(a) = - m<a>+mb§(a)w<b> =3 [P0+ w2 =®)

DN | —

Thus Px(a) replaces the value & (a) at a € V with a weighted average of (a) and the values
x(b) for b € N(a).
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Notice that ﬁt(a, b) is the probability of walking from a to b in exactly ¢ steps. We can
use the family of matrices P! to define the family of diffusion distances between a and b:

, 1/2
di(a,b) = (Z [Ist(a,c) — P'(b, c)} %) :

ceV

Since
Row a of P' = (P'(a,¢))ecy = 6T P' = 67 (WT)! = 6T(WHT = (W's,)T,
we see that

, 1/2
di(a, b) — <Z (Wa,(c) ~ W'y(c)] %) |

In other words, the diffusion distance measures the distance between a and b by measuring
the overlap of the t-step random walk distribution for walks started at a with the t-step
random walk distribution for walks started at b. It provides an alternate distance to the
shortest path (geodesic) distance between a and b. In some cases the diffusion distance
between a and b better reflects the clustering structure of the graph G; see for example
Figure 34. It is also more robust to noise than the shortest path distance if the graph G is
generated from noisy data. B

We can rewrite the diffusion distance in terms of the eigenvectors and eigenvalues of P.
Let us first observe that

— . 1 1
P=w"= 5(I+WT) = 5(I+D—1M)

1
= ;D71 + D?MD™*)D'? = D7VA(1/2+ A/2) D",
On the other hand, since I and A are symmetric,
W =DY*(I/2+ A/2)D~/?.

Thus the eigenvalues of P and W are the same, given by 1 = wy > wy > -+ > w, > 0.
Furthermore, if the eigenvectors of A are ¢y, . .., ¢, (reminder, these are also the eigenvectors
of N), then as we saw earlier the eigenvectors of W are DY2¢,,...,DY2¢,, but the
eigenvectors of P are D~V2¢,, ..., D Y2¢,. Since ¢y = d"/2, it follows that the first
eigenvector of Pis1 (although we could have verified this directly using that the row sums
of P are equal to one):

Pl1=1.
Denote the eigenvectors of p by

¢ :=D""?¢;, 1<i<n.
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Figure 34: Illustration of the shortest path distance versus the diffusion distance. Here GG
is a barbell type graph, with a,b,c € V. The shortest path distance, as indicated by the
red lines, is approximately the same between a and b as it is between b and c. However,
their diffusion distances, which are inversely proportional to the overlap of the shaded disks
centered at each vertex, are very different. Indeed, due to the bottleneck in the barbell graph,
the t-step distribution started from a overlaps very little with the t-step distribution started
at b. On the other hand, since b and c lie in the same cluster, their ¢-step distributions
overlap significantly.

Define the diffusion map :1;,5 V=R as

~

i(a) = (whepo(a),. .., whbn(a)).

The diffusion map should remind you of the eigenvector graph embeddings we studied in
Section 9, except that we use the eigenvectors of P instead of L and we re-scale the eigen-
vector coordinates by wf. The following theorem shows the diffusion distance between a and
b is equal to the Euclidean distance between ®,(a) and ®,(b).

Theorem 55. Let G = (V, E,w) be a connected graph. Then
di(a,b) = || ®i(a) — ®,(b)||, Va,beV, Vt>0.

I leave the proof to you as an upcoming homework exercise. Whereas the eigenvector
embedding of the graph using the eigenvectors of L preserved local relations between vertices
in the graph, the diffusion map embedding preserves the diffusion distance. Additionally,
since for a connected graph we have 1 > wy > --- > w,, > 0, if the eigenvalues of P decay
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fast and/or if ¢ is large, we can approximate d;(a,b) by truncating ®,(a) to only include
the first k entries (where k depends on the desired error upper bound and the decay of the
eigenvalues of the size of t).

The diffusion distance and the diffusion map were introduced in [5|. In that paper they
explore several different aspects of the diffusion map. We highlight here one part of that
paper, related to clustering. The idea is that the diffusion distances provides a family of
multiscale distances that reflect hierarchical clusters in a graph (e.g., a graph derived from
data). Small times ¢ distinguish many of the clusters, while medium times ¢ merge together
nearby clusters and large times t collapse nearly all clusters together. See Figure 35 for an
illustration.
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(c) t = 1024

Figure 35: Left: A 3-cluster data set in which two clusters are closer together than their
distance from the third. Right: The matrix P* for a graph G = (V, E, w) derived from the
data. (a) t = 8 The rows of P!, and hence the diffusion distance, distinguish the three
clusters. (b) t = 64: The rows of P! are the nearly identical for the two closer clusters,
but are still different than the rows of the vertices in the third cluster. Hence the diffusion
distance effectively merges the closer two clusters together but keeps them separate from
the third cluster. (¢) ¢ = 1024: All rows of P! have nearly converged to the stationary
distribution 7 (see Theorem 54) and hence do not distinguish any of the clusters. Figure
taken from [5].
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29 Expander graphs

In the next few lectures we will explore how to approximate a graph with a different graph
that has far fewer edges. We will begin our studies with expander graphs. A graph G = (V| E)
is a d-regular, e-expander graph ((d,€)-expander) if

i) <ed, 2<i<n,

where we let d = p; > ps > -+ > i, denote the eigenvalues of the adjacency matrix, M, of
G. Since
L=dI — M, if(G isd-regular,

this definition is equivalent to
AN —d| <ed, 2<i<n,

where 0 = \; < Ay < --- < )\, are the eigenvalues of L. We will show expander graphs have
some very interesting properties, including:

1. Expander graphs approximate the complete graph.

2. The number of edges between subsets of vertices in an expander graph is approximately
the same as the number of edges between subsets of vertices in a random d-regular
graph.

3. Small subsets of vertices have many neighbors.

4. We will prove that as n — oo, one must have € > 2v/d — 1/d.

29.1 Expanders approximate the complete graph
Let G, H be two graphs with n vertices. Recall that
H<G <+— z'Lyz<z’Lex, VxeR".

