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Lecturer: Matthew Hirn

1 Introduction
The main book for this course is the draft of the book, Spectral and Algebraic Graph Theory
by Daniel Spielman [1]; you can download it here. As of this writing, I am using the version
dated December 4, 2019. I will make every effort to keep my notation consistent with the
book’s notation.

As the course progresses we will incorporate other readings, particularly for topics on
graph signal processing and graph convolutional (neural) networks. Stay tuned for those.

2 Graphs
An (unweighted, undirected) graph G = (V,E) is a collection of vertices V and edges E.
The edge set consists of unordered pairs of distinct vertices:

E ⊂ {(a, b) : a, b ∈ V and a 6= b and (a, b) = (b, a)} .

A better notation for an edge is probably {a, b} (to emphasize that the order does not
matter), but it is tradition to write (a, b).

Many times we will want to add weights to the edges; these are called weighted graphs and
are written G = (V,E,w). Here w : E → R gives the weight w(a, b) = w(b, a) of each edge.
Almost always the weights will be positive, i.e., w(a, b) > 0, but there might rare occasions
when we want to allow for negative weights. We can (and will) view an unweighted graph
as a weighted graph in which all the edge weights are equal to one.

Here is a simple example of a graph:

V = {1, 2, 3, 4, 5, 6} ,
E = {(1, 2), (1, 3), (2, 3), (3, 4), (4, 5), (4, 6)} . (1)

Graphs have natural visual representations. We can draw dots for the vertices and lines for
the edges. Figure 1 provides a drawing of the graph in (1). Here are some other abstract
graphs that we will encounter in this course (see Figure 2 for drawings of them):

• The path graph:

V = {1, 2, . . . , n} ,
E = {(1, 2), (2, 3), . . . , (n− 1, n)} .
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Figure 1: A drawing of the graph from (1).

• The cycle graph:

V = {1, 2, . . . , n} ,
E = {(1, 2), (2, 3), . . . , (n− 1, n), (1, n)} .

• The star graph:

V = {1, 2, . . . , n} ,
E = {(1, 2), (1, 3), . . . , (1, n)} .

We will use these abstract graphs to gain theoretical insights, but in terms of applications,
the most interesting graphs come from real world data. In this case the vertices represents
objects or things, and the edges indicate some form of relationship or similarity between two
objects. Here are some examples:

• Friendship graphs (like Facebook): People are vertices, edges exist between pairs of
people who are friends (see Figure 3).

• Airplane route graphs: Cities are vertices, and edges exist between pairs of cities for
which there is a direct flight (see Figure 4).

• Molecular graphs: Atoms are vertices and edges exists between pairs of atoms that are
bonded. The graph represents a single molecule (see Figure 5).

• Gene-gene interaction graphs: Genes are vertices and two genes are connected by an
edge if there is physical relationship (e.g., one gene can bind to another) or a functional
relationship (see Figure 6).

In fact, almost any data set can be represented as a weighted graph. Indeed, suppose
one has data set

data set = {a1, . . . , an} ,
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Figure 2: Drawings of the path graph, the cycle graph, and the star graph.

and you are able to provide some notion of similarity between data points through a sym-
metric kernel function k(ai, aj) = k(aj, ai) in which k(ai, aj) = 0 means either ai and aj
are completely dissimilar or it is impossible to measure to their similarity and k(ai, aj) > 0
means ai and aj have some similarity, with larger values implying a greater degree of simi-
larity. Then we can create a weighted graph G = (V,E,w) in which

V = {a1, . . . , an} ,
E = {(ai, aj) : k(ai, aj) > 0 and i 6= j} ,

w(ai, aj) = k(ai, aj) .

This is often a very useful way of thinking about a data set, and the techniques we develop
in this course will help you analyze such data.

Remark 1. There are other types of graphs one can consider. These include:

• Pseudograph: Graphs with loops, i.e., we allow (a, a) ∈ E for a ∈ V .

• Directed graphs, i.e., (a, b) 6= (b, a). In other words, the edges have a directionality
now.

• Mixed graphs: These are graphs with some undirected edges and some directed edges.
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Figure 3: Facebook friendship graph of a particular person from
https://griffsgraphs.wordpress.com/tag/social-network/. Per the description
on the website, red are high school friends, blue are college friends, yellow are his girlfriend’s
friends, purple are academic colleagues, and pink are friends met from traveling.
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Figure 4: Northwest Airlines route map from 1987.

Figure 5: The Benzene molecule represented as a graph. The vertices marked with C repre-
sent carbon atoms, and the vertices marked with H represent hydrogen atoms; edges represent
bonds.
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Figure 6: Gene-gene interaction graph; provided by Prof. Arjun Krishnan of CMSE!
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• Multigraphs: We allow for multiple distinct edges between the same pair of vertices.

• Hypergraphs: An edge can join more than two vertices.

• Simplicial complexes: These are structures that have vertices, edges, triangles, and
their higher-dimensional counterparts.

For the most part in this course we will focus on undirected, (weighted) graphs with no
loops. However, we might have an opportunity to look at some of the other types of graphs
listed above, depending on time and interests.

Remark 2. From here on out, if we do not say so, we will assume G = (V,E) is a graph
with n vertices. If we need to label the vertices, often we will use V = {1, . . . , n} (as above).

3 Matrices for graphs
Remark 3. We will denote functions or signals on the vertices of a graph G as x : V → R.
It will be very useful to think of these as functions, and so we will use x(a) to denote the
value of x at the vertex a ∈ V . However, it will also often be useful to think of x as an n×1
column vector, in particular, so we can do linear algebra things (like matrix multiplication).

Remark 4. We will denote n× n matrices associated to G by bold uppercase letters, such
as M = MG. Entries of these matrices will be denoted by M (a, b), to emphasize that they
depend on the vertices themselves, not the order in which we may write down the vertices.

We will associate different matrices M to a graph G. Throughout much of the course,
there will be three possible ways to think about such matrices:

1. As a spreadsheet that encodes the graph

2. As an operator that maps a function/vector x on the vertices to a new function/vector
Mx.

3. As a quadratic form that maps a function/vector x on the vertices to the number
xTMx.

3.1 Spreadsheet: The adjacency matrix

The most obvious matrix to associate to a graph G = (V,E) is its adjacency matrix, which
is defined as

MG(a, b) :=

{
1 (a, b) ∈ E ,
0 (a, b) /∈ E .

If the graph is weighted, that is G = (V,E,w), then instead we use the weighted adjacency
matrix:

MG(a, b) :=

{
w(a, b) (a, b) ∈ E ,
0 (a, b) /∈ E .
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While the adjacency provides a nice way to encode a graph G, it is not terribly useful since
it does not provide a natural operator or a quadratic form.

3.2 Operator: Random walks

One of the most natural operators associated to a graph is the random walk operator. The
idea is the following. Suppose you start at some vertex a ∈ V . You are allowed to step to
any other vertex b ∈ V so long as (a, b) ∈ E; incidentally this set of vertices is called the
neighborhood of a:

N(a) = NG(a) := {b ∈ V : (a, b) ∈ E} .

However, you don’t get to choose which vertex b ∈ N(v) you step to, but rather you pick one
at random. The probabilities are uniform in an unweighted graph and they are proportional
to the weights in a weighted graph. The matrix that encodes the random walk is the random
walk matrix.

To define the random walk matrix we need the notion of degree. The degree of a vertex
in an unweighted graph is its number of neighbors:

deg(a) := |N(a)| .

In a weighted graph we weight each of the neighbors according to their degree:

deg(a) :=
∑
b∈N(v)

w(a, b) .

Let d denote the degree vector, i.e., d(a) := deg(a), which we notice can be written as

d = M1 ,

where 1 is the vector of all ones (equivalently, the function that assigned 1(a) = 1 to every
vertex a ∈ V ). The degree matrix associated to a graph is the n × n diagonal matrix with
d on its diagonal:

D(a, b) = DG(a, b) :=

{
d(a) a = b ,
0 a 6= b .

The random walk matrix is defined as:

W = WG := MGD
−1
G .

Let δa : V → R denote the function that assigns the value of one a and the value of zero to
every other vertex in V , i.e.,

δa(b) :=

{
1 b = a ,
0 b 6= a .

One can think of δa as a probability distribution on the vertices of G that indicates where
we are going to start our random walk. It says that we are starting at the vertex a and
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there is no chance we are starting anywhere else. Now let us suppose we take one step in
our random walk. We want to know the probability of landing at each vertex in the graph.
It will be given by:

Wδa .

You can verify for yourself thatWδa(b) will only take nonzero values (that is, have non-zero
probabilities) when b ∈ N(a) and its entries will add up to one. If we want to know the
probabilities of landing at each vertex in the graph after t steps of the random walk, it will
be given by

W tδa .

Spectral theory will play an important role here as it is a very useful tool by which to analyze
repeated applications of an operator, i.e., powers W t.
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3.3 Quadratic form: The graph Laplacian

The graph Laplacian is defined as

L = LG := DG −MG .

It is a natural extension of the negative of the Laplacian operator ∆ (from calculus) to graphs.
To (partially) see this, recall that the Laplacian operator applied to a twice-differentiable
function f : R→ R computes the second derivative of f , i.e.,

∆f = f ′′ when f : R→ R .

Recall further that the finite difference approximation of f ′′(u) at u ∈ R is

f ′′(u) ≈ f(u+ h)− 2f(u) + f(u− h)

h2
. (2)

Now consider the cycle graph with n = 5 vertices. Its graph Laplacian is:

L =


2 −1 0 0 −1
−1 2 −1 0 0

0 −1 2 −1 0
0 0 −1 2 −1
−1 0 0 −1 2

 .

Now apply L to x and let us evaluate at an arbitrary vertex a ∈ {1, 2, 3, 4, 5} of our cycle
graph. We get:

−Lx(a) = x(a+ 1 mod 5)− 2x(a) + x(a− 1 mod 5) . (3)

Notice that if you replace x with f and set h = 1 and ignore the modular arithmetic,
equation (3) looks very similar to (2).

The above discussion views L as an operator (a sort of discrete differential operator in
fact), but it will also be extremely useful to associate the following quadratic form to the
graph Laplacian:

xTLx =
∑

(a,b)∈E

w(a, b)(x(a)− x(b))2 . (4)
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Equation (4) measures the “smoothness” of x with respect to the graph G. If x changes
drastically over several edges in (a, b) ∈ E with a large weight w(a, b), then (4) will be large.
On the other hand, if x only changes by small amounts over edges in the graph, then (4) will
be small. Notice that changes in x over pairs a, b ∈ V such that (a, b) /∈ E do not contribute
to (4).

4 Spectral Theory
Remark 5. We will denote the inner product between two vectors in two different ways,
namely:

〈x,y〉 := xTy .

Spectral theory refers to the study of eigenvalues and eigenvectors of matrices (or oper-
ators). Let us recall their definition. Let M be an n × n matrix. An n × 1 vector ψ is an
eigenvector of M with eigenvalue µ ∈ R if

Mψ = µψ ,

and if ψ is not the all zeros vector. Here are some equivalent formulations of eigenvalues:

• µ is an eigenvalue if and only if µI −M is a singular matrix (that is, not invertible).

• µ is an eigenvalue if and only if it is a root of the characteristic polynomial p(z) =
det(zI −M ).

For general square matrices, it is hard to know when they admit eigenvectors and and
eigenvalues. However, for real valued symmetric matrices, we have the following.

Theorem 1 (Spectral Theorem). Let M be an n× n real valued, symmetric matrix. Then
there exists n real eigenvalues µ1, . . . , µn ∈ R (not necessarily distinct) and n real valued,
orthonormal eigenvectors ψ1, . . . ,ψn such that ψi is an eigenvector of M with eigenvalue
λi. That is:

Mψi = µiψi ,

〈ψi,ψj〉 =

{
1 i = j
0 i 6= j

.

The eigenvalues of M are unique but the eigenvectors are not. Indeed, if ψ is an eigen-
vector, then −ψ is also an eigenvector. Things can get even more complicated if some
eigenvalues are repeated.

Many of the matrices we encounter in this course will be real valued and symmetric, and
so the spectral theorem will apply. Others, such as the random walk matrix, will not be
symmetric but they will be similar to a symmetric matrix, and so we will see that we can
still use the Spectral Theorem to understand them.
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Often the matrices we study will also be positive semidefinite. A matrix is positive
semidefinite if it is symmetric and all of its eigenvalues are non-negative. A matrix is positive
definite if it is symmetric and if all of its eigenvalues are positive. The next theorem proves
the graph Laplacian is positive semidefinite.

Theorem 2. The graph Laplacian is positive semidefinite.

Proof. Let ψ be an eigenvector of L with ‖ψ‖ = 1 and with eigenvalue λ. Then:

ψTLψ = ψTλψ = λ ,

but on the other hand

ψTLψ =
∑

(a,b)∈E

w(a, b)(ψ(a)−ψ(b))2 ≥ 0 .

Furthermore, one can verify
L1 = 0 ,

where 0 is the vector of all zeros, meaning that λ = 0 is always an eigenvalue of L with
constant eigenvector. Thus L is positive semidefinite and not positive definite.

Remark 6. We will always order the eigenvalues of L in increasing order, i.e.,

0 = λ1 ≤ λ2 ≤ λ3 ≤ · · · ≤ λn .

I will also do my best to reserve the letter λ for eigenvalues of the graph Laplacian, and to
use other (Greek) letters for eigenvalues of other matrices.

5 Previews
In this section we give previews of some of the things that will motivate us and some of the
things we will study this semester.

5.1 Eigenvalue/eigenvector frequency

Eigenvalues and eigenvectors of the graph Laplacian have a natural notion of frequency, with
smaller eigenvalues corresponding lower frequencies and larger eigenvalues corresponding to
higher frequencies. We can use the path graph to illustrate this idea now; we will delve into
it in more depth later. Let us take a look at the path graph on ten vertices; Figure 7 has a
picture.