Recall as well that ¢- G is the same graph as G but in which every edge weight is multiplied
by c. For unweighted graphs this means that ¢-G replaces all the edge weights equal to 1 with
edge weights equal to c. For this part of the course, we will say that G is an e-approzimation
of H if

l1-eH<sG=s(1+€¢H.
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Theorem 56. Let G be (d, €)-expander. Then G is an € approzimation of H = (d/n)K,.

Proof. Suppose G is a (d, €)-expander so that |d — \;| < ed for all i > 2. Let & € R™ be
orthogonal to 1, i.e., (&,1) = 0, so that, using Lemma 4, we have

2" Loz =) Ail(@ )’
i=2

=Y (i —d+d)l{z, ;)

1=2
=> A= d){@, ) +d Y (x|
=2 1=2
= (i =A@, i)+ dl|z|,
=2
and .
i@ D@, >|2{ <D [N = dll{x, )| < ed|x|?
7 T, YP;
i—2 > = > [N —dll{z, ¥i)]? > —ed||z|)?

It follows that for all & with (x, 1) we have
(1—edr'z <x"Lox < (1+¢)dz"x.

On the other hand, we know from Theorem 7 that all non-zero eigenvalues of the complete
graph, K, are equal to n. In other words, all € R™ with (2, 1) = 0 satisfy

'Ly x=nx'z.

Set
H = gKn,
n
so that
' Lyx =dx"x, VaxcR"with (x,1)=0.
Therefore we have shown that G is an e-approximation of H = (d/n)K,,. O

For a matrix B define the norm of B as

B
| B|| := max | Bz|
wer [l
g

If B is symmetric, then
Bl = max [u:(B)],

1<i<n

123



where 1 (B),. .., u,(B) are the eigenvalues of B. Now, observe that
(1—¢)LyxLg<x(1+¢Ly = —eLy<Lsc—Ly<eLy.
Using Theorem 15 we have for all ¢ > 2,
—ed = —e\i(Ly) < \(Lg — Ly) <e\(Ly) = ed,

from which we conclude
|ILg — Ly|| <ed. (71)

This inequality will be useful in a bit; it also gives another way by which to interpret G as
an e-approximation of H.

Remark 26. Note that K, has n(n—1)/2 edges but a (d, €)-expander has dn/2 edges. Thus,
if d < n and if € < 1, we will have obtained a good approximation of K, but using a graph
G that has far fewer edges. Later on we will see how small € can be as a function of d.

29.2 Quasi-random properties of expanders

Let G = (V,E) and consider generating a subset S C V by including each vertex in S
independently with probability «, and generate another subset 7" C V' by including each
vertex in 7' independently with probability . On average, the number of ordered pairs
(a,b) € S x T such that (a,b) € E will be (af) - (2|E|), since the total number of ordered
edges is 2|E|.

Now, let S C V and T' C V such that SN7T = 0, and define

E(S,T) ={(a,b) e E:a€ Sand be T}.

E(S,T) is the set of edges going between S and T, and |E(S,T)| is the number of such
edges. Since a d-regular graph has dn/2 edges, the following theorem proves that |E(S,T)|
in (d, €)-expander graphs is approximately equal to the expected number of edges between a
randomly selected .S and T.

Theorem 57. Let G = (V, E) be a d-regular graph that e-approzimates H = (d/n)K,,. Then,
for every S CV and T CV with SNT =0, |S| = an, and |T| = Bn, we have

1B(S,T)| = afdn| < edny/(a — a?)(5 — §2).

Proof. First observe that

1iLely = 1§Dely — 15Mely = d|SNT| =) > Mg(a,b)1s(a)lr(a)
acV beV

= _ZZM(a,b) = —|E(S,T)].

a€S beT
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Now define J as the matrix of all ones so that Lk, = nI — J. We have

1501, = 15dI — (d/n)J)1p = d|SNT| - % > ) J(a,b)1s(a)1r(a)

acV beV

SO

acS beT
d
= ——|S||T]|
n
= —afdn.
Therefore
||E(S,T)| — afdn| = [15Lely — 15 Lyly| = 15(Le — Ly)17|.

Now remember from the proof of Theorem 39 (recall this was the lower bound of the
isoperimetric ratio) that
xs:=1lg—s1, s:=—=aqa,
satisfies (xg, 1) = 0, and more importantly here,

zixs =|S|(1 - 3s)=an(l —a) =n(a—a).

Define 1 analogously, so that

7]

xr =17 — 11, t::7:5 — mng:n(ﬁ—ﬁz).

Since Lgl = Lyl = 0, and since by (71) we have |Lg — Lyl < ed, using the Cauchy-
Schwarz inequality we compute:
15(Le — Lu)lr| = |#5(Le — Lu)zr|
< [les|l(Le — Lu)er||
< [les|[Le — Ll

< edny/(a — a?)(B — B?).

That completes the proof. O

Remark 27. One can allow S and T to overlap (i.e., SNT # () if one replaces E(S,T)
with the set of ordered pairs (a,b) € S x T.
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29.3 Vertex expansion

Now let us explain the name expander graph. For S C V', let N(S) denote the collection of
neighbors of the vertices in S,

N(S):={beV :be N(a) for some a € S}.

Tanner’s theorem provides a lower bound on |[N(S) U S|, and in particular shows that the
number of such vertices can be much larger than |S|.

Theorem 58 (Tanner’s Theorem). Let G = (V, E) be a d-reqular graph that e-approximates
(d/n)K,. Then, for all S CV with |S| = an,

5]
> =
IN(S)U S| = e(l—a)+a
Proof. Let R=N(S)US and set T'=V — R. Then
TNS=0 and E(S,T)=10.

Also set
|T| =pnand |[R|=vyvn = ~y=1-0.

Applying Theorem 57 we obtain

aBdn = ||E(S,T)| — aBdn| < ednv/(a — a?)(3 — 32).
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Therefore, we have:

aff < e/ —a?)(B - B?)
o’f* < (o —a®)(B - §7)
af <E(1—a)(1-7)

5 e-a)
1—-8~ «
1—7 < (1 —a)

v Q

IN

QD R =2
(@)
[N}
—
|
2
+
o}

Since 7 = |R|/n, we conclude that

an 1S
NS US| =R 2 l—-a)+a (l—-a)+a

]

Remark 28. We note, in particular, that if o < €* then the right hand side of Tanner’s
Theorem is approximately |S|/€?, which can be much larger than |S].