Here are the eigenvalues of the graph Laplacian of the path graph with n = 10 ver-
tices: -5.16451812e-16, 9.78869674e-02, 3.81966011e-01, 8.24429495e-01, 1.38196601e+00,
2.00000000e+00, 2.61803399e+00, 3.17557050e+00, 3.61803399e+00, 3.90211303e+00. There
is a pattern here that we will prove later, but for now will remain a mystery.
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Figure 7: The path graph with n = 10 vertices.

Figure 8: The second eigenvector of the graph Laplacian of the path graph with n = 10
vertices.

We know from the proof of Theorem 2 that the first eigenvalue is zero and its correspond-
ing eigenvector is constant. Since that is not very interesting, let us move onto the second
eigenvector, which is plotted in Figure 8. We can see the second eigenvector increases over
the path graph.

Now let us plot the second, third, and fourth eigenvectors of the path graph to get a
better feel for what is going on. Take a look at Figure 9. We see that as the eigenvalue
increases, the eigenvectors oscillate at higher and higher frequencies. Put another way, the
second eigenvector just increases, the third eigenvector goes down and then up, while the
fourth eigenvector goes up, then down, then back up. These eigenvectors are like discrete
versions of the modes of a vibrating string.

Figure 9: Left: The second eigenvector of the path graph. Middle: The third eigenvector of
the path graph. Right: The fourth eigenvector of the path graph.

13



To drive the point home further, let us look at the eighth, ninth, and tenth eigenvectors,
which correspond to the three eigenvectors with the three largest eigenvalues. They are
plotted in Figure 10. We see the oscillate at very high frequencies! In particular, the last
one goes up and down across each edge of the path graph.

Figure 10: Left: The eighth eigenvector of the path graph. Middle: The ninth eigenvector
of the path graph. Right: The tenth eigenvector of the path graph.

Later in the course we will make this observation precise, first for the path graph, and
then for general graphs. These results in turn will lead to lots of interesting things, such as
clustering algorithms and graph signal processing, among others.

5.2 Graph signal processing

In the previous section we observed (anecdotally) that eigenvalue can be a proxy for the
frequency of the eigenvector of the graph Laplacian. We can take this one step further by
interpreting the eigenvectors of the graph Laplacian as the Fourier modes of the graph G. In
doing so, we can create a mathematical language for signal processing on graphs, in which
the aim is to extract information from a signal x defined on a graph G.

One of the key things we will be able to do is to develop notions of graph filters that
can be used to carry out this signal information extraction. Figure 11 shows an example in
which numerically the manifold is approximated by a graph and the filters are derived from
the resulting eigenvalues and eigenvectors of the graph Laplacian.

5.3 Graph convolutional networks

Graph convolutional networks merge signal processing on graphs with machine learning to
carry out complex inference tasks. Spectral based graph convolutional networks are based
upon graph signal processing and spectral graph theory.
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Figure 11: Filters of two different sizes and locations on the person manifold, which numer-
ically is approximated by a graph. Figure taken from [2].

5.4 Random walks on graphs

We already briefly saw random walks on graphs. We will study them in more detail. They
also play a large role in machine learning on graphs and we will use them to develop models
for filters on graphs that are pertinent to graph signal processing and graph convolutional
networks.

5.5 Spectral clustering

Spectral graph theory also leads to a class of clustering algorithms called spectral clustering
methods. Here is the idea, which we will study in more detail later in the course.

We already saw that the first eigenvalue of the graph Laplacian is zero, that is λ1 = 0.
It turns out if the graph is disconnected, then λ2 = 0 as well. In fact, the multiplicity of the
zero eigenvalue will tell us the number of connected components of the graph.

That is already pretty cool. However, we can say even more. Suppose thatG is connected.
Then we will show that necessarily λ2 > 0. In fact, though, the magnitude of λ2 tells us how
well connected G is. We will make this statement quantitatively precise.

5.6 Graph embeddings/drawings

We can use the low frequency eigenvectors embed graphs in low dimensions, such as R2 for
visualization. This can be a good way to get an initial impression of a graph you do not
know much about. Here is one way we can embed a graph in two dimensions. For each
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vertex a ∈ V , we map it to:
a 7→ (ψ2(a),ψ3(a)) ∈ R2 . (5)

We do not use ψ1 because it is the constant vector and will give us know information about
the graph. We then plot the vertices using the coordinates (ψ2(a),ψ3(a)).

In Figure 12(a) is a visualization of the Minnesota graph, which represents the road
network in the state of Minnesota. We compute its graph Laplacian and corresponding
eigenvectors, and in Figure 12(b) use the 2nd and 3rd eigenvectors to embed the graph into
R2 using the map (5). The embedding is not bad, particularly if you knew nothing about
the graph.

(a) The Minnesota graph visualized using the
physical geometry of the state

(b) The embedding of the Minnesota graph
into R2 using (5)

Figure 12: The Minnesota graph and its embedding

5.7 Graph approximation

We may discuss what it means for one graph to approximate another graph. Using this
language, we can develop algorithms to approximate dense/arbitrary graphs with sparse
graphs (that is, graphs with only a few edges), which reduces the memory required to store
the graph on a computer and can make some graph processing algorithms more efficient.
Depending on interest and time, we may also even discuss how to reduce the number of
edges and vertices of a graph, while maintaining its spectral properties.
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6 Eigenvalues and optimization: The Courant-Fischer
Theorem

The Rayleigh quotient of a vector x with respect to a matrix M is

Rayleigh quotient :=
xTMx

xTx
.

An important fact is that the Rayleigh quotient is that the Rayleigh quotient of an eigenvector
is its eigenvalue. That is, if Mψ = µψ, then

ψTMψ

ψTψ
= µ .

Imagine now that you want to maximize the Rayleigh quotient of some symmetric matrix
M . The Courant-Fischer Theorem tells us that the maximum will be the largest eigenvalue
ofM , and the vector that achieves this maximum will be the corresponding eigenvector. In
fact, it will characterize every eigenvalue of M .

Theorem 3 (Courant-Fischer Theorem). Let M be an n×n symmetric, real valued matrix
with eigenvalues µ1 ≥ µ2 ≥ · · · ≥ µn. Then,

µk = max
S⊆Rn

dim(S)=k

min
x∈S
x6=0

xTMx

xTx
= min

T⊆Rn

dim(T )=n−k+1

max
x∈T
x6=0

xTMx

xTx
,

where the outer max and min are over subspaces S and T of Rn.

We will need the following lemma to prove Theorem 3.

Lemma 4. Let M be an n × n symmetric, real valued matrix with eigenvalues µ1, . . . , µn
and corresponding eigenvectors ψ1, . . . ,ψn. Then for any x ∈ Rn,

xTMx =
n∑
i=1

µi|〈x,ψi〉|2 .
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Proof. Since M is a real valued, symmetric matrix we can apply the Spectral Theorem
(Theorem 1). Let ψ1, . . . ,ψn be the orthonormal eigenvectors of M with corresponding
eigenvalues µ1, . . . , µn. Since we have n such eigenvectors, they form an orthonormal basis
(ONB) for Rn, meaning that we may write

x =
n∑
i=1

〈x,ψi〉ψi and ‖x‖2 =
n∑
i=1

|〈x,ψi〉|2 . (6)

Equation (6) is a standard fact from Linear Algebra that we will use a lot in this course; if
you do not remember it and/or do not remember why it is true, please go find your favorite
Linear Algebra book and look it up ,.

The lemma will follow from (6) and the following calculation:

xTMx = 〈x,Mx〉

=

〈
n∑
i=1

〈x,ψi〉ψi,M
n∑
j=1

〈x,ψj〉ψj

〉

=

〈
n∑
i=1

〈x,ψi〉ψi,
n∑
j=1

〈x,ψj〉Mψj

〉

=

〈
n∑
i=1

〈x,ψi〉ψi,
n∑
j=1

〈x,ψj〉µjψj

〉

=
n∑

i,j=1

µj〈x,ψi〉〈x,ψj〉 〈ψi,ψj〉︸ ︷︷ ︸
δ(i−j)

=
n∑
i=1

µi|〈x,ψi〉|2 .

Proof of Theorem 3. We will prove the second formulation, as the proof of the first formu-
lation can be found in [1, Chapter 2]. To start, let

T = span{ψk, . . . ,ψn} .

We can expand any x ∈ T as

x =
n∑
i=k

〈x,ψi〉ψi .

Furthermore, using Lemma 4 and (6),

xTMx

xTx
=

∑n
i=k µi|〈x,ψi〉|2∑n
j=k |〈x,ψj〉|2

≤ µk
∑n

i=k |〈x,ψi〉|2∑n
j=k |〈x,ψj〉|2

= µk .

18



Therefore,

max
x∈T
x6=0

xTMx

xTx
≤ µk .

Thus we have an upper bound.
To prove equality, we will show that for all subspaces T of dimension n− k + 1 we have

max
x∈T
x6=0

xTMx

xTx
≥ µk .

To do so, let
S = span{ψ1, . . . ,ψk} .

Since S has dimension k, any T of dimension n−k+1 has an intersection with S of dimension
at least one, i.e., dim(S ∩ T ) ≥ 1. Therefore

max
x∈T
x6=0

xTMx

xTx
≥ max

x∈S∩T
x6=0

xTMx

xTx
≥ min

x∈S∩T
x6=0

xTMx

xTx
≥ min

x∈S
x6=0

xTMx

xTx
.

Since any x ∈ S can be written as

x =
k∑
i=1

〈x,ψi〉ψi ,

we have, using Lemma 4 and (6) again, for any x ∈ S,

xTMx

xTx
=

∑k
i=1 µi|〈x,ψi〉|2∑k
j=1 |〈x,ψj〉|2

≥ µk
∑k

i=1 |〈x,ψi〉|2∑k
j=1 |〈x,ψj〉|2

= µk .

7 The Laplacian and connectivity
Recall the graph Laplacian is defined as L = D−M . Let us think of L as an operator and
compute Lx(a) at a vertex a ∈ V :

Lx(a) = Dx(a)−Mx(a)

= d(a)x(a)−
∑
b∈N(a)

w(a, b)x(b)

=

 ∑
b∈N(a)

w(a, b)

x(a)−
∑
b∈N(a)

w(a, b)x(b)

=
∑
b∈N(a)

w(a, b)(x(a)− x(b)) . (7)
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Equation (7) gives us an alternate way of writing Lx(a). We immediately see from (7) that

L1 = 0 ,

which verifies this fact that we had used in the proof of Theorem 2. Thus λ1 = 0 is always
the smallest eigenvalue of L and it has corresponding eigenvector 1. The next theorem shows
that whether λ2 is zero or not corresponds to whether G is connected or not; it is our first
theorem relating spectral properties of L to the structure of G.

Theorem 5. Let G = (V,E,w) be a weighted graph, and let 0 = λ1 ≤ λ2 ≤ · · · ≤ λn be the
eigenvalues of its graph Laplacian L. Then, λ2 > 0 if and only if G is connected.

Proof. “If and only if” means we need to prove two things:

1. λ2 > 0 implies G is connected;

2. G is connected implies λ2 > 0.

Let us start with the first statement. First note that it is equivalent to “G is disconnected
implies λ2 = 0.” Let us prove this statement. Since G is disconnected, it can be written as
the union of two subgraphs, G = G1 ∪ G2, where there are no edges going between G1 and
G2; see also Figure 13. Order the vertices of G so that ones are from G1 and the last ones

Figure 13: Since G is disconnected, it can be partitioned into two subgraphs G1 and G2 that
have no edges between them.

are from G2. Since there are no edges going between G1 and G2, we can write the graph
Laplacian of G as:

LG =

(
LG1 0
0 LG2

)
,

where in the above equation 0 represents a sub-matrix of zeros (0 will alternate between
meaning a vectors of zeros and a matrix of zeros; the context should make clear which
interpretation to use). Therefore LG has two independent eigenvectors both with eigenvalue
zero:

ψ1 =

(
1
0

)
and ψ2 =

(
0
1

)
,

where ψ1 is constant on G1 and zero on G2 and ψ2 is zero on G1 and constant on G2.
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Now for the second statement. Let ψ be an eigenvector of L with eigenvalue zero,

Lψ = 0 .

Therefore:
ψTLψ =

∑
(a,b)∈E

w(a, b)(ψ(a)−ψ(b))2 = 0 .

Thus, for every a, b ∈ V such that (a, b) ∈ E (i.e., every pair of vertices connected by an
edge), we have ψ(a) = ψ(b). Now fix an a ∈ V and let b ∈ V be any vertex in G. Since G
is connected there exists a path in G from a to b; that is, there is a sequence of vertices:

a = v1, v2, . . . , vm = b such that (vi, vi+1) ∈ E, ∀ 1 ≤ i ≤ m− 1 .

Therefore:
ψ(a) = ψ(v1) = ψ(v2) = · · · = ψ(vm) = ψ(b) .

Thus ψ is constant on G and we conclude that the only eigenvectors of L with eigenvalue
zero are constant vectors. Thus there is only one independent eigenvector with eigenvalue
zero, and so λ2 > 0.

Remark 7. In fact we can strengthen Theorem 5 and show that the multiplicity of the zero
eigenvalue is equal to the number of connected components of G.

Using similar techniques we can also prove that an eigenvector ψ of zero eigenvalue must
be constant on each of the connected components of G.

Theorem 6. Let G = (V,E,w) be a weighted graph and let ψ be an eigenvector of its graph
Laplacian with eigenvalue 0, i.e., Lψ = 0. Then ψ must be constant on each of the connected
components of G.

Proof. As in the proof of Theorem 5, since Lψ = 0 we have

0 = ψTLψ =
∑

(a,b)∈E

w(a, b)(ψ(a)−ψ(b))2 ,

and it follows that ψ(a) = ψ(b) for all (a, b) ∈ E. Now let a, b ∈ V and suppose that a
and b are in the same connected component of G. Since they are in the same connected
component, there is a path from a to b, i.e.,

a = v1, v2, . . . , vm = b such that (vi, vi+1) ∈ E, ∀ 1 ≤ i ≤ m− 1 .