29.4 How well can a graph approximate the complete graph?

We know that a (d, €)-expander graph G is an e-approximation of H = (d/n)K,, but how
small can we make €7 It stands to reason that the lower bound of € should depend upon
d, since as d gets smaller the number of edges in G also gets smaller, and our ability to
approximate (d/n)K, is reduced.

We can use Tanner’s Theorem (Theorem 58) to get a first estimate for the lower bound of
e. To do so, apply Tanner’s Theorem to S = {a} for any vertex a € V. Since G is d-regular
we conclude:

1

d+1>
= e(1—1/n)+1/n

(1—1/n)+1/n>

d+1
,n—1_ 1 1
2. > _ -
n —d+1 n
) n 1 1 1

— > — .
6_(n—l)al—l—l n—1"d+1 n-1
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Thus:

The next theorem, which is referred to as the Alon-Boppana Bound, implies a more
precise estimate for €. For any two edges (ag, a1), (b, b1) € E we define the distance between
them as

dist((ag, a1), (bo, b1)) = min{dist(a;, b;) : 0 <4,j <1},

where we recall that dist(a, b) is the length of the shortest path connecting a to b.

Theorem 59 (Alon-Boppana Bound). Let G be a d-regular graph containing two edges
(ag,ay) and (b, by) such that dist((ag,a1), (bo, b1)) > 2k + 2 for some integer k > 0. Then:

Wd—1-1
N <d—ovi—1evdz1lzl

E+1

Proof. Define the following sets of vertices:
Up = {ao, a1}

7j—1
Up=NU;-) - JUi, 1<j<k

=0
Wo = {bo, b1}
j—1
Wy=NW;) - Wi, 1<j<k.
=0

Put another way, U; is exactly the set of vertices that are at distance j from Uy, and W is ex-
actly the set of vertices that are at distance j from Wj. Note that since dist((ag, a1), (bo, b1)) >
2k + 2, there can be no vertices U; and W, for any 0 < j,j" <k, i.e.,

UnWy=0, Y0<jj <k.

Furthermore, no vertex in Uj;, for any 0 < j < k, can be a neighbor of a vertex W, for
any 0 < j' <k, since otherwise dist((ao, a1), (bo,b1)) < 2k + 1, which is a contradiction. See
Figure 36 for an illustration.

As we learned in Section 12 and in particular using Theorem 13, we can upper bound A,
with a test vector & € R” such that (x,1) = 0. We need a good one to obtain the result,
and so we pick:

(d—1>_j/2 CLGU]'
x(a) =< Bd—-1)7?2 acW;
0 otherwise

where 5 € R is chosen so that (x,1) = 0.
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Figure 36: Illustration of the sets U; and W;.

Now we need to estimate £ La and '« so we can estimate the Rayleigh quotient of x.
Let us begin with &’ z:

acV
k k
=Y D w@)?+> ) @)
j=0 a€U; j=0 acW;
k k
=S U -7+ 825 Wyl(d - 1)
j=0 Jj=0
= A+ B,

where we set

k k
A=3"U A= 1)7 and Bi=Y [Wil(d—1)7.
=0

j=0

To upper bound x? Lz we recall that

Lo = ) (x(a) — (b))’

(a,b)EE
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We need to partition the edges in E, and in particular focus on those edges (a,b) for which
x(a) # x(b). First, notice any a € Uy only has neighbors in Uy and U;. Similarly, for
1 <j<k—1,any a € U; only has neighbors in U;_;, U;, and U;y;. Denote by U C V all
the vertices collectively in {U; : 0 < j <k}, e,

U:ZUUJ’.

j=0

Define W analogously. Since U cannot be connected to any vertex in W, the neighbors of
any vertex in Uy must be in Uy_1, Uy, or V. — (U U W). The same analysis applies to the
sets W; for 0 < j < k. Therefore, the edges I are:

E = (O E(Uj)> U (O E(Vj)> UEV—-(UUW)HU---

U (UE(UJ»,U]-H)) UEUg,V - (UUW)U---

J=0

U (UE(m,Wj+1)> UEW,,V - (UUW)).

=0

Now, x(a) = x(b) on all the edges in the first row of the decomposition of E, so we can
ignore those edges. That leaves us with the second and third rows. We will need to bound
the number of edges in E(U;,U;41) and E(Uy, V — (UUW)), and likewise for the third row.
Notice that each a € Uj, for 0 < j < k — 1, must have at least one neighbor not in U, ;.
Indeed, ag, a1 € Uy are neighbors, and any a € U; for 1 < j < k —1 must be connected to at
least one vertex in U;_;. Therefore, since G is d-regular, each vertex in U; has at most d — 1
edges with vertices in Uj;,. Thus:

[EU;,Uje)| < (d = D[U;], 0<j<k—1.
A similar analysis shows that
[E(Uk, V= (UUW))| < (d—=1)|Us].

Of course the same holds for the W; edges in the third row.

Let us use (x” Lx)|y to denote the part of &’ Lx that includes edges from the second
row, and (x? Lz)|y the part of 7 Lz that includes edges from the third row, so that
'Lz = (" Lz)|y + (" Lz)|w. The analysis of these two components of Lz is similar,
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so let us focus on (z Lx)|y:

(x" La)|y = i > (z(@)-=z(0)’+ > (x(a) — x(b))*

7=0 (a,b)EE(Uj,UjJrl) ((Lb)EE(Uk,V—(UUW))
k—1

D DD DI (R e D DN (S
J=0 (a,b)eE(U;,Uj4+1) (a,b)eE(Uy,V—(UUW))

k—
< SVl = O - -
_Z —1) |U| — 1) (3+1) /2((d_1)1/2_1>]2+|Uk|(d_1)—k+1

= Z U|(d—1) 7 (Vd—1—1)*+ |Us|(d — 1)~

k—1
=> U [(d=1)7(d—2vVd = 1) + |[U[(d = 1) F(d —2Vd = 1+ 2Vd -1 - 1)

k
=(d-2Vd—1)) _|U;l(d— 1) +|Ux|(d — 1) *F(2vd—1-1)

=(d—2Vd—1)A+ (k+1)|Ug|(d—1)7* (2—611{;11—1) . (72)

Now, the inequality |E(U;, Uj+1)| < (d — 1)|U;| implies that
Uil S @=DIG| = [Upal(d— 170D < || d—1)7, 0<j<h—1.