Therefore:
ψ(a) = ψ(v1) = ψ(v2) = · · · = ψ(vm) = ψ(b) ,

and it follows that ψ is constant on the connected component.
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Remark 8. If we want to cluster our data in terms of connected components, Remark 7 and
Theorem 6 tells us how to do so. We can compute the graph Laplacian L and then compute
its eigenvalues and eigenvectors. We then check the multiplicity of the zero eigenvalue, which
gives us the number of connected components. If the multiplicity of the zero eigenvalue is k,
we can use ψ1, . . . ,ψk to find the connected components of G, although it might not be so
easy that each eigenvector corresponds to the indicator function on a connected component.
Nevertheless, since each ψ1, . . . ,ψk has to be constant on each connected component, and
since the eigenvectors can be taken to be orthogonal, we can combine the information from
each eigenvector to figure out the clusters.

Here is an example with four clusters. Suppose our graph G has 20 vertices and 4
connected components G1, G2, G3, and G4, all of which have 5 vertices. Then the following
four eigenvectors are orthogonal and all have eigenvalue zero:

ψ1 = 1 , ψ2 = 1G1∪G2 − 1G3∪G4 , ψ3 = 1G1 − 1G2 , ψ4 = 1G3 − 1G4 .

Clearly ψ1 tells us nothing. The second eigenvector, ψ2, is useful and separates G1 ∪ G2

from G3 ∪ G4, but does not separate G1 from G2 nor G3 from G4. The third eigenvector,
though, separates G1 from G2, but still tells us nothing for separating G3 from G4. However,
the last eigenvector, ψ4, allows us to separate G3 from G4.

A way to automate the example is the following. Suppose the multiplicity of the zero
eigenvalue is k. Then we will use ψ1, . . . ,ψk to to embed each vertex into Rk via:

a 7→ (ψ1(a), . . . ,ψk(a)) ∈ Rk .

Those vertices with the same k-tuples are in the same cluster, and those with different
k-dimensional embeddings are in different clusters. In the above example we have:

a ∈ G1 7→ (1, 1, 1, 0)

a ∈ G2 7→ (1, 1,−1, 0)

a ∈ G3 7→ (1,−1, 0, 1)

a ∈ G4 7→ (1,−1, 0,−1)

Remark 9. Later on in the course we will show, quantitatively, that even if G is connected,
the size of λ2 > 0 will indicate how well connected G is! We can use this idea to cluster G
even when it has one connected component.

22



CMSE 890-001: Spectral Graph Theory and Related Topics, MSU, Spring 2021

Lecture 04: The Complete Graph and Drawing Graphs
January 28, 2021

Lecturer: Matthew Hirn

8 The complete graph
Throughout the course, but especially in the first part of it, we will compute the eigenvalues
(and eigenvectors) of particular graphs. We begin doing so in this section, and we start with
the complete graph.

The complete graph on n vertices, often denoted by Kn = (V,E), is defined as:

V = {1, . . . , n} ,
E = {(a, b) : a, b ∈ V and a 6= b} .

In other words, the complete graph contains every possible edge; see Figure 14 for a picture
of K5.

Figure 14: The complete graph on n = 5 vertices, K5.

Theorem 7. The graph Laplacian of Kn has eigenvalue 0 with multiplicity 1 and eigenvalue
n with multiplicity n− 1.

Proof. Since Kn is connected, we know from Theorem 5 that λ1 = 0 and λ2 > 0; therefore,
the eigenvalue 0 has multiplicity 1, and we know its eigenvector is 1.

To compute the non-zero eigenvalues, let ψ 6= 0 be any vector orthogonal to 1. Thus:

〈ψ,1〉 =
∑
a∈V

ψ(a) = 0 =⇒ ψ(a) = −
∑
b∈V
b 6=a

ψ(b) .

Let us now compute Lψ(a) for an arbitrary vertex a ∈ V . Using (7) and the above equation,
we get:

Lψ(a) =
∑
b∈V
b6=a

(ψ(a)−ψ(b)) = (n− 1)ψ(a)−
∑
b∈V
b 6=a

ψ(b) = nψ(a) .
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Since a was arbitrary we have Lψ = nψ for any vector orthogonal to 1. In other words,
every vector orthogonal 1 is an eigenvector of L with eigenvalue n, and so the eigenvalue n
has multiplicity n− 1.

9 Drawing with Laplacian eigenvectors
In this section we give mathematical justification to embedding a connected graph into R2

using the first two non-trivial eigenvectors of its graph Laplacian. Recall the map was given
by a 7→ (ψ2(a),ψ3(a)) ∈ R2, and an example was given in Figure 12.

Let us begin with the simpler problem of embedding a graph into R. Let x : V → R be
a candidate function on the vertices that we are going to use to map G into R via a 7→ x(a).
Our modeling assumption is that we would like vertices that are neighbors to be close to one
another in the embedding. So a natural candidate is:

x = arg inf
z∈Rn

zTLz =
∑

(a,b)∈E

(z(a)− z(b))2 .

However, there are some issues. The first is that there is nothing to prevent us from picking
x = 0, the all zeros vector, which maps every vertex to 0. We can remedy this by enforcing
that x have unit norm, i.e.,

x = arg inf
z∈Rn

‖z‖=1

zTLz .

This new version still does not work, though, as we can pick x = (1/
√
n)1; that is the

constant vector. This embedding still maps every vertex to the same point in R, which is
not a very interesting or useful embedding. We can fix this problem by adding the constraint
that x be orthogonal to 1:

x = arg inf
z∈Rn

‖z‖=1
〈z,1〉=0

zTLz . (8)

This final formulation will give us something interesting. In fact, we already know what it
will give us! Using the Courant-Fischer Theorem (Theorem 3), we know that the value of
the argument of (8) is λ2 and that x = ψ2 will be the solution.

But our original goal was to embed G into R2. To do so, we need two coordinate functions,
x : V → R and y : V → R, that will give us an embedding a 7→ (x(a),y(a)) ∈ R2. Using
again the modeling assumption that we want neighboring vertices to be close to one another,
we seek to minimize the sum of the squares of the lengths between neighboring vertices in
the embedding:

x,y = arg inf
z1,z2∈Rn

∑
(a,b)∈E

∥∥∥∥( z1(a)
z2(a)

)
−
(
z1(b)
z2(b)

)∥∥∥∥2 .
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We first notice that this minimization problem can also be written in terms of the graph
Laplacian, as:∑

(a,b)∈E

∥∥∥∥( z1(a)
z2(a)

)
−
(
z1(b)
z2(b)

)∥∥∥∥2 =
∑

(a,b)∈E

(z1(a)− z1(b))2 + (z2(a)− z2(b))2 ,

= zT1 Lz1 + zT2 Lz2 .

As before we need to impose constraints on x and y to avoid degenerate solutions. We we
impose the unit norm constraint,

‖x‖ = ‖y‖ = 1 ,

and the orthogonality constraint with respect to the constant vector,

〈x,1〉 = 〈y,1〉 = 0 .

However, since have two coordinates now, we have another type of degenerate solution in
which x = y = ψ2. In order to avoid this solution, we impose that x be orthogonal to y,
i.e., 〈x,y〉 = 0, which leads to the optimization problem:

x,y = arg inf
z1,z2∈Rn

‖z1‖=‖z2‖=1
〈z1,1〉=〈z2,1〉=0
〈z1,z2〉=0

∑
(a,b)∈E

∥∥∥∥( z1(a)
z2(a)

)
−
(
z1(b)
z2(b)

)∥∥∥∥2 . (9)

A natural candidate for the solution of (9) is x = ψ2 and y = ψ3.
More generally, suppose we want to embed G into Rk with k coordinate functions

x1, . . . ,xk that are orthonormal and are orthogonal to 1 and that minimize
∑k

i=1 z
T
i Lzi,

i.e.,

x1, . . . ,xk = arg inf
z1,...,zk

k∑
i=1

zTi Lzi subject to 〈zi, zj〉 = δ(i− j) and 〈zi,1〉 = 0 . (10)

As in the two-dimensional case, a natural candidate is to take xi = ψi+1. Since ψT
i Lψi = λi,

we see that the value of the argument of (10) will be
∑k+1

i=2 λi. The following theorem says
this is the best we can do.

Theorem 8. Let G = (V,E) be a graph and let 0 = λ1 ≤ λ2 ≤ · · · ≤ λn be the eigenvalues of
its graph Laplacian L with associated orthonormal eigenvectors ψ1, . . . ,ψn. Let x1, . . . ,xk ∈
Rn be orthonormal vectors that are all orthogonal to 1. Then

k∑
i=1

xTi Lxi ≥
k+1∑
i=2

λi ,

and furthermore, one achieves equality if and only if

〈xi,ψj〉 = 0 for all j such that λj > λk+1 .
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Proof. It is a standard fact from Linear Algebra that a set of orthonormal vectors x1, . . . ,xk ∈
Rn can be completed to form an orthonormal basis x1, . . . ,xn. We now have two ONBs,
x1, . . . ,xn and ψ1, . . . ,ψn. Using (6),

n∑
i=1

|〈xi,ψj〉|2 = 1 and
n∑
j=1

|〈xi,ψj〉|2 = 1 . (11)

Also, let ψ1 be the constant vector.
Since 〈xi,ψ1〉 = 0 for 1 ≤ i ≤ k, we have using Lemma 4 and (11):

∀ 1 ≤ i ≤ k, xTi Lxi =
n∑
j=2

λj|〈xi,ψj〉|2

= λk+1 +
n∑
j=2

(λj − λk+1)|〈xi,ψj〉|2

= λk+1 +
k+1∑
j=2

(λj − λk+1)︸ ︷︷ ︸
≤0

|〈xi,ψj〉|2 +
n∑

j=k+2

(λj − λk+1)︸ ︷︷ ︸
≥0

|〈xi,ψj〉|2

≥ λk+1 +
k+1∑
j=2

(λj − λk+1)|〈xi,ψj〉|2 .

Notice that the inequality will be an equality if and only if 〈xi,ψj〉 = 0 for all j such that
λj > λk+1.

Now let us sum over 1 ≤ i ≤ k and use the previous calculation along with (11):

k∑
i=1

xTi Lxi ≥ kλk+1 +
k+1∑
j=2

(λj − λk+1)
k∑
i=1

|〈xi,ψj〉|2

= kλk+1 +
k+1∑
j=2

(λj − λk+1)︸ ︷︷ ︸
≤0

(
1−

n∑
i=k+1

|〈xi,ψj〉|2
)

︸ ︷︷ ︸
0≤···≤1

≥ kλk+1 +
k+1∑
j=2

(λj − λk+1) (12)

=
k+1∑
j=2

λj .

The last step is to show that the final inequality, (12), is an equality if and only if 〈xi,ψj〉 = 0
for all j such that λj > λk+1. I leave that for you to verify on your own.

Theorem 8 shows that the eigenvector embedding of a graph G is optimal in the sense
that we defined in this section. It thus gives a mathematical justification for this embedding
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method. However, one must be careful to remember that the embedding will only be good
if the quantity we are minimizing makes sense for the particular graph you are studying.
There are lots of other graph embedding/data visualization algorithms that minimize (or
maximize) other quantities.
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10 Product graphs
Let G = (V,E, v) and H = (W,F,w) be two weighted graphs. Define the product graph
G×H as the graph with vertex set V ×W and with edge set EG×H :

• ((a1, b), (a2, b)) with weight wG×H((a1, b), (a2, b)) = v(a1, a2) where (a1, a2) ∈ E; and

• ((a, b1), (a, b2)) with weight wG×H((a, b1), (a, b2)) = w(b1, b2) where (b1, b2) ∈ F .

Let Pn be the path graph on n vertices. The graph Pm × Pn is the m × n grid graph; see
Figure 15 for a picture.

Figure 15: The 8× 12 grid graph.

Let’s draw the grid graph in R2 using the eigenvector embedding of Section 9; the embed-
ding of the 8× 12 grid graph is given in Figure 16. Comparing to Figure 15, the eigenvector
embedding is a remarkably good drawing of the grid graph given that it used nothing specific
to the grid graph. The reason for this is that the eigenvectors of a product graph G×H are
the product of the eigenvectors of the two graphs G and H. The next theorem explains.
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Figure 16: The eigenvector embedding of the 8× 12 grid graph.

Theorem 9. Let G = (V,E, v) and H = (W,F,w) be weighted graphs with graph Lapla-
cian eigenvalues λ1, . . . , λn and µ1, . . . , µm, and graph Laplacian eigenvectors α1, . . . ,αn
and β1, . . . ,βm, respectively. Then LG×H has eigenvalues

{λi + µj : 1 ≤ i ≤ n, 1 ≤ j ≤ m} ,
with eigenvectors

ψi,j(a, b) = αi(a)βj(b) , ∀ 1 ≤ i ≤ n, 1 ≤ j ≤ m.

Proof. We drop the (i, j) sub-indices but otherwise everything is defined as in the statement
of theorem. Recall from (7) that

Lx(c) =
∑
d∈N(c)

w̃(c, d)(x(c)− x(d)) ,

for any graph G̃ = (Ṽ , Ẽ, w̃). Let us apply this fact and make the following calculation:

LG×Hψ(a, b) =
∑

(c,d)∈N(a,b)

wG×H((a, b), (c, d))(ψ(a, b)−ψ(c, d))

=
∑

(a,a1)∈E

v(a, a1)(ψ(a, b)−ψ(a1, b)) +
∑

(b,b1)∈F

w(b, b1)(ψ(a, b)−ψ(a, b1))

=
∑

(a,a1)∈E

v(a, a1)(α(a)β(b)−α(a1)β(b)) +
∑

(b,b1)∈F

w(b, b1)(α(a)β(b)−α(a)β(b1))

= β(b)
∑

a1∈N(a)

v(a, a1)(α(a)−α(a1)) +α(a)
∑

b1∈N(b)

w(b, b1)(β(b)− β(b1))

= β(b)LGα(a) +α(a)LHβ(b)

= β(b)λα(a) +α(a)µβ(b)

= (λ+ µ)α(a)β(b) = (λ+ µ)ψ(a, b) .
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11 The star graph
In your first homework you were asked to make a conjecture regarding the eigenvalues of the
star graph on n vertices. Let us now prove that they are 0, 1 (with multiplicity n− 2), and
n. Recall the star graph on n vertices, which we will denote by Sn = (V,E), is defined as

V = {1, . . . , n} ,
E = {(1, a) : 2 ≤ a ≤ n} .