In particular, '
Ul(d =) < |Uld =17, 0<j<k.

So continuing from (72) we have:

(@ La)ly < (72) = <d—2M>A+<k+1>|Uk|<d—1>"“(%)

g(d_z\/ﬁ)A+< \/— )Xk;ng —1)"

— (d—2Vd—1)A + (Q) A

k+ 1
— <d—2\/d—1+2—ml{:;11_1>,4.
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Since 3 factors out of all the terms in (x” Lx)|yy, we can apply the same approach to conclude
that

2v/d—-1-1
(QUTL.’B)‘W S (d — 2\/d -1 + ]{]——l—l) 523 .
Putting everything together we obtain:

x'Lx (x2'Lzx)|y + (2" Lx)|w

< —
A2 < T xTx
Wd—1-1\ [A+ B
< —2vd—1
—(d d=1+——" )(AﬁwﬁB)

2/d—-1-1
:d—2\/d—1—|—k—+1.

]

Recall that \; = d — u; for a d-regular graph, and so rearranging terms in Theorem 59
we obtain:

2vd—1-1
>2vVd—1— ———.
He = k41
In particular,
2V/d—1 2v/d—1-1
|:u2| Zd - ’
d d(k+1)

which implies that € in a (d, €)-expander graph must satisfy

J2VA—T_ 2/d=1-1
‘=74 d(k+1)

since by definition |us| < ed in a (d, €)-expander graph.

The quantity k is related to the graph diameter. Recall that diam(G) is the maximum
length of the shortest path between any two vertices in G. Let ag,by € G be chosen such
that

diSt(ao, bo) = dlam(G) .

Let a; € N(ag) and by € N(by). Then

dist((ap. ay), (by. by)) > 2642 > diam(G)—2 — k1> D@ o rhmgaﬁJ_lj
and so
-1 S -1
k+1~ |diam(G)/2] —1°
Therefore,

o0v/d—1-1 o0v/d—1-1
Sovd—1-YCT T s o a—1 - .
He 2 2vd 1 =2V Tam@) 2 =1
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Now, if one fixes d and lets |V| = n — oo, then diam(G) — oo, and we get that
to > 2v/d — 1. A Ramanugjan graph is a connected d-regular graph in which

|l <2Vd—1, i>2.

As such, they are very good (d, €)-expander graphs for when n is large. Figure 37, taken
from these notes by Matija Bucic, gives some examples of circular Ramanujan graphs. Over
the years various folks have been interested in coming up with infinite families of Ramanujan
graphs; see for example the Wikipedia article on Ramanujan graphs, which lists several types
of Ramanujan graphs.

Figure 37: Examples of Ramanujan graphs

Remark 29. In [1, Chapter 30|, Spielman proves that for every € > 0 there is a d for which
there is an infinite family of (d, €)-expander graphs. The family is constructed explicitly, so
check it out if you want to see more examples of expander graphs!
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30 Graph sparsification via random sampling

30.1 Introduction
Recall that H = (V, Ey, wy) is an e-approximation of a graph G = (V, B, w) if

(1—e¢)Lg < Ly < (1+¢€)Lg.

In Section 29, Theorem 56, we learned that (d, €)-expander graphs are e-approximations of
the re-scaled complete graph (d/n)K,. We also proved in Theorem 59 that

>2\/d—1 2vd—1-1
= d  d(diam(G)/2—1)"

€

and we observed that the Ramanujan graphs, which are a special type of expander graph,
satisfy
< 2v/d—1
€S —
meaning they are very good approximations of K,,, particularly when n is large. Recall that
a (d, €)-expander graph is a d-regular graph and so it has dn/2 edges. We can calculate the
number of edges in a Ramanujan graph in terms of its approximation error e. Indeed, by

the above two inequalities we can take:

2vd — 1 , Ad-1) 4 4 4 i
E=——" — €€=—"=- < = € ° >

—2
d £ d 2= d d=0(e).

!

Therefore, the number of edges in a Ramanujan graph that € approximates (d/n) K, is equal
to

— =0(e?n).

In this section we will prove that any connected graph G, not just the complete graph,
can be well approximated by a sparse graph. We will see that by using a careful random
sampling of the edges in G, we can obtain an € approximation of G with only O(e~?nlogn)
edges, which is nearly as sparse as the Ramanujan graph (but, again, here we approximate
any G, not just K,). This is a very powerful statement, as it allows us to approximate any
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graph with a sparse graph through a relatively simple algorithm. As an example of this
power, remember that if H is an e-approximation of GG, then by Theorem 15 we have

(1—ON(G) < N(H) < (1+NG), 1<i<n.

Additionally, for all sets S C V, the number of edges in the boundary of S with respect to
H is similar to the number of edges in the boundary of S with respect to GG since, recalling
a calculation we performed in the proof of Theorem 39, we have:

(1 — 6)|8Gs| = (1 — 6)1£LG]-S < |8HS| = ]-gLHlS < (1 + 6)1§Lgl5 = (1 + 6)|8Gs| .

There are other properties for which G and H will be similar as well.

30.2 Overview of the algorithm

Now for the random sampling algorithm that will generate the graph H = (V, Ey, wg) from
the graph G = (V, E, w):

1. Carefully choose a probability p,; for each edge (a,b) € E, where p,; gives the prob-
ability that we keep the edge in H.

2. Randomly sample the edges from G to include in H using the probabilities p, ;.
3. If (a,b) is included in H, we give it weight

w(a, b)
DPap .

wy(a,b) =

We will show that with properly chosen probabilities p,;, the resulting graph H will have
|Ex| = Ce2nlogn edges with high probability, and H will be an e-approximation of G also
with high probability.