We will first need the following lemma, which is of interest even for general graphs.

Lemma 10. Let G = (V,E) be a graph and let a, b ∈ V be vertices of degree one that are
both connected to another vertex c ∈ V . Then, the vector ψ = δa − δb is an eigenvector of
L with eigenvalue 1.

Proof. We will use (7) and calculate Lψ(v) for each vertex v ∈ V . Applying (7) we have:

Lψ(v) =
∑

u∈N(v)

(ψ(v)−ψ(u)) =
∑

u∈N(v)

(δa(v)− δb(v)− δa(u) + δb(u)) . (13)

Now we have four cases.

1. v = a. Then c is only the neighbor of v = a and (13) is equal to (δa(a) − δb(a) −
δa(c) + δb(c)) = 1 = ψ(a).

2. v = b. Again c is the only neighbor of v = b and (13) is equal to (δa(b)−δb(b)−δa(c)+
δb(c)) = −1 = ψ(b).

3. v = c. In this case a and b are neighbors of v = c, and c may have other neighbors too.
We write (13) as:

(13) = (δa(c)− δb(c)− δa(a) + δb(a))

+ (δa(c)− δb(c)− δa(b) + δb(b))

+
∑

u∈N(c)
u6=a,b

(δa(c)− δb(c)− δa(u) + δb(u))

=− 1 + 1 + 0 = 0 = ψ(c) .

4. v 6= a, b, c. In this case we may write (13) as

(13) =
∑

u∈N(v)
u6=a,b

(δa(v)− δb(v)− δa(u) + δb(u)) = 0 = ψ(v) .
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As a corollary we have the following lemma which will also be useful.

Lemma 11. Let G = (V,E) be a graph, let a, b ∈ V be vertices of degree one that are both
connected to another vertex c ∈ V , and let φ be an eigenvector of L with eigenvalue λ 6= 1.
Then φ(a) = φ(b).

Proof. By Lemma 10, ψ = δa − δb is an eigenvector of L with eigenvalue 1. Furthermore,
since φ is also an eigenvector of L but with eigenvalue λ 6= 1, we know by Exercise 1 of
Homework 01 that 〈φ,ψ〉 = 0. Therefore:

0 = 〈φ,ψ〉 =
∑
v∈V

φ(v)ψ(v) =
∑
v∈V

φ(v)(δa(v)− δb(v)) = φ(a)− φ(b) .

Now we can prove the following theorem about the star graph.

Theorem 12. The star graph Sn has eigenvalue 0 with multiplicity 1, eigenvalue 1 with
multiplicity n− 2, and eigenvalue n with multiplicity 1.

Proof. Since the star graph is connected we know it has eigenvalue 0 with multiplicity 1 and
the eigenvector is 1. Notice that a and a+ 1, for 2 ≤ a ≤ n− 1, are vertices of Sn of degree
1 both connected to vertex c = 1. Therefore

ψa = δa − δa+1 , ∀ 2 ≤ a ≤ n− 1 ,

are eigenvectors of L, each with eigenvalue 1. Even though {ψa : 2 ≤ a ≤ n − 1} are not
orthogonal, they are independent, and so the eigenvalue 1 must have multiplicity at least
n− 2. Thus we just need to determine λn.

In your current homework (Exercise 2 of Homework 02), you are asked to show that the
trace of a symmetric, real-valued n× n matrix is equal to the sum of its eigenvalue. Let us
apply this to L:

n− 2 + λn =
n∑
i=1

λi = Tr(L) = Tr(D −M ) = Tr(D) =
∑
a∈V

deg(a) . (14)

In Sn we have one vertex of degree n−1 and n−1 vertices of degree 1. Therefore (14) reads:

n− 2 + λn = 2n− 2 =⇒ λn = n .

That completes the theorem, but as a bonus we can we can compute the eigenvector asso-
ciated to λn as well. By Lemma 11 we know that ψn(a) = ψ(a + 1) for all 2 ≤ a ≤ n − 1
which means that ψn(a) is constant over 2 ≤ a ≤ n (the points of the star). Let us set
ψn(a) = 1 for 2 ≤ a ≤ n. To determine ψn(1), we note that on the other hand, ψn must
also be orthogonal 1. Therefore:

0 = 〈ψn,1〉 =
∑
a∈V

ψn(a) = n− 1 +ψn(1) ,

and we see that ψn(1) = −(n− 1).
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12 Upper bounding the second eigenvalue via test vectors
In this section we describe a general technique for getting upper bounds on λ2. We first prove
the following theorem that gives a useful characterization of λ2 (note that this theorem more
or less follows from Section 9, but we state and prove it separately here since it is so useful).

Theorem 13. Let G = (V,E,w) be a weighted graph with graph Laplacian eigenvalues
0 = λ1 ≤ λ2 ≤ · · · ≤ λn. Then

λ2 = min
x∈Rn

〈x,1〉=0

xTLx

xTx
.

Proof. Let ψ1, . . . ,ψn be orthonormal eigenvectors of L with ψ1 = (1/
√
n)1. Thus 〈ψ2,1〉 =

0 and
ψT

2 Lψ2

ψT
2 ψ2

= λ2 .

Therefore

min
x∈Rn

〈x,1〉=0

xTLx

xTx
≤ λ2 .

Now let x ∈ Rn with 〈x,1〉 = 0. Using Lemma 4 we have

xTLx =
n∑
i=2

λi|〈x,ψ2〉|2 ≥ λ2

n∑
i=2

|〈x,ψ2〉|2 = λ2‖x‖2 = λ2x
Tx .

Thus

min
x∈Rn

〈x,1〉=0

xTLx

xTx
≥ min

x∈Rn

〈x,1〉=0

λ2x
Tx

xTx
= λ2 .

Theorem 13 is useful for upper bounding λ2 in the following way. It shows that any
x ∈ Rn with 〈x,1〉 = 0 provides an upper bound for λ2 since

λ2 ≤
xTLx

xTx
.
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If we can guess an x that is not too far from ψ2, then this upper bound might be a good
approximation of λ2. Such an x is called a test vector.

Let us apply this technique to the path graph on n vertices, which we will denote by
Pn = (V,E), where

V = {1, . . . , n} ,
E = {(a, a+ 1) : 1 ≤ a ≤ n− 1} .

Recall in Figure 8 we plotted the second eigenvector of P10 and saw it was an increasing
function of the vertex index a. Recall as well that if ψ2 is an eigenvector, then −ψ2 is also
an eigenvector; the latter, in this case, would be a decreasing function of the vertex index.
Even though ψ2 for P10 is clearly not an affine function, we choose as our test vector

x(a) = (n+ 1)− 2a , 1 ≤ a ≤ n .

Figure 17 plots x against −ψ2 and shows, visually, that it is a good guess!

Figure 17: The second eigenvector, −ψ2 (blue), of P10, along with the test vector x (red).

We also see that

〈x,1〉 =
∑
a∈V

x(a) = n(n+ 1)− 2
n∑
a=1

a = n(n+ 1)− 2
n(n+ 1)

2
= 0 ,
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and so indeed we can use x to upper bound λ2(Pn). Thus,

λ2(Pn) ≤
∑n−1

a=1(x(a)− x(a+ 1))2∑n
a=1 x(a)2

=

∑n−1
a=1 22∑n

a=1(n+ 1− 2a)2

=
4(n− 1)

n(n+ 1)(n− 1)/3

=
12

n(n+ 1)
.

Remark 10. Theorem 13 can be thought of as a specific case of the Courant-Fischer The-
orem (Theorem 3). We could try to use the same theorem to get a lower bound on λ2, but
we would need to use the following formulation of λ2:

λ2 = max
S⊆Rn

dim(S)=n−1

min
x∈S
x6=0

xTLx

xTx
.

This is similar to Theorem 13; indeed S0 = {x ∈ Rn : 〈x,1〉 = 0} is a subspace of Rn of
dimension n − 1. However, to get a lower bound on λ2 we would need a lower bound (not
an upper bound) on

min
x∈S
x6=0

xTLx

xTx
,

over a set S of dimension n − 1, which is not easy to do. The next section will give an
alternative method.

13 Comparing graphs and the Loewner partial order
In this section will discuss how to compare graphs through their Laplacian quadratic forms.
This will be immediately useful for bounding eigenvalues of graphs from below. Later on, it
will also be useful for defining what it means for one graph to approximate another graph.

For a symmetric matrix A we will write

A < 0 ,

if A is positive semidefinite (recall, this means all the eigenvalues of A are non-negative).
Thus,

A < 0 ⇐⇒ xTAx ≥ 0 , ∀x ∈ Rn .

Similarly, we will write

A < B ⇐⇒ A−B < 0 ⇐⇒ xTAx ≥ xTBx , ∀x ∈ Rn .

34



The relation < is the Loewner partial order. We say partial order because there will be
pairs of symmetric matrices (A,B) such that A � B and A � B. On the other hand, for
pairs of symmetric matrices for which it does apply, it acts like an order. For example,

A < B and B < C =⇒ A < C ,

and
A < B =⇒ A+C < B +C .

We will overload this notation so we can compare graphs as well. In particular, for two
graph G and H with the same number of vertices we define:

G < H ⇐⇒ LG < LH .

Recall that H = (V, F, w) is a subgraph of G = (V,E,w) if F ⊆ E. Here is our first little
result using this notation.

Theorem 14. Let H be a subgraph of G. Then G < H.

Proof. We compute the graph Laplacian quadratic form:

xTLGx =
∑

(a,b)∈E

w(a, b)(x(a)− x(b))2 ≥
∑

(a,b)∈F

w(a, b)(x(a)− x(b))2 = xTLHx ,

where in the inequality we used the fact that F ⊆ E.

Define c · G as the same graph as G = (V,E,w) but in which every edge weight is
multiplied by c, i.e.,

c ·G := (V,E, c · w) .

The following theorem shows the usefulness of the Loewner partial order as it relates to the
eigenvalues of graph Laplacians.

Theorem 15. If G and H are graphs such that

G < c ·H ,

then
λk(G) ≥ c · λk(H) , ∀ 1 ≤ k ≤ n .

Proof. Using the definition of G < c ·H we have:

xTLGx ≥ c · xTLHx , ∀x ∈ Rn

=⇒ xTLGx

xTx
≥ c · x

TLHx

xTx
, ∀x ∈ Rn, x 6= 0

=⇒ max
x∈T
x6=0

xTLGx

xTx
≥ c ·max

x∈T
x6=0

xTLHx

xTx
, ∀T ⊆ Rn, dim(T ) = k . (15)
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Now define T0 ⊆ Rn as

T0 := arg min
T⊆Rn

dim(T )=k

max
x∈T
x6=0

xTLGx

xTx
.

By the Courant-Fischer Theorem (Theorem 3) and (15) we have:

λk(G) = max
x∈T0
x6=0

xTLGx

xTx
≥ c ·max

x∈T0
x6=0

xTLHx

xTx
≥ c · min

T⊆Rn

dim(T )=k

max
x∈T
x6=0

xTLHx

xTx
= c · λk(H) .

Remark 11. Later on will want to approximate one graph G by another graph H. We will
say that H is a c-approximation of G if

c ·H < G < (1/c) ·H .

14 The path inequality
In order to use Theorem 15 we need to be able to show G < c · H for pairs of graphs G
and H. We will start by doing so for some simple graphs, and then extend to more general
graphs.

To that end, recall Pn is the unweighted path graph on n vertices, and define G1,n as the
unweighted graph on n vertices with the single edge (1, n).

Theorem 16. For n ≥ 2,
(n− 1) · Pn < G1,n . (16)

Proof. Equation (16) means that we need to show:

∀x ∈ Rn , (n− 1)
n−1∑
a=1

(x(a+ 1)− x(a))2 ≥ (x(n)− x(1))2 . (17)

Define ∆ ∈ Rn−1 as

∆(a) := x(a+ 1)− x(a) , ∀ 1 ≤ a ≤ n− 1 .

Notice now that (17) can be rewritten as

(n− 1)
n−1∑
a=1

∆(a)2 ≥ (x(n)− x(1))2 =

(
n−1∑
a=1

∆(a)

)2

. (18)

Recall the Cauchy-Schwartz inequality |〈x,y〉| ≤ ‖x‖‖y‖. Equation (18) will follow from it
with x = ∆ and y = 1. Indeed,(

n−1∑
a=1

∆(a)

)2

= |〈1,∆〉|2 ≤ ‖1‖2‖∆‖2 = (n− 1)
n−1∑
a=1

∆(a)2 .
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Now we will prove a lower bound for λ2(Pn) using Theorem 16. We will do so by proving
that

Pn < cn ·Kn ,

for a constant cn that we will compute (recall Kn is the complete graph on n vertices). First,
we will need a new way of writing LKn .

Let Ga,b be the graph on n vertices that contains only the edge (a, b). Its graph Laplacian,
LGa,b

, is a matrix full of zeros except for the 2× 2 sub-matrix at the intersection of the rows
and columns indexed by a and b, where it is(

1 −1
−1 1

)
.

One can write LGa,b
as

LGa,b
= (δa − δb)(δa − δb)T .

Now let G = (V,E,w) be a general weighted graph. One can verify that

LG =
∑

(a,b)∈E

w(a, b)LGa,b
. (19)

Using (19), we have
LKn =

∑
1≤a<b≤n

LGa,b
.

Let Pa,b, for a < b, be the subgraph of Pn that keeps the edges that are part of the path from
a to b, and removes the other edges. Note that Pa,b has (b− a) edges. Thus, using Theorem
16 we have

Ga,b 4 (b− a)Pa,b .

Furthermore, using Theorem 14,

Pa,b 4 Pn =⇒ Ga,b 4 (b− a)Pa,b 4 (b− a)Pn .

Using this inequality we obtain:

LKn =
∑

1≤a<b≤n

LGa,b
4

∑
1≤a<b≤n

(b− a)LPn =

( ∑
1≤a<b≤n

(b− a)

)
LPn .