As some initial intuition, the reason for re-weighting the edges is that it will imply the
expected matrix of Ly will be equal to Lg. To see this, recall that

LG = Z w(a, b)La,b .
(a,b)eE
On the other hand,
LH = Z WH(G, b)La,ba (73)
(

a,b)eE

where Wy (a,b) is the random variable defined as

P (WH(a, b) = %) =pap and P(Wg(a,b) =0)=1—pay. (74)
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It follows that the expected value of Wy (a,b) is:

E[Wg(a,b)] =P (WH(a, b) = “’](Qj’bb)> : “’](Qj’bb) +P(Wy(a,b) =0)-0

w(a,b)

= pa,b : + (1 - pa,b) : O

Dab

=w(a,b).

Thus, on average, the weight of each edge is preserved and thus the overall weight of the
graph on average is preserved. Furthermore,

E[Ly) = Y EWg(a,b)Lay= Y w(a,b)Le = Le,

(a,b)eEFE (a,b)EFE

indicating that the average graph Laplacian of H over an infinite number of random draws
of H will be equal to Lg. However, for most random draws of H, Ly will be much sparser
than Lq (if we pick the probabilities p,p correctly).

Remark 30. Since on average the overall weight of G is preserved by H, one can think of the
new weights wy(a,b) = w(a,b)/pap, which increase the weight of the edge, as aggregating
the weights of the edges that are removed from G into the fewer remaining edges left in H.
As an additional reference point, if G = K,, with all edge weights equal to one, and if H is
a (d, €)-expander graph also with all edge weights equal to one, then it is H = (n/d)H that
e-approximates K,. In particular, we see that all the edge weights are blown up in this case
too.

30.3 Chernoff bounds

To prove that the algorithm from Section 30.2 works, we will need two types of Chernoff
bounds, one for random variables and one for random matrices. All of these results are types
of concentration inequalities.

Theorem 60 (Random variable Chernoff bound). Let X, ..., X,, be independent random
variables taking values in {0,1}. Define

and let p = E[X]. Then for any 0 <6 <1,
6752#/2

B(X < (1—6))
P(X > (1+6)u)

IN

?
e~ 013

IN
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Theorem 61 (Random matrix Chernoff bound). Let X;, ..., X,, be independent random
n X n, symmetric, positive semi-definite matrices so that || X;|| < R almost surely. Define

respectively. Then for any 0 <e <1,

IP)()\HHH(X) S (1 — E)/J“I‘ﬂin) S n6_62umin/2R’
]P)()‘max(X) (1 + E)Mmax) S n6_62“max/3R .

v

Remark 31. It is important to note that the random variables X1, ..., X,, in Theorem 60,
and the random matrices X1, ..., X,, in Theorem 61, can have different distributions.

Remark 32. Looking ahead, we will use Theorem 60 to prove that the number of edges in
H is O(e?nlogn) with high probability, and we will use Theorem 61 to prove that H is an
e-approximation of G with high probability.
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30.4 The key transformation

From Section 30.2 we know that E[Ly] = Lg. We could try to write Ly as the sum of
random matrices and apply Theorem 61 with X = Ly and E[X] = E[Ly| = Lg, but
to make our life easier we will first make an important transformation into an equivalent
problem for which pipmin = fimax = 1.

For positive definite matrices A and B we have

A=<cB <= B '?ABY?<I.

In the above, recall that
B = dAPT,

where A is the diagonal matrix with the eigenvalues \q,..., A\, of B on its diagonal. Since
B is positive definite, \; > 0 for all 1 <17 < n, and we define

B2 .= ®dA 20T ATV2(i0) =1/

The same property holds for positive semi-definite matrices so long as they have the same
null space, and if we replace the inverse of B with the pseudo-inverse of B. More precisely,
let B be a positive semi-definite matrix. Then the pseudo-inverse of B is defined as:

+._ +pT t(i,i) =
BT =®dAT®" | A (@72)'_{)\2.1 Ai >0

Similarly, we define B1/? as:

0 Ai=0

B2 = @AY, AYP(,0) ::{ AN >0

Now, if A and B are positive semi-definite matrices with the same null space, then

A<cB <= B'?AB™?<¢Bt?BB*/?.

In particular, if H and G are both connected graphs, then both Ly and Lg have the
same null space given by {al : o € R}. As such:

Ly<(+eL; < L°LyLY?<(+eLY*LoLl”.
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Set
+/2 +/2
I:= L.°LoLY”.

We conclude that

(1-—€Le<Ly<(+6Ls <= (1—eM=<L{’LyL? <1+ eI,

In other words, Ly is an e-approximation of L if and only if LJGF/ ’L HLJ(;/ %isan e-approximation
of II. So rather than prove that Ly is an e-approximation of G with high probability, we
will instead prove that Lg/ °L HLZS/ % is an e-approximation of IT with high probability.

At this point, it is instructive to get a feel for what the operator IT does. In words, it
projects a vector & onto the range L. Since G is connected, the range of L¢ is given by
span{s, ..., ¥, }. To see that IT projects & onto span{ts, ..., 1, }, we compute

000 0
010 0
I = WA 2UTWAGT WA 20T = WATPAAT2GT =@ | 0 0 1 0 | w?.

000 1

As such,

Iz = Z<w7¢z>¢za
=2
and we note that A\ (IT) = 0 and A\o(IT) = --- = A\, (II) = 1.

30.5 The edge probabilities and graph approximation

In this section we prove that LJGF/ °L HLJGF/ % is an e-approximation of IT with high probability.
In other words, we want to show:

P (L Lyl < (1- M) < 1, (75)
P (L Ly = (14 M) <1, (76)
oo +/2 +/2
Note, if L;/"Ly L5 " = (14 €)II, then by Theorem 15 we have
M(LEPLgLE?) > (14 M) =1 +e.

Thus,
P(LPLuL” = (14 M) <P (ML Lyl = 14 ¢) .

As such, to show (76) it is sufficient to show

P (0B LaLy?) 21+ ¢) < 1.
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Similarly, to show (75) it is sufficient to show
P (ML LaLd?) <1-¢) <1,

Note that we use A\, instead of \; since we are guaranteed to have Al(LJGF/ 2LHLg/ 2) =
A (IT) = 0.

At this point you should be thinking that we will want to use Theorem 61. To do so we
need to do two things. First, we need to compute E[L+/2LHL+/2] We have:

That is great because it means that on average Lz;/ °’L HLZ‘/ % s equal to II, and we will be

able to use Theorem 61 to prove that any individual realization of Lg/ °L HLJGF/ ? should not
deviate from II by too much, with high probability. We note that,

1 4e=(1+eM) = (1+e)N, (E[LE/QLHLZ/Z]) ,
and similarly,
1—e=(1—e)(I) = (1 — &) (E[L}/QLHL;/?]) .

The second thing we need to do is write Lg/ °L HLZ;/ ? as the sum of random matrices.
To that end, for each (a,b) € F define X, as the random matrix such that

w(a,b)

P (me -
Pa,b

LgﬂLa,bLg/?) = pap and P(Xo,=0)=1—p,,.

Recalling how we defined H in (73) and (74), we see that

L’LyL}” = > X

(a,b)eE

Now we need to specify the probabilities p,

1
Pap = Ew(a, DL La, LY

where R is a parameter that we will specify shortly. Since

b
x,, = Wb ey pe
Papb

when (a,b) € E is chosen, we see that

[ Xasll < B
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Now, there is a chance that p,, > 1. We will address that scenario at the end of our
discussion. For now let us assume that p,; < 1.

Set

62

R := , T>3.
Tlogn

Applying Theorem 61 we have:
P (L Lyl = (14 M) < P (M(EF Lyl = 1+ ¢)

—P (An(Lg/QLHLg/Q) > (1+ e)An(E[Lg/QLHLg/Q]))

2
< nexp <_ﬁ)

( Tlogn>
=nexp | —
3

—7/3

=n-n
_ 33

Since A\;(X,p) = 0 for all (a,b) € E, we can apply Theorem 61 to Ay instead of A\; to obtain:
P (L Lyl < (1= M) <P (0(L Lyl <1-¢)

=P (A (B LyLE?) < (1 - MBI Ly L)

2
< nexp (_ﬁ>

( Tlogn)
=nexp | ——

—7/2

=n-n
— p-2/2

Remark 33. Based on the above inequalities, one might be tempted to set 7 to be very
large. However, we will see in Section 30.6 that E[|Ey|] increases with 7.

30.6 The number of edges

Now we know that with high probability H will be an e-approximation of G, but we still need
to compute the expected number of edges in H. To that end define the random variables
Xap as

]P)(Xa,b - 1) = Pa,b and ]P)(Xcub = 0) =1- Pab -

It follows that E[X, ] = p.» and

Byl =X = Y Xu.

(a,b)eE
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Thus,
BBl —EX] = Y ElXul= Y pes.

So we need to compute the sum of the probabilities p, ;. Let us first compute HLE/ 2LaJ,Lg/ 2 |-

Since L, has rank one, the matrix LZ;/ QLavag/ ? also has rank one. Thus it has one non-zero
eigenvalue \qp > 0. Therefore:

ILE P Lap LGP = Aap

2 2
— Tre(L’ Lo, L)
— Tr(LLa,) .
As such:
S b= Z w(a, b)|| LG Loy LE||
(a,b)eE (a b)eE
== Z (a,b)Tr(LE Ly )
(a b)eE

1
= —Tr Z w(a,b)L5Lyy,

R (a,b)EE
1 +
= }—%Tr L Z w(a,b)Lqgy
(a,b)EE
1 +
= }—%Tr(LGLG)
1
n-— 1
R
We conclude that )
n
B[ Exl) =
Recall,
2
= T>3,
Tlogn
so that
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Thus the expected number of edges is O(¢ *nlogn), which is good. But what about any
single particular realization of H? Let 0 < <1 and apply Theorem 60:

P(|Ey| > (1+0)me*(n —1)logn) = P(|Ex| > (1 + 0)E[| Exl])

ZEE
gexp( O*E[] H!)

We can simplify even further by setting 0 = €, in which case we get:

P(|Eg| > (14 €)me?(n—1)logn) <e ™D <3e™

In other words, it is exceedingly unlikely that |Ef| will have more than O(e?nlogn) edges,
even for small n.

30.7 Collecting everything

In this section we collect all the main results that we proved in the previous sections. Here
is our algorithm:

Input: A connected graph G = (V, E,w), a tolerance 0 < € < 1, and the parameter
T > 3.

. For each edge (a,b) € E compute the probabilities

62

1
Pap i= Min (}—%w(a, b)||Lg/2La7bLg/2|| , 1) , with R:=

Tlogn

Randomly sample the edges from G for inclusion in H = (V, Ey, wy) according to the
probabilities:

P((a,b) € En) =pap and P((a,b) ¢ Eg) =1—pay.

. For each edge (a,b) € Fy, assign it the weight

w(a,b) ‘

wy(a,b) =
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e Output: The graph H = (V, Ey, wg).
The following theorem collects what we can say about the graph H.

Theorem 62. In the algorithm above suppose that

1
Pap = Ew(a,b)HLg/?La,bLg/?H <1, V(a,b)€E.

Then the expected number of edges in H s
E[|Ey|] = m¢ %(n —1)logn,
and furthermore
|Ex| < 2E[|Ex|] = 27¢ 2(n — 1) logn  with probability 1 — 3e™" .
Additionally, H is an e-approzimation of G with probability 1 — 2n~(7=3)/3,

Remark 34. As we mentioned earlier, what if Rflw(a,b)||LJGr/2La’bLg/2|| > 17 We have
two options. One is use the above algorithm, which accounts for this possibility by setting
Pap = 1 in this case. Theorem 62 does not apply, but one can adapt the Chernoff bounds to
get a similar result.