One can calculate ∑
1≤a<b≤n

(b− a) =
1

6
n(n2 − 1) ,

and so,

LKn 4
n(n2 − 1)

6
LPn .
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To obtain an estimate for λ2(Pn), we apply Theorem 7 (which proves λ2(Kn) = n) and
Theorem 15 to obtain:

n = λ2(Kn) ≤ n(n2 − 1)

6
λ2(Pn) =⇒ λ2(Pn) ≥ 6

n2 − 1
.

If we combine this lower bound with the upper bound we obtained in Section 12, we get

6

(n− 1)(n+ 1)
≤ λ2(Pn) ≤ 12

n(n+ 1)
.

We will see soon this is a really good estimate of λ2(Pn)!
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15 The cycle graph
In order to compute the eigenvectors an eigenvalues of the path graph, Pn, it will be useful,
and easier, to compute the eigenvectors and eigenvalues of the cycle graph. Recall the cycle
graph on n vertices, which we will denote by Cn = (V,E), is defined as:

V = {1, . . . , n} ,
E = {(1, 2), (2, 3), . . . , (n− 1, n), (n, 1)} .

The following theorem shows that the eigenvectors of the cycle graph are the standard, real
valued Fourier modes, namely cosine and sine functions at different discrete frequencies.

Theorem 17. The graph Laplacian of the cycle graph, Cn, has eigenvectors

xk(a) = cos(2πka/n) , 0 ≤ k ≤ n/2 ,

yk(a) = sin(2πka/n) , 1 ≤ k ≤ dn/2− 1e .

The eigenvectors xk and yk have eigenvalue

µk = 2− 2 cos(2πk/n) .

Proof. We prove, via direct calculation, the result for yk. A similar calculation works for xk,
which can be found in [1, Chapter 6.5]. We are going to use the following trig identity:

sin(α± β) = sinα cos β ± cosα sin β ,

which implies
sin(α− β) + sin(α + β) = 2 sinα cos β .
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Now we make the following calculation for each a ∈ V :

LCnyk(a) = 2yk(a)− yk(a− 1 mod n)− yk(a+ 1 mod n)

= 2 sin

(
2πka

n

)
− sin

(
2πk(a− 1)

n

)
− sin

(
2πk(a+ 1)

n

)
= 2 sin

(
2πka

n

)
− sin

(
2πka

n
− 2πk

n

)
− sin

(
2πka

n
+

2πk

n

)
= 2 sin

(
2πka

n

)
− 2 sin

(
2πka

n

)
cos

(
2πk

n

)
=

(
2− 2 cos

(
2πk

n

))
sin

(
2πka

n

)
= (2− 2 cos(2πk/n))yk(a) .

Remark 12. If we order the eigenvalues of LCn in increasing order, 0 = λ1 < λ2 ≤ λ3 ≤
· · · ≤ λn we have:

λ1 = 0 with ψ1(a) = x0(a) = 1(a)

λ2 = 2− 2 cos(2π/n) with ψ2(a) = x1(a) = cos(2πa/n)

λ3 = 2− 2 cos(2π/n) with ψ3(a) = y1(a) = sin(2πa/n) ,

and λ4 > λ3. Thus the eigenvector embedding of the cycle graph is

a 7→ (ψ2(a),ψ3(a)) = (cos(2πa/n), sin(2πa/n)) .

This is a really good embedding, as it gives evenly spaced samples on the unit circle! See
also Exercise 5 from Homework 02.

16 The path graph
Now that we have computed the eigenvalues and eigenvectors of the cycle graph, Cn, we are
in a good position to compute the eigenvalues and eigenvectors of the path graph, Pn.

Theorem 18. The graph Laplacian of the path graph, Pn, has eigenvalues

λk+1 = 2− 2 cos(πk/n) , 0 ≤ k < n ,

with eigenvectors

ψk+1(a) = cos

(
πka

n
− πk

2n

)
, 0 ≤ k < n .
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Proof. Notice the values λk+1 are the eigenvalues of C2n, the cycle graph on 2n vertices. This
is not an accident and we will use C2n to prove path graph result. The idea is to view Pn as
the quotient of C2n. In particular:

Pn = C2n/ ∼ ,

where ∼ identifies a ∈ V (C2n) with 2n + 1 − a ∈ V (C2n), yielding the vertex a ∈ V (Pn).
The edges (1, 2n), (n, n+1) ∈ E(C2n) are eliminated under this equivalence relation, and the
edges (a, a+ 1), (2n− a, 2n+ 1− a) ∈ E(C2n) are identified as the same edge for 1 ≤ a < n,
yielding the edge (a, a+ 1) ∈ E(Pn). See Figure 18 for a picture illustrating this equivalence
relation.

Figure 18: Illustration of the equivalence relation Pn = C2n/ ∼ for n = 4. Pairs of lines of
the same color identify two vertices of C2n with one vertex in Pn.

Now consider the function φk+1 : V (C2n)→ R defined as

φk+1(a) := cos

(
πka

n
− πk

2n

)
, 1 ≤ a ≤ 2n .

Notice that φk+1(a) = ψk+1(a) for 1 ≤ a ≤ n. In fact, though, φk+1 is well defined on Pn
under the equivalence relation ∼ (not just by restricting to 1 ≤ a ≤ n). In other words,

φk+1(a) = φk+1(2n+ 1− a) , ∀ 1 ≤ a ≤ n . (20)
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Indeed,

φk+1(2n+ 1− a) = cos

(
πk(2n+ 1− a)

n
− πk

2n

)
= cos

(
2πk +

πk

n
− πka

n
− πk

2n

)
= cos

(
−πka

n
+
πk

2n

)
= cos

(
πka

n
− πk

2n

)
= φk+1(a) .

Now we will use the trig identity

cos(α± β) = cos(α) cos(β)∓ sinα sin β ,

to write φk+1 in terms of the eigenvectors xk, yk of LC2n , which we computed in Theorem
17. We have

φk+1(a) = cos

(
2πka

2n
− πk

2n

)
= cos

(
2πka

2n

)
cos

(
πk

2n

)
+ sin

(
2πka

2n

)
sin

(
πk

2n

)
= cos

(
πk

2n

)
xk(a) + sin

(
πk

2n

)
yk(a) .

Thus φk+1 is a linear combination of xk and yk. Since xk and yk have the same eigenvalue
λk+1, this means that φk+1 is an eigenvector of LC2n with eigenvalue λk+1 as well, i.e.,

LC2nφk+1 = λk+1φk+1 . (21)

We can now show that ψk+1 is an eigenvector of LPn with eigenvalue λk+1. Using (20)
and (21), we make the following calculation:

∀ 1 < a < n , LPnψk+1(a) = 2ψk+1(a)−ψk+1(a− 1)−ψk+1(a+ 1)

=
1

2

(
2φk+1(a)− φk+1(a− 1)− φk+1(a+ 1) + . . .

. . .+ 2φk+1(2n+ 1− a)− φk+1(2n+ 1− (a− 1))− φk+1(2n+ 1− (a+ 1))
)

=
1

2

(
LC2nφk+1(a) +LC2nφk+1(2n+ 1− a)

)
=

1

2

(
λk+1φk+1(a) + λk+1φk+1(2n+ 1− a)

)
= λk+1ψk+1(a) .
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For a = 1 we have:

LPnψk+1(1) = ψk+1(1)−ψk+1(2) = 2ψk+1(1)−ψk+1(2)−ψk+1(1)

= 2φk+1(1)− φk+1(2)− φk+1(2n)

= LC2nφk+1(1) = λk+1φk+1(1) = λk+1ψk+1(1) .

A similar calculation works for a = n as well.

Remark 13. In Sections 12 and 14 we estimated the second eigenvalue of LPn as

6

(n− 1)(n+ 1)
≤ λ2(Pn) ≤ 12

n(n+ 1)
.

Theorem 18 proves this is a very good estimate. Indeed, recall they Taylor series of cos(u) is

cos(u) = 1− u2

2
+O(u4) .

Thus,

λ2(Pn) = 2(1− cos(π/n)) = 2

(
1− 1 +

1

2

π2

n2
+O(n−4)

)
=
π2

n2
+O(n−4) .

Remark 14. Recall in Figure 9 and Figure 10 we made the empirical observation that the
eigenvectors of the path graph on 10 vertices increase in frequency with increasing eigenvalue.
This theorem proves that observation was not an accident, and that it holds for any path
graph Pn. Indeed, since

ψk(a) = cos

(
π(k − 1)a

n
− π(k − 1)

2n

)
, 1 ≤ k ≤ n ,

we see the frequency of ψk is π(k− 1)/n, which increases as k increases. Using this formula
for ψk one can show that if there is no vertex a ∈ VPn for which ψk(a) = 0, then there are
exactly k − 1 edges (a, b) ∈ EPn for which ψk(a)ψk(b) < 0, which corresponds to when ψk
changes sign over an edge. In fact, we will be able to generalize this result to weighted path
graphs, and we will even be able to formulate an analogous result for general graphs. These
results will clarify what we mean by the frequency of an eigenvector of the graph Laplacian
for a general graph, and they will show that the frequency of these eigenvectors increases
with increasing eigenvalue. We will work towards this result over the next few lectures, along
the way covering items of independent interest as well.
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17 The adjacency matrix
Thus far in the course we have taken the point of view that the adjacency matrix is a
“spreadsheet” and that the matrix of real interest is the graph Laplacian, which can be viewed
as an operator and/or quadratic form. In this section we revisit the adjacency matrix and
show that it has some interesting properties as well.

Let G = (V,E,w) be a weighted graph and let M be its adjacency matrix. As an
operator, M acts as follows:

Mx(a) =
∑
b∈N(a)

w(a, b)x(b) ,

that is Mx(a) replaces x(a) with a weighted sum of the values of x(b) for b in the neigh-
borhood of a. This is actually a pretty natural thing to do in machine learning problems on
graphs, for example in node classification. Suppose you do not know x(a) but you do know
x(b) for all b ∈ N(a); a pretty good guess for x(a) then might be to take a weighted average
of the values of x(b) for b ∈ N(a), which is exactly what Mx(a) does.

We also remark that the quadratic form of M is:

xTMx =
∑
a∈V

∑
b∈N(a)

w(a, b)x(a)x(b) = 2
∑

(a,b)∈E

w(a, b)x(a)x(b) .

Since M is real valued and symmetric, as an operator, M has n eigenvalues and n
orthonormal eigenvectors,

Mφi = µiφi , 1 ≤ i ≤ n .

We will order the eigenvalues in decreasing order,

µ1 ≥ µ2 ≥ · · · ≥ µn .

In doing so, µi will correspond to λi, the ith eigenvalue of L, since have ordered them as
λ1 ≤ λ2 ≤ · · · ≤ λn. Indeed, consider the case of a d-regular graph. Then D = dI and so

L = D −M = dI −M .

In this case we have
λi = d− µi ,
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and we see, for example, that µ1 = d since λ1 = 0, and furthermore that φ1 = ψ1 = 1.
But this required G being d-regular, which most graphs are not. For a general graph

G = (V,E), let
dmax = dmax(G) = max

a∈V
deg(a) ,

and define
davg = davg(G) =

1

|V |
∑
a∈V

deg(a) .

For an arbitrary graph we can bound µ1 using these two quantities.

Theorem 19. Let G = (V,E) be a graph. Then

davg ≤ µ1 ≤ dmax .

Proof. From the Courant-Fischer Theorem (Theorem 3) we know that

µ1 = max
x∈Rn

x6=0

xTMx

xTx
.

Let us use the test vector x = 1. We have:

µ1 ≥
1TM1

1T1
=

∑
a∈V

∑
b∈N(a) 1(a)1(b)

n
=

1

n

∑
a∈V

deg(a) = davg .

To prove the upper bound, let φ1 be the eigenvector of M with eigenvalue µ1. Let a ∈ V
be the vertex at which φ1 takes its maximum value, so that

φ1(a) ≥ φ1(b) , b ∈ V .

We may assume that φ1(a) > 0; if not, replace φ1 with −φ1 if φ1 is strictly negative. We
have

µ1 =
Mφ1(a)

φ1(a)
=

∑
b∈N(a)φ1(b)

φ1(a)
=
∑
b∈N(a)

φ1(b)

φ1(a)
≤
∑
b∈N(a)

1 = deg(a) ≤ dmax . (22)

It turns out that if µ1 = dmax, then G must be dmax-regular. Here is the result.

Corollary 20. If G is connected and µ1 = dmax, then G is dmax-regular.

Proof. If µ1 = dmax then we must have equality in the inequalities in (22). Thus we must
have

deg(a) = dmax ,
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and
φ1(b) = φ1(a) , ∀ b ∈ N(a) .

Thus φ1 takes its maximum value at a and all b ∈ N(a). Now we can apply equation (22) to
each b ∈ N(a). Since µ1 = dmax, we again must have equality where there are inequalities,
which means deg(b) = dmax for all b ∈ N(a) and φ1(c) = φ1(b) for all c ∈ N(b) and all
b ∈ N(a). If we keep repeating the argument, since G is connected, we will conclude that
deg(v) = dmax for all v ∈ V .

18 Eigenvalue interlacing
We now state and prove some useful results regarding the eigenvalues of a real-valued, sym-
metric matrix and the eigenvalues of some of its sub-matrices. This will be immediately
useful for strengthening Theorem 19.

For a weighted graph G = (V,E,w) and subset S ⊂ V we define the subgraph induced by
S, written as G(S), to be:

G(S) := (S,E(S), w|E(S)) ,

E(S) := {(a, b) ∈ E : a, b ∈ S} . (23)

Relatedly, for a symmetric matrix A whose rows and columns are indexed by a vertex set
V , for S ⊂ V we write A(S) to be the symmetric sub-matrix obtained by keeping only the
rows and columns indexed by S. We remark that

MG(S) = MG(S) ,

but on the other hand, in general DG(S) 6= DG(S) and thus LG(S) 6= LG(S).

Theorem 21 (Cauchy’s Interlacing Theorem). Let A be an n × n real-valued, symmetric
matrix and let B be an (n−1)×(n−1) sub-matrix of A obtained by deleting the same row and
column of A. Let α1 ≥ α2 ≥ · · · ≥ αn be the eigenvalues of A and let β1 ≥ β2 ≥ · · · ≥ βn−1
be the eigenvalues of B. Then:

α1 ≥ β1 ≥ α2 ≥ β2 ≥ · · · ≥ αn−1 ≥ βn−1 ≥ αn .

Proof. Without loss of generality we may assume that B is obtained from A by removing
the first row and column of A. We will use the Courant-Fischer Theorem (Theorem 3) to
prove this theorem. Applying it to B we have:

βk = max
S⊆Rn−1

dim(S)=k

min
y∈S
y 6=0

yTBy

yTy
= max

S⊆Rn−1

dim(S)=k

min
y∈S
y 6=0

(
0
y

)T
A

(
0
y

)
yTy

. (24)
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Define S as the set of sets of the following form:

S = {S ⊆ Rn : dim(S) = k and every x ∈ S is of the form x = (0 y)T for some y ∈ Rn−1} .

The right hand side of (24) can then be written as

(24) = max
S∈S

min
x∈S
x6=0

xTAx

xTx
≤ max

S⊆Rn

dim(S)=k

min
x∈S
x6=0

xTAx

xTx
= αk .

A similar proof works to prove that βk ≥ αk+1. Indeed, applying the other version of the
Courant-Fischer Theorem we have

βk = min
T⊆Rn−1

dim(T )=n−1−k+1

max
y∈T
y 6=0

yTBy

yTy

= min
T⊆Rn−1

dim(T )=n−k

max
y∈T
y 6=0

(
0
y

)T
A

(
0
y

)
yTy

≥ min
T⊆Rn

dim(T )=n−k

max
x∈T
x6=0

xTAx

xTx
= αk+1 .

Using Theorem 21 we have the following corollary.

Corollary 22. Let G = (V,E,w) and let S ⊆ V with |S| = n− k. Then

µi(G) ≥ µi(G(S)) , 1 ≤ i ≤ n− k .

Proof. We will do a proof by induction. For the base cases we will take k = 0, 1. When k = 0
we have S = V and the result is obvious. When k = 1 then S = n− 1 so MG(S) = MG(S)
removes the same row and column fromMG. Therefore we can apply the Cauchy Interlacing
Theorem (Theorem 21) and the result follows.

For the inductive step, assume the result is true for 0 ≤ k ≤ ` and let us prove it for
k = `+ 1. Let S ⊂ V be any subset with |S| = n− (`+ 1). For any such subset, there exists
a subset S̃ such that S ⊂ S̃ and |S̃| = n− `. Thus by the inductive hypothesis

µi(G) ≥ µi(G(S̃)) .

On the other hand, we also have

MG(S) = MG(S̃)(S) ,

and S only removes one row/column from S̃, so we can apply the Cauchy Interlacing Theorem
to conclude that

µi(G) ≥ µi(G(S̃)) ≥ µi(G(S)) .
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Now we can use these results to improve our estimate of µ1.

Theorem 23. Let G = (V,E) be a graph. Then,

µ1(G) ≥ davg(G(S)) , ∀S ⊆ V .

Proof. By Corollary 22 we know that

µ1(G) ≥ µ1(G(S)) .

By Theorem 19 we have:
µ1(G(S)) ≥ davg(G(S)) .

19 Perron-Frobenius Theory for symmetric matrices
We will next prove the Perron-Frobenius Theorem for the adjacency matrix of a weighted,
connected graph G. It will state, among other things, that even though φ1 does not have to
be the constant vector, it does have to be strictly positive. Let us first make the following
remark on µn, the smallest eigenvalue of M .

Remark 15. The eigenvalue µn must be negative so long as G has at least one edge. Indeed,
by Theorem 19, we know that µ1 ≥ davg. We also know, from Exercise 2 of Homework 2,
that

0 = Tr(M ) =
n∑
i=1

µn .

Theorem 24 (Perron-Frobenius Theorem). Let G = (V,E,w) be a connected graph, let M
be the adjacency matrix of G, and let µ1 ≥ µ2 ≥ · · · ≥ µn be the eigenvalues of M . Then

1. One can take φ1(a) > 0 for all a ∈ V

2. µ1 ≥ −µn

3. µ1 > µ2

To prove Theorem 24 we will need two other results. The first one deals with maximiz-
ing and minimizing the Rayleigh quotient. We know from the Courant-Fischer Theorem
(Theorem 3) that the maximum is the largest eigenvalue and the minimum is the smallest
eigenvalue, and that one way to achieve these values is by evaluating the Rayleigh quotient
at the corresponding eigenvector. It turns out this is the only way to achieve these values.
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Theorem 25. Let A be a real-valued, symmetric matrix and let µ1 be the largest eigenvalue
of A. If

µ1 =
xTAx

xTx
,

for some x ∈ Rn, then Ax = µ1x. The same result holds for µn, the minimum eigenvalue
of A.

Proof. By the Courant-Fischer Theorem (Theorem 3) we know that

µ1 = max
y∈Rn

y 6=0

R(y) = max
y∈Rn

y 6=0

yTAy

yTy
,

where R(y) is the Rayleigh quotient of y. Since R(x) is the maximum of R : Rn → R, we
know that

∇R(x) = 0 .

Thus let us compute the gradient of R. We first note that

yTy =
∑
b∈V

y(b)2 ,

and so
∂

∂y(a)
yTy =

∂

∂y(a)

∑
b∈V

y(b)2 = 2y(a) .

Thus
∇(yTy) = 2y .

Similarly,
∇(yTAy) = 2Ay .

Therefore,

∇R(y) =
(yTy)(2Ay)− (yTAy)(2y)

(yTy)2
.

Thus ∇R(x) = 0 implies that

(xTx)Ax = (xTAx)x =⇒ Ax =
xTAx

xTx
x = µ1x .

The proof for µn is similar.
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Exercise 2. Recall the barbell graph Bm,n depicted in Figure 19.

Figure 19: The barbell graph, Bm,n.

For Exercise 2 of Homework 3 (finding an upper bound for λ2(Bm,n)), we can first do
some numerical investigation. Let us implement a function to return the adjacency matrix
of the barbell graph Bm,n so that we can compute its second eigenvector. Here in Figure 20
is a plot of ψ2 for LB4,6 .

Figure 20: Plot of the ψ2 of B4,6, with the path vertices in the middle, one complete graph
on the left, and one complete graph on the right.

We see that ψ2 is nearly constant on each Kn, with the exception of the vertices shared
by Pm. We also see that ψ2 is nearly linear on Pm. Therefore we propose to use a test vector
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x that is constant on each Kn and on Pm is the same test vector we used when analyzing
the path graph. If we let the first m vertices of Bm,n be those vertices on the path graph,
then we have

x(a) :=


m− 1 a ∈ Kn (for the Kn that includes a = 1)
(m+ 1)− 2a a ∈ Pm
−(m− 1) a ∈ Kn for the Kn that includes a = m)

.

See Figure 21 for a comparison between ψ2 and x; one can see they are in good agreement.

Figure 21: The test vector x, in orange, for the barbell graph B4,6, with ψ2 (rescaled) in
blue for comparison.

Now we can get an upper bound on λ2(Bm,n) using x and computing:

λ2(Bm,n) ≤
xTLBm,nx

xTx
.

Computing the right hand side of the above gives the desired upper bound.

Exercise 3. The lower bound follows from this more general result. Let G = (V,E) be a
connected graph. For any a, b ∈ V , let Pa,b(G) be a shortest path from a to b in G. Define
len(Pa,b(G)), the length of Pa,b(G), to be the number of edges on Pa,b(G). Define the diameter
of G as:

diam(G) := max{len(Pa,b(G)) : a, b ∈ V } .
One can then show

λ2(G) ≥ 2

(n− 1)diam(G)
.

Here is the proof.

Proof. Let a, b ∈ V . Using the path inequality (Theorem 16), as well as Theorem 14, we
have:

Ga,b 4 len(Pa,b(G))Pa,b(G) 4 diam(G)Pa,b(G) 4 diam(G)G .
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Now summing over all 1 ≤ a < b ≤ n, we obtain:

Kn =
∑

1≤a<b≤n

Ga,b
n(n− 1)

2
diam(G)G .

Applying Theorem 15, we have:

n = λ2(Kn) ≤ n(n− 1)

2
diam(G)λ2(G) =⇒ λ2(G) ≥ 2

(n− 1)diam(G)
.
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Our goal in this lecture is to prove Perron-Frobenius Theorem, which we stated in the
last lecture for the adjacency matrix M of a graph G, but which in fact has a more general
statement for symmetric, non-negative matrices. We will provide the more general statement
shortly.

First, let A be an n× n symmetric matrix with non-negative entries. Define diag(A) as
the n × n matrix with the diagonal of A on its diagonal, and zeroes elsewhere. Note that
we can decompose A as:

A = diag(A) +M ,

where M is an n× n, symmetric matrix with zeros down its diagonal. We use the notation
M because, indeed, M defines an adjacency matrix of a weighted graph G(A) = (V,E,w)
with vertices V = {1, . . . , n}, edges

E = {(a, b) ∈ V × V : M (a, b) > 0} ,

and weights w(a, b) = M (a, b). We refer to G(A) as the graph induced by A. We are now
ready to state the more general version of the Perron-Frobenius Theorem.

Theorem 26 (Perron-Frobenius Theorem, more general version). Let A be an n× n sym-
metric matrix with non-negative entries, with eigenvalues µ1 ≥ µ2 ≥ · · · ≥ µn, and with
corresponding orthonormal eigenvectors φ1,φ2, . . . ,φn. If the graph G(A) induced by A is
connected, then

1. One can take φ1(a) > 0 for all a ∈ V

2. µ1 ≥ |µn|

3. µ1 > µ2

As mentioned last time, we will need two results to prove Theorem 24. The first of these
was the following theorem.

Theorem 25. Let A be a real-valued, symmetric matrix and let µ1 be the largest eigenvalue
of A. If

µ1 =
xTAx

xTx
,

for some x ∈ Rn, then Ax = µ1x. The same result holds for µn, the minimum eigenvalue
of A.
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We proved Theorem 25 in the last lecture. The second result we will need is the following
lemma.

Lemma 27. Let A be an n × n symmetric matrix with non-negative entries such that the
graph G(A) induced by A is connected. Let φ be an eigenvector of A such that φ(a) ≥ 0
for all a ∈ V . Then φ(a) > 0 for all a ∈ V .

Proof. Suppose φ is not strictly positive. Then there exists some vertex a ∈ V for which
φ(a) = 0. Since G = G(A) = (V,E,w) is connected, there must also be a vertex b ∈ V
(possibly with b = a) such that φ(b) = 0 and for some c ∈ N(b), φ(c) > 0. Let µ be the
eigenvalue of φ. Then:

0 = µφ(b) = Aφ(b) = A(b, b)φ(b) +
∑
v∈N(b)

A(b, v)φ(v) ≥ A(b, c)φ(c) > 0 ,

since (b, c) ∈ E implies that A(b, c) > 0. However, this is a contradiction.

Now we can prove the Perron-Frobenius Theorem.

Proof of Theorem 24. Let G = G(A) = (V,E,w) be the graph induced by A.
First part: Let φ1 be an eigenvector of A with eigenvalue µ1 and with unit norm, ‖φ1‖ =

1. Set
y(a) := |φ1(a)| , a ∈ V .

Notice that ‖y‖ = ‖φ1‖ = 1 as well, so for both vectors their Rayleigh quotient has denom-
inator equal to one. We have:

µ1 = φT1Aφ1 =
∑
a∈V

A(a, a)φ1(a)2 + 2
∑

(a,b)∈E

A(a, b)φ1(a)φ1(b)

≤
∑
a∈V

A(a, a)|φ1(a)|2 + 2
∑

(a,b)∈E

A(a, b)|φ1(a)||φ1(b)|

=
∑
a∈V

A(a, a)y(a)2 + 2
∑

(a,b)∈E

A(a, b)y(a)y(b)

= yTAy .

But by the Courant-Fischer Theorem (Theorem 3),

µ1 = max
x∈Rn

x6=0

xTAx

xTx
,

which means that we must have µ1 = yTAy. But then, by Theorem 25, y must be an
eigenvector of A. Finally, applying Lemma 27, we see that y be must be strictly positive.

Second part: Let φn be an eigenvector of A with eigenvalue µn and with unit norm,
‖φn‖ = 1. Similarly to the first part, set

y(a) := |φn(a)| , a ∈ V .
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We have:

|µn| = |φTnAφn| =

∣∣∣∣∣∣
∑
a∈V

A(a, a)φn(a)2 + 2
∑

(a,b)∈E

A(a, b)φn(a)φn(b)

∣∣∣∣∣∣
≤
∑
a∈V

A(a, a)|φn(a)|2 + 2
∑

(a,b)∈E

A(a, b)|φn(a)||φn(b)|

=
∑
a∈V

A(a, a)y(a)2 + 2
∑

(a,b)∈E

A(a, b)y(a)y(b)

= yTAy

≤ µ1 .

Third part: Take φ1 to be the normalized eigenvector of A with eigenvalue µ1 that is
strictly positive (using part 1). Let φ2 be an eigenvector of A with eigenvalue µ2, unit norm,
‖φ2‖ = 1, and that is orthogonal to φ1. Following the same method as the previous two
parts, set

y(a) := |φ2(a)| , a ∈ V .

We have that

µ2 = φT2Aφ2 =
∑
a∈V

A(a, a)φ2(a)2 + 2
∑

(a,b)∈E

A(a, b)φ2(a)φ2(b)

≤
∑
a∈V

A(a, a)|φ2(a)|2 + 2
∑

(a,b)∈E

A(a, b)|φ2(a)||φ2(b)|

=
∑
a∈V

A(a, a)y(a)2 + 2
∑

(a,b)∈E

A(a, b)y(a)y(b)

= yTAy

≤ µ1 .

Of course we already knew µ1 ≥ µ2, but the important parts of the above calculation are the
steps in between. Now suppose that µ1 = µ2. Then, by the above calculation, yTAy = µ1.
Thus, by Theorem 25, y must be an eigenvector of A with eigenvalue µ1. Since y is a non-
negative eigenvector of A, we can apply Lemma 27 to conclude that y is strictly positive,
which in turn implies that φ2(a) 6= 0 for all a ∈ V .

Now, since 〈φ1,φ2〉 = 0 and φ1(a) > 0 for all a ∈ V , it must be that φ2 has some positive
entries and some negative entries. Since G is connected and since φ2(a) 6= 0 for all a ∈ V ,
it must be that there exists an (u, v) ∈ E such that

φ2(u) < 0 < φ2(v) .
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But if that is the case, then

µ2 =
∑
a∈V

A(a, a)φ2(a)2 + 2
∑

(a,b)∈E
(a,b)6=(u,v)

A(a, b)φ2(a)φ2(b) + 2A(u, v)φ2(u)φ2(v)︸ ︷︷ ︸
<0

<
∑
a∈V

A(a, a)|φ2(a)|2 + 2
∑

(a,b)∈E

A(a, b)|φ2(a)||φ2(b)| = µ1 .

Thus µ2 < µ1, which contradicts the assumption that µ2 = µ1; we thus conclude that indeed
µ2 < µ1.

Remark 16. Let µ1 ≥ µ2 ≥ · · · ≥ µn be the eigenvalues of the adjacency matrix, M , of
a graph G = (V,E). One can show if G is connected, then µ1 = −µn if and only if G is
bipartite. The details can be found in [1, Chapter 4]

We can extend the Perron-Frobenius Theorem to the graph Laplacian (this was already
clear) and graph Laplacian like matrices. Here is the result.

Corollary 28. Let L̃ be a symmetric, n × n matrix with non-positive off-diagonal entries,
so that

L̃ = diag(L̃)−M ,

where M is a symmetric, real-valued matrix with non-negative entries and zeroes down its
diagonal. Suppose the graph G induced byM is connected. Let λ̃1 be the smallest eigenvalue
of L̃ with eigenvector ψ̃1. Then ψ̃1 may be taken to be strictly positive, and λ̃1 has multiplicity
one.

Proof. Set
A = σI − L̃ = (σI − diag(L̃)) +M .

If we set σ such that
σ ≥ max

a∈V
L̃(a, a) ,

then the matrix A will be a symmetric matrix with non-negative entries such that the
graph G(A) is connected. We may therefore apply the Perron-Frobenius Theorem (the
general version, Theorem 26) to the matrix A, and conclude that its largest eigenvalue,
µ1, has multiplicity one, and the eigenvector associated to µ1, φ1, may be taken to be
strictly positive. But any eigenvector φ of A is an eigenvector of L̃, and if Aφ = µφ then
L̃φ = (σ − µ)φ, i.e., λ̃ = σ − µ is the corresponding eigenvalue of L̃. Thus λ̃1 = σ − µ1 has
multiplicity one.
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20 The weighted path graph
In Theorem 18 we proved that the eigenvectors of the path graph, Pn, have the formula

ψk(a) = cos

(
π(k − 1)a

n
− π(k − 1)

2n

)
.

As such, one can show that ψk changes sign exactly k − 1 times. We also observed this
phenomenon, empirically, in Figures 9 and 10.

In fact, this result holds for weighted path graphs too! In Figure 22 we plot the 2nd,
3rd, and 4th eigenvectors of a weighted path graph with random weights and with n = 10
vertices; Figure 23 plots the 8th, 9th, and 10th eigenvectors of the same weighted path graph.
We can see they are “deformed” versions of the unweighted path graph, but nevertheless,
they change sign the same number of times.

Figure 22: The 2nd, 3rd, and 4th eigenvectors of a weighted path graph on n = 10 vertices.

Let us now work towards proving this result. We will begin with a simple result, which
will help motivate the one that comes next.

Theorem 29. If A is an n × n positive semi-definite matrix, then so is BABT for every
n× n matrix B.

Proof. For any x ∈ Rn, we have

xTBABTx = (BTx)A(BTx) ≥ 0 ,

since A is positive semi-definite.
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Figure 23: The 8th, 9th, and 10th eigenvectors of a weighted path graph on n = 10 vertices.

Now we will generalize this result.

Theorem 30 (Sylvester’s Law of Inertia). Let A be a real-valued, symmetric matrix and B
be an invertible matrix. Then the matrix BABT has the same number of positive, negative,
and zero eigenvalues as A.

Proof. We first note that A and BABT have the same rank (remember, B is invertible),
and so they have the same number of zero eigenvalues.

Let us prove that A has at least as many positive eigenvalues as BABT . To that end, let
γ1 ≥ γ2 ≥ · · · ≥ γk > 0 be the positive eigenvalues of BABT with eigenvectors y1, . . . ,yk.
Let Yk be the span of these eigenvectors,

Yk := span{y1, . . . ,yk} .

Now define Sk as
Sk := span{BTy1, . . . ,B

Tyk} .
Since B is invertible, dim(Sk) = k. Let α1 ≥ α2 ≥ · · · ≥ αn be the eigenvalues of A. Using
the Courant-Fischer Theorem (Thoerem 3) and Lemma 4, we have

αk = max
S⊆Rn

dim(S)=k

min
x∈S
x6=0

xTAx

xTx
≥ min

x∈Sk
x6=0

xTAx

xTx
= min

y∈Yk
y 6=0

yTBABTy

yTBBTy
= min

y∈Yk
y 6=0

∑k
i=1 γi|〈y,yi〉|2

‖BTy‖2
> 0 .

Thus A has at least k positive eigenvalues. Similarly, one can prove that A has at least as
many negative eigenvalues as BABT . The proof is therefore complete.

Remark 17. In your homework you were asked to prove that BAB−1 has the same eigen-
values as A. In the above, the matrix BABT is not similar to A, rather it is congruent;
that is, we have applied a change of basis to A.

Before we can prove that the kth eigenvector of a weighted path graph will change sign
k − 1 times, we need one more lemma. In the following lemma we will consider weighted
path graphs with negative edge weights, and their corresponding graph Laplacian matrices.
While this may seem strange, we will see its usefulness shortly.
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Lemma 31. Let G = (V,E,w) be a weighted path graph that can have negative (but not
zero) weights w(a− 1, a) (2 ≤ a ≤ n), and let L be the graph Laplacian of G:

L =
n∑
a=2

w(a− 1, a)LGa−1,a . (25)

Then L has one zero eigenvalue, the number of negative eigenvalues of L equals the number
of negative edge weights, and the number of positive eigenvalues of L equals the number of
positive edge weights.

Proof. Recall,

xTLx =
n∑
a=2

w(a− 1, a)(x(a)− x(a− 1))2 .

We will make a change of variables to diagonalize L. To that end, for any x ∈ Rn define
y ∈ Rn as

y(a) =

{
x(1) a = 1
x(a)− x(a− 1) 2 ≤ a ≤ n

.

Clearly we have

x(a) =
a∑
b=1

y(b) .

Therefore, if we set B to be the lower triangular matrix with all ones on the diagonal and
all ones in the lower triangle, i.e.,

B =


1 0 0 · · · 0
1 1 0 · · · 0
1 1 1 · · · 0
...

...
... . . . ...

1 1 1 · · · 1


then

x = By .

Clearly B has full rank, and so, by Sylvester’s Law of Inertia (Theorem 30), we know that
BTLB has the same number of positive, negative, and zero eigenvalues as L. Furthermore,
since y(a) = x(a)− x(a− 1) for 2 ≤ a ≤ n and x = By,

yTBTLBy =
n∑
a=2

w(a− 1, a)y(a)2 .

We see that the quadratic form ofBTLB has no cross terms. Therefore,BTLB is a diagonal
matrix and

BTLB(a, a) =

{
0 a = 1
w(a− 1, a) 2 ≤ a ≤ n

.
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Thus BTLB has one zero eigenvalue and the weights of the path graph are its other eigen-
values. Since BTLB has the same number of zero, negative, and positive eigenvalues as L,
the result follows immediately.

Now we are at last ready to state our result on the weighted path graph.

Theorem 32. Let G = (V,E,w) be a weighted path graph on n vertices. Let L be its graph
Laplacian with eigenvalues 0 = λ1 < λ2 < · · · < λn, and let ψk be the kth eigenvector
of L with eigenvalue λk. If ψk(a) 6= 0 for all a ∈ V , then there are exactly k − 1 edges
(a− 1, a) ∈ E for which ψk(a− 1)ψk(a) < 0.

Proof. Let Ψk denote the diagonal n × n matrix with ψk on its diagonal. Consider the
matrix:

A = Ψk(L− λkI)Ψk .

The matrix L−λkI has one zero eigenvalue and k−1 negative eigenvalues. Since ψk(a) 6= 0
for all a ∈ V , the matrix Ψk is invertible; note also, ΨT

k = Ψk. Thus, by Sylvester’s Law of
Inertia (Theorem 30), we know thatA has one zero eigenvalue and k−1 negative eigenvalues
as well.

I now claim that

A =
n∑
a=2

w(a− 1, a)ψk(a− 1)ψk(a)LGa−1,a . (26)

If (26) is true, we are nearly finished. Indeed, compare (26) with (25). We see that A is the
graph Laplacian of a second weighted path graph with weights w(a − 1, a)ψk(a − 1)ψk(a)
over the edges in the path. Since A has k − 1 negative eigenvalues, Lemma 31 says this
second weighted path graph must have k − 1 negative edge weights. Since w(a − 1, a) > 0,
it must be that ψk(a − 1)ψk(a) < 0 over k − 1 edges (a − 1, a) ∈ E. That completes the
proof, aside from verifying (26), which we will do in the next lecture.
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In the last lecture we partially proved the following result.

Theorem 32. Let G = (V,E,w) be a weighted path graph on n vertices. Let L be its graph
Laplacian with eigenvalues 0 = λ1 < λ2 < · · · < λn, and let ψk be the kth eigenvector
of L with eigenvalue λk. If ψk(a) 6= 0 for all a ∈ V , then there are exactly k − 1 edges
(a− 1, a) ∈ E for which ψk(a− 1)ψk(a) < 0.

We now want to complete the proof. Recall we defined the matrix A as

A := Ψk(L− λkI)Ψk ,

where Ψk is the n× n matrix with ψk down its diagonal and zeros elsewhere. To complete
the proof of Theorem 32, we need to show that

A =
n∑
a=2

w(a− 1, a)ψk(a− 1)ψk(a)LGa−1,a ,

which was labeled as equation (26) in the previous lecture. Let us do that now.

Proof of equation (26). We will prove the alternate formula for A in two steps. First, we
will show (26) holds for the off diagonal entries; then, we will show it holds for the diagonal
entries. For the off diagonal entries we first note that

A = Ψk(L− λkI)Ψk = ΨkLΨk − λkΨ2
k .

Since Ψk is a diagonal matrix, the off diagonal entries of A are contained solely in ΨkLΨk.
So, we will compute the entries of this matrix. First we compute:

ΨkL(u, v) =
∑
c∈V

Ψk(u, c)L(c, v) = Ψk(u, u)L(u, v) = ψk(u)L(u, v) .

Then we have:

ΨkLΨk(u, v) =
∑
c∈V

ΨkL(u, c)Ψk(c, v) = ΨkL(u, v)Ψk(v, v) = ψk(u)ψk(v)L(u, v) .

Therefore, since L(u, v) = −w(u, v) for (u, v) ∈ E and L(u, v) = 0 for (u, v) /∈ E, we have,

A(u, v) = ΨkLΨk(u, v) =

{
−w(u, v)ψk(u)ψk(v) (u, v) ∈ E
0 (u, v) /∈ E .
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On the other hand, for u 6= v,

LGa,b
(u, v) =

{
−1 (a, b) = (u, v)

0 (a, b) 6= (u, v)
,

and thus for u 6= v,∑
(a,b)∈E

w(a, b)ψk(a)ψk(b)LGa,b
(u, v) =

{
−w(u, v)ψk(u)ψk(v) (u, v) ∈ E
0 (u, v) /∈ E

= A(u, v) .

For the diagonal entries, we will show the row sums of A are the same as the row sums of
the right hand side of (26). Since we know the off diagonal entries are the same, this will
show the diagonal entries are the same too. We compute the row sums of A via:

A1 = Ψk(L− λkI)Ψk1 = Ψk(L− λkI)ψk = Ψk(Lψk − λkψk) = Ψk(λkψk − λkψk) = 0 .

On the other hand, LGa,b
1 = 0 for all (a, b) ∈ E, so the row sums of the right hand side of

(26) are zeros too. The proof is complete.

Remark 18. In Theorem 32, we assumed λk has multiplicity one for each 1 ≤ k ≤ n, but
in fact one can prove this must be true, and thus this assumption can be removed.

Remark 19. We also assume that ψk(a) 6= 0 for all a ∈ V in Theorem 32. We can also
relax this assumption and show that the eigenvector changes sign k− 1 times over the path.

21 Nodal domains
We are now going to prove Fiedler’s Nodal Domain Theorem, which will generalize the result
on the weighted path graph to any connected, weighted graph! In doing so, our analysis and
interpretation of what the “frequency” of an eigenvector means will be complete.

Let G = (V,E,w) be a weighted, connected graph, and let us first define a nodal domain.
For S ⊆ V , recall thatG(S) is the subgraph induced by S; see equation (23) for the definition.
For each eigenvector ψk of the graph Laplacian of G, 1 ≤ k ≤ n, define the set Wk ⊆ S as

Wk := {a ∈ V : ψk(a) ≥ 0} .

The subgraph induced by Wk, G(Wk), is the kth nodal domain for the graph G. Note, it
will depend on the choice of ψk, but we will be able to say something about the number of
connected components of G(Wk) irrespective the choice of ψk.

To gain some intuition, let us go back to the weighted path graph. We know its eigenvector
ψk will change sign exactly k − 1 times. Thus ψ2 will change sign once, and G(W2) will
have one connected component. ψ3 will change sign twice, and depending on the sign of ψ3,
G(W3) will have ether one or two connected components. Similarly, G(W4) will have two
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connected components, and G(W5) will have two or three connected components. In other
words, the number of connected components of G(Wk) for the path graph will increase with
the eigenvalue index. One may also wish to look back at Figures 9, 10, 22, and 23.

We see from the path graph example that measuring the number of connected components
is a good proxy for the frequency of the eigenvector. Indeed, the more connected components
G(Wk) has, the more ψk must change its sign over the edges of G. For general weighted
graphs, we will take the number of connected components of G(Wk) as our measure of the
frequency of ψk. Fiedler’s Nodal Domain Theorem will show that the number of these
connected components, and hence the frequency of ψk, is upper bounded by the index of
the eigenvector. Its proof will leverage two of our previous big results, namely the Cauchy
Eigenvalue Interlacing Theorem (Theorem 21) and the Perron-Frobenius Theorem (Theorem
26 and Corollary 28).

Theorem 33 (Fiedler’s Nodal Domain Theorem). Let G = (V,E,w) be a connected graph.
Then for k ≥ 2, G(Wk) has at most k − 1 connected components.

Proof. Since ψ1 = 1 and 〈ψ1,ψk〉 = 0 for all k ≥ 2, we know that ψk must have positive
and negative entries and Wk 6= ∅.

Suppose that G(Wk) has t connected components. Let us order the vertices of G so
that the vertices in one connected component of G(Wk) come first, the vertices in another
connected component of G(Wk) come second, and so on so forth, and the vertices a ∈ V for
which ψk(a) < 0 come last. Then the graph Laplacian of G can be written as:

L =



B1 0 0 · · · 0 C1

0 B2 0 · · · 0 C2

0 0 B3 · · · 0 C3
...

...
... . . . ...

...
0 0 0 · · · Bt Ct

CT
1 CT

2 CT
3 · · · CT

t A


,

where:

• Bi encodes the vertices and edges in the ith connected component of G(Wk). Note
that each Bi is symmetric with non-positive entries on the off-diagonal, and hence the
Perron-Frobenius Theorem (specifically Corollary 28) applies to each one.

• Ci encodes the edges between the vertices of the ith connected component of of G(Wk)
and those vertices a ∈ V for which ψk(a) < 0. Note that every entry of Ci is non-
positive and at least one entry of Ci must be non-zero (thus negative) since otherwise
G would not be connected.

• A encodes the edges between the vertices a ∈ V for which ψk(a) < 0.
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We can also decompose ψk using the same blocks of vertices:

ψk =



x1

x2

x3
...
xt
y


,

where

• xi is a vector of length the number of vertices in the ith connected component of G(Wk),
and the entries of xi are non-negative.

• y is a vector of length the number of vertices a ∈ V for which ψk(a) < 0, and every
entry of y is negative.

We will now show that the smallest eigenvalue of each Bi is strictly less than λk, the
eigenvalue of ψk. First note that we have:

B1 0 0 · · · 0 C1

0 B2 0 · · · 0 C2

0 0 B3 · · · 0 C3
...

...
... . . . ...

...
0 0 0 · · · Bt Ct

CT
1 CT

2 CT
3 · · · CT

t A





x1

x2

x3
...
xt
y


=



B1x1 +C1y
B2x2 +C2y
B3x3 +C3y

...
Btxt +Cty∑t
i=1C

T
i xi +Ay


= λk



x1

x2

x3
...
xt
y


,

and in particular,
Bixi +Ciy = λkxi , 1 ≤ i ≤ t . (27)

Now, every entry of Ci is non-positive, at least one entry of Ci is negative, and every entry
of y is negative; therefore, every entry of Ciy is non-negative and at least one entry of Ciy
is positive. It follows that xi 6= 0, since if this were the case we would have Ciy = 0, which
contradicts the fact that at least one entry of Ciy is positive.

Furthermore, using the fact that every entry of xi is non-negative, plus our conclusions
regarding Ciy, as well as (27), we have

λkxi(a)−Ciy(a) ≤ λkxi(a) =⇒ Bixi(a) ≤ λkxi(a) , ∀ a .

We deduce that
xTi Bixi ≤ λkx

T
i xi . (28)

Now, by the Courant-Fischer Theorem (Theorem 3) and (28), we know that

λ1(Bi) = min
x6=0

xTBix

xTx
≤ x

T
i Bixi
xTi xi

≤ λk .

We have two cases:
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1. Suppose xi has at least one zero entry and xTi Bixi = λkx
T
i xi (if it is a strict inequality

we done). Applying the Perron-Frobenius Theorem (Corollary 28), though, we con-
clude that λk cannot be λ1(Bi) since the eigenvector associated to λ1(Bi) cannot have
any zero entries. Thus λ1(Bi) < λk.

2. Suppose xi has all positive entries. Since Ciy is non-negative with at least one positive
entry, we have that xTi Ciy > 0. Therefore, using (27),

xTi Bixi = λkx
T
i xi − xTi Ciy < λkx

T
i xi ,

and thus λ1(Bi) < λk.

We have proved that
λ1(Bi) < λk , 1 ≤ i ≤ t .

It follows that the matrix

B =


B1 0 · · · 0
0 B2 · · · 0
...

... . . . ...
0 0 · · · Bt

 ,

has at least t eigenvalues less than λk. We now want to apply the Cauchy Interlacing Theorem
to L and the sub-matrix B. However, B is not a principal sub-matrix of L so we need to
verify that we can.

First, let Ã be an n× n matrix and let B̃ be an (n− 1)× (n− 1) principal sub-matrix
of Ã. This time, let us order the eigenvalues of Ã and B̃ in increasing order:

λ1(Ã) ≤ λ2(Ã) ≤ · · · ≤ λn(Ã) and λ1(B̃) ≤ λ2(B̃) ≤ · · · ≤ λn−1(B̃) .

Applying the Cauchy Interlacing Theorem (Theorem 21), we know that

λ1(Ã) ≤ λ1(B̃) ≤ λ2(Ã) ≤ λ2(B̃) ≤ · · · ≤ λn−1(Ã) ≤ λn−1(B̃) ≤ λn(Ã) .

In fact, even if B̃ is an (n − `) × (n − `) sub-matrix of Ã obtained by removing the same
rows and columns from Ã, we can prove that

λi(Ã) ≤ λi(B̃) , 1 ≤ i ≤ n− ` . (29)

The proof is nearly identical to the proof of Corollary 22, and in particular uses the Cauchy
Interlacing Theorem.

Let us apply (29) with Ã = L and B̃ = B. We conclude that

λi(L) ≤ λi(B) < λk(L) , 1 ≤ i ≤ t .

Since it is only possible for λi(L) < λk(L) for 1 ≤ i ≤ k− 1, we conclude that t ≤ k− 1.

Remark 20. The theorem is sharp. Indeed, consider the star graph S5 = (V,E) on five
vertices such that V = {1, . . . , 5} with a = 1 being the hub vertex. One can verify that
ψ defined as ψ(1) = 0, ψ(2) = ψ(3) = ψ(4) = 1, and ψ(5) = −3 is an eigenvector with
eigenvalue λ2 = 1 (use Lemma 10). On the other hand, if we consider the set {a ∈ V :
ψ(a) > 0}, we get three connected components.
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22 Graph signal processing
The main reference for this section is [3].

Now that we have completed our understanding of eigenvector frequency, we can take a
small tangent and discuss graph signal processing. In graph signal processing, one is given a
graph G = (V,E,w) and a signal x : V → R. The goal is to extract information from the
signal x with respect to the graph G on which it is defined. Unlike our work thus far, in
which our sole goal was to extract information about the graph G, and the use of signal x,
such as test vectors, was a means to that end, here the signal x is the object of interest.

Here are some examples of this setting:

• The vertices of the graph consist of words and one places edges between words that
have similar meaning and which are used together. We can represent a text document
as a signal x on this graph by assigning x(a) (remember a ∈ V is a word) to be the
number of times the word appears in the document. By extracting information from
the signal x, we extract information about the document it represents.

• The graph represents a discrete sampling of the earth (so a discrete sampling of the
sphere in which we connect nearby samples with edges) or some other graph repre-
sentation of a geographic region, such as the Minnesota graph. The signal x could
represent a phenomenon over the region, such as weather patterns, or the spread of
a disease (such as COVID-19). Different signals could represent different time snap
shots of the weather or disease spread, respectively.

• Gene-gene interaction network in which nodes are genes and edges are placed between
genes with a physical and/or functional relationship. A signal x : V → R could
correspond to single cell sequencing of the genes for a particular individual. We could
have multiple signals, some from healthy individuals, and some from individuals with
a particular disease.

22.1 The graph Fourier transform

In classical signal processing one often analyzes a signal through its Fourier transform, which
measures the frequencies present in the signal. Suppose we have a signal f : R→ R, such as
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a time series. We measure the frequencies of f by computing its Fourier transform. Define
eω : R→ C as

eω(t) := eiωt = cos(ωt) + i sin(ωt) , ω ∈ R, t ∈ R ,

and define the Fourier transform of f , denote by f̂ : R→ C, as

f̂(ω) := 〈f, eω〉 =

∫ +∞

−∞
f(t)e−iωt dt . (30)

If

‖f‖1 :=

∫ +∞

−∞
|f(t)| dt <∞ ,

then (30) is finite for all ω ∈ R and the Fourier transform is well defined. If ‖f̂‖1 < ∞ as
well, then one can show that f̂ determines f and we have the following Fourier inversion
result:

f(t) =

∫ +∞

−∞
f̂(ω)eiωt dω =

∫ +∞

−∞
〈f, eω〉eω(t) dω . (31)

The second way of writing (31) is meant to recall an orthonormal basis expansion of a vector.
Indeed, if one replaces the integral with a finite sum, it is exactly that. The function eω is an
oscillating function that vibrates at the frequency ω, and the Fourier transform measures the
overlap of f with eω. In light of (31), we see that knowing this frequency representation of
f is equivalent to knowing f itself, and each Fourier coefficient f̂(ω) encodes the proportion
of f that vibrates at the frequency ω.

We now ask the question as to how the complex sinusoidal functions eω arise. To that end,
define the Laplacian ∆ as the operator that maps a twice-differentiable function f : R→ R
to the negative of its second derivative:

∆f := −f ′′ .

Notice, the functions eω are eigenfunctions of ∆. Indeed,

∆eω(t) = −e′′ω(t) = − d2

dt2
eiωt = −(iω)2eiωt = ω2eω(t) , (32)

and so the eigenvalue associated to eω is ω2. These eigenfunctions are orthogonal (in the sense
of distributions), and the Fourier inversion formula (31) implies that any other eigenfunction
would not be linearly independent.

As discussed back in Section 3.3 (Lecture 02), the graph Laplacian L is the analogue of
the Laplacian for signals x defined on a graph G = (V,E,w). The above discussion shows,
then, that the eigenvectors of L are the analogues of the sinusoidal functions ek. Indeed, these
eigenvectors {ψk}nk=1 can be thought of as the harmonics of the graph G. Furthermore, by
our recent work on the cycle graph (Theorem 17), the path graph (Theorem 18), the weighted
path graph (Theorem 32), and Fiedler’s Nodal Domain Theorem for general weighted graph
(Theorem 33), we know that the index k of ψk is a proxy for the frequency of the eigenvector.
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Therefore, we define the graph Fourier transform of a signal x : V → R, denoted by x̂ ∈ Rn,
as

x̂(k) := 〈x,ψk〉 , 1 ≤ k ≤ n .

Since {ψk}nk=1 forms an ONB for Rn, we have the Fourier inverse:

x =
n∑
k=1

x̂(k)ψk =
n∑
k=1

〈x,ψk〉ψk . (33)

Thus x̂ provides an alternate way of encoding the signal x through its frequency responses
with respect to the harmonics of the graph G; see also Figure 24. We also observe, in light
of (32), that λk can be interpreted as the frequency squared of the eigenvector ψk.

Figure 24: (a) The Minnesota graph and a signal x defined on the vertices of it, with values
x(a) indicated by the blue spikes at each vertex. (b) The graph Fourier transform, x̂(k), of
the signal x, plotted as a function of the eigenvalues λk. In this case x̂(k) = e−5λk and x is
obtained using the graph Fourier inverse formula (33). Figure taken from [3, Figure 4].

22.2 Smoothness and decay

In signal processing one relates the smoothness of a signal f to the decay of its Fourier
transform f̂ . Informally, the smoother the signal f (as measured by the number of times
one can differentiate f), the faster its Fourier transform f̂(ω) will decay as |ω| → ∞, and
vice versa.

We can make a similar observation for graph signals x. Recall we can use the graph
Laplacian quadratic form to measure the smoothness of x, and by Lemma 4 we can write it
using the Fourier transform of x:

xTLx =
∑

(a,b)∈E

w(a, b)(x(a)− x(b))2 =
n∑
k=1

λk|〈x,ψk〉|2 =
n∑
k=1

λk|x̂(k)|2 .
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Recalling that 0 = λ1 ≤ λ2 ≤ · · · ≤ λn, we see that if xTLx is small (and hence x is smooth),
then |x̂(k)| will be small for large k, and conversely, if |x̂(k)| decays as k gets larger, then
xTLx will be small and hence x will be smooth.

It is important to note how strongly this notion of smoothness depends on the underlying
graph structure. Indeed, if two graphs G1 = (V,E1) and G2 = (V,E2) have the same vertices
V but different edge sets E1 and E2, a signal x can be defined on either graph. However,
the smoothness of x with respect to G1 may be very different than the smoothness of x with
respect to G2; see Figure 25 for an example.

Figure 25: (a) Three graphs Gi = (V,Ei), 1 ≤ i ≤ 3, with a common vertex set but different
edge sets. A common signal x : V → R is plotted on each graph. By considering the edges
in each graph, we can visually see the smoothness of x will change from graph to graph,
with decreasing smoothness from left to right. We have xTLG1x = 0.14, xTLG2x = 1.31,
and xTLG3x = 1.81, indicating quantitatively that x is smoothest on G1 and is the least
smooth on G3. (b) The graph Fourier transform, x̂(k), with