The other option is to adapt the algorithm. For any p,;, = R~ w(a, b) ||Lg/2La7bLg/2H >
1, set k = |pap| > 1. Create k copies of the edge (a,b) € E such that each of these copies is
put into Ey with probability 1; weight these edges as wgy(a,b) = w(a, b)/pap. Associated to
(Jb), 1 < j <k, such that

a,

these edges, create £ random matrices X

- b
p(x0) = W@l pepp pen) g ok
a, pb G ’ G

Create one additional copy of the edge (a,b) such that this copy is placed in Ey with

probability p,, — k and give it the same edge weight wg(a,b) = w(a,b)/pap. Associate to
this edge the random matrix X ({fbﬂ) such that

a

b
P (be“) = —w;a, JL L LY 2) —pap—k and P(XGE=0) =1 (puy— k).
a,b

Algorithmically, combine all the copies of (a, b) that make it into Fy into a single edge, and
assign this single edge the weight equal to the sum of the edge weights of the copies. The
proof of Theorem 62 will go through with minor modifications; in particular, one will be able
to use the same Chernoff bounds.
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31 Graph convolution networks

The field of graph neural networks is now a vast a rich subfield of deep learning, but its
origins are in spectral graph theory and graph signal processing. We describe those origins
in this section. The references for this material are [6, 7, 8|.

31.1 Convolution neural networks

To begin, let us give a quick primer on how standard convolution neural networks (CNNs)
work. Let x be an N x N image and let A be a small filter, such as a 3 x 3 filter. The
convolution of x with h computes:

xxh(u) = Z z(v)h(u —v),

v

where u € {—N/2,...,N/2—1} x{—=N/2,...,N/2—1} and the sum over v can be restricted
to the support of h in the neighborhood of u. Note that one has to be careful at the boundary,
either using a zero boundary condition or a periodic boundary condition, but we ignore those
details here.

The main component of a CNN is the transformation that takes the channels at layer ¢
to the channels at layer ¢ + 1; Figure 38 gives an illustration of the VGG network. Suppose
that layer ¢, for £ > 0, as d, channels given by:

Layer ¢ channels = (:L’Z(-e))c'le :L‘Z(-E) € RV,

=1

Layer ¢ + 1 has dy;1 channels defined as:
dg
Layer ¢ + 1 channels = :Eg-“l) =0 [Z xz@) * hg)] , 1< <dpq,
i=1

where (hg) 1 < i< dy,1 <7 < dpyq) are learned small filters and o is a pointwise
nonlinearity,



224 x224x3 224x224x64

112 x 112 x 128

56|x 56 x 256
28 x 28 x 512

7x7x512

14 x 14 x 512 1x1x4096 1x 1 x 1000

@ convolution+RelLU
J max pooling
fully nected+RelLU
softmax

Figure 38: The VGG convolution neural network.

]
SR

O

Figure 39: Pixel locations as a graph.

For example, o(t) = max(0, ¢) is the commonly used rectified linear unit (ReLU) nonlinearity.
In image classification, the input layer of the network is either a single channel (dy = 1) is the
image is grayscale, or it has three channels (dy = 3) if the image is a color image (red, green,
and blue channels). At some layers there is also a pooling operation (these are illustrated
by the narrowing of the network in Figure 38), but we ignore this operation in our analysis.

We can think of the underlying pixel locations as lying on the grid graph Py x Py that
also includes diagonal edges; see Figure 39. It follows that if A is a 3 x 3 filter, then h(a — b)
(as a function of b) is supported on {a} U N(a). In other words, h is a 1-hop filter.

31.2 Graph convolution networks

Let us now extend CNNs to general connected graphs G = (V, E,w). Recall L is the graph
Laplacian of G, 1y,...,1, are an orthonormal set of eigenvectors of L with eigenvalues
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0=XM <X <--- <A\, Let ©:V — R be a graph signal and let h : V' — R be a graph
filter. Recall the graph Fourier transform of x is

(k) == (x,¢y),

and graph convolution is defined as

n

zxh(a) =S z(k)h(k)pyla) = VHI

where W is the n x n for which 1 is column k, and H is the n x n diagonal matrix with h
down its diagonal:

h(1) 0 0
gl 0 E(.z) 0
0 0 - /f;('n)

In a graph convolution network (GCN), the transform from layer ¢ to layer £ 4 1 is:

de
:135“1) =0 [Z :cz(.g) * hgf)] =0
i=1

where the diagonals of the matrices H Z-(f) are learned for each layer 0 < ¢ < L = number of layers
and all 1 <i<dpand 1 <j < dy,q.

In a CNN, the convolution x * h(a) replaces x(a) with information aggregated from z(b)
for b = a and pixels b close to a. Similarly, in a GCN, if h(k) = p(\;) for an m™ order
polynomial p, then the convolution x * h(a) replaces x(a) with information aggregated from
x(a) and x(b) for b in the m-hop neighborhood of a (recall Theorem 34).

dg
Z\IJH}?\I/%E”] L 1<) <dya, =V eRr,

J
i=1

31.3 Graph learning tasks

In regular CNNs the graph (i.e., the pixel grid) is fixed and the task is to classify different
signals (images) defined on the graph. We can extend this paradigm to the general graph
setting as well. In this case we are given a fixed graph G = (V| F,w) and many signals
defined on the vertices of G, some labeled (the training set) and some not labeled (the test
set). The task is to classify the unlabeled signals. Here are two examples:

e Spherical MNIST: The MNIST handwritten digits are projected onto the sphere. The
task is to label the digits. Numerically, the sphere is approximated with a graph.

e Text document classification: The graph G' = (V, E) consists of words (vertices) and
edges between pairs of words that are similar. To each text document, we associate
a graph signal such that x(a) counts the number of times the word a appears in the
document (i.e, x is a word histogram). The task is to classify the text documents into
different categories.

147



In the graph setting, though, there are other learning tasks in addition to signal classification.
These other tasks include:

1. Node classification: We have a fixed graph G = (V, E,w). Some of the vertices are
labeled, others are not labeled; the task is to label to the unlabeled vertices. For
example, G is a gene-gene interaction network (vertices are genes), and some genes we
know whether or not they are correlated with a certain disease. The task is to predict
whether the other genes are correlated with this disease.

2. Link prediction: We have a fixed graph G = (V, F). Based on existing edges, the
task is to predict if there should exist an edge between two vertices a,b € V' for which
(a,b) ¢ E. For example, friendship recommendations in social networks.

3. Graph classification: We have many graphs, some of them are labeled, others are not
labeled. The task is to label the unlabeled graphs. For example, each graph represents
a molecule (atoms are vertices, edges are bonds), and we want to predict whether the
molecule is toxic or not.

It turns out that all of these tasks can be approached using a GCN. The case of signal
classification over a fixed graph is clear. In the other three cases, even though they are not
about signal classification, we can process a signal (or signals) over the graph(s) in order to
extract information from G. These signals are sometimes given to us in the form of “side
information” about the vertices of the graph, often referred to as vertex features. On the
other hand, if such information is not given to us, we can generate surrogate signals on the
graph as a means by which to extract information from G, similar to how we use test vectors
in spectral graph theory.

Thus, in all four of the above graph learning tasks, our input to the GCN is a set of input
channels (%)%, and the output of the GCN is a set of output channels (z!™)%,. What
we do with the output channels depends on the task. In the case of signal classification,
there is a single input channel (the signal to be classified) and the output channels are the
representation of this signal. These output channels are passed to a classifier (such as an
artificial neural network with a few fully connected layers) that assigns a label to the signal.
For the other tasks, we we proceed in the following manner:

1. Node classification: Each node (vertex in the graph) is assigned the representation
a (a:z(»L)(a))?il € R
This representation is passed to a classifier that assigns a label to a.

2. Link prediction: Let a,b € V with (a,b) ¢ E. We assign the candidate edge (a,b) a
representation derived from the vertex representations of a and b, for example:

(a,b) = ((z{"(a) — 2" (b))%, € R

(2
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3. Graph classification: In this case the representation of the graph G must be inde-
pendent of the number of vertices in G and must be invariant to re-indexation of the
vertices/edges. We obtain such a representation by mapping G to:

31.4 Parameterized graph filters

While the setup in the previous section has potential, it also has issues that need to be fixed.
Here are two that we will address:

1. Each filter is defined by he R"™, which means that we need to learn n values for each
filter. But this is significantly more learned values per filter than in a standard CNN.
Indeed, in a CNN, n = N? = the number of pixels, but most CNNs use small filters,
e.g., 3 x 3 filters with 9 learned parameters.

2. For graph classification, the number of vertices n depends on the graph G, as do the
eigenvectors and eigenvalues of L that are used to define graph convolution. How do
we transfer a graph convolution network across multiple graphs?

It turns out that we can solve both of these issues by parameterizing the filters. That
is, we replace h with hy, where § € R™ is a set of parameters that defines hy, and m is
independent of G. For example, hy(k) can be taken to be an (m — 1)** order polynomial of
)\ki

ho(k) = po(\y,) = ZWW

In this case, each filter in the GCN is parameterlzed as an (m — 1) degree polynomial and
the network learns, for each filter, its respective m polynomial coefficients § € R™. Therefore,
instead of needing to learn n values for each filter, the network learns m values for each filter,
and we can take m < n. Additionally, since each filter is a parameterized function of the
eigenvalues of the graph, it can be transferred to a new graph G with Laplacian eigenvalues
0= XA <Xy <--- <\, by defining the analogous filter on G as:

?Le(/f) = pe(Xk:)-

Furthermore, from Theorem 34 we know that such a filter hy corresponds to an (m — 1)-hop
filter, thus giving us control over the support of the filter with respect to the graph.

Even so, the way in which we defined graph convolution requires computing the eigenval-
ues and eigenvectors of the graph Laplacian. For large graphs this may entail a prohibitive
computational cost, and for the graph classification problem it requires diagonalizing the
graph Laplacian for every graph we consider. However, if we take hy as a polynomial, then

we have:
xxhyg=VHW £ = Upy(A) 0 x = pg(PAY )z = py(L)x
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As such, the transform from layer ¢ to layer £ 4+ 1 can be written as:

dy dy
(¢+1) £) 0)
x: =0 E x.’ xh =0 g L)x;
J Ll g 95?] Ll pﬁg)( ) !

In particular, we see there is no need to diagonalize the graph Laplacian L. Furthermore, if
G is sparse, then L will be sparse, and thus ps(L) will be sparse if m is small, e.g., m = 2.

Notice that choosing m = 2 corresponds to a small 3 x 3 CNN filter since if m = 2 then py
is a 1%* order polynomial, which means the resulting filter hg is a 1-hop filter. In other words,
x * hg(a) will replace x(a) with information aggregated from x(a) and x(b) for b € N(a),
which is a direct analogue of how a 3 x 3 CNN filter aggregates information from the central
pixel and its neighboring pixels. In this case we have:

po(L) = 00T + 9OL —  xxhy=py(L)x =60z + L.

) ]-Sjgd@—i-l-

Now, since re-scaling the weights of a graph G = (V, E,w) is likely to not change the
outcome of the learning task, we replace the graph Laplacian L with the normalized graph
Laplacian N:

po(N) = 00T+ N = 0O T+ (T-DV2MD~Y?) = (0O 49N T-0O D2 M D12
Even though this filter only has two learnable parameters, we can reduce this to one learnable
parameter by replacing § = (0(®, #)) with a scalar parameter 6 satisfying:
9= —0M) =90 L p)
We then have:
pe(N) =0(I + D'?MD™"?) =0(I + A),

where we recall that A = D~'/2M D~'/? is the normalized adjacency matrix. Recall that
A(A) C [-1,1], which implies that A(I + A) C [0,2]. In [8], Kipf and Welling argue that
because the spectrum lies in [0,2], it leads to vanishing and exploding gradients during
training. In order to alleviate this phenomenon, they replace I + A with

A= ﬁfl/Qﬂf)*l/Q, where M :=I+ M.

While there is not much explanation in [8] for why this substitution improves the GCN
training, some later papers attempted to explain it more. The final filter is:

x*xhy= HAz . (77)

With these filters, we can now write the layer ¢ to layer ¢ + 1 transform in the following
way. Let X denote the n x d; matrix wtih zcge) as its ™ column. Using (77) and the
definition of the layer ¢ to layer ¢ + 1 transform, one can show:

X+ _ <AVX<£>@<K>> 7

where ©0 is a d, x dgy1 matrix of learned parameters. This is the basic form of many

modern GCNs.
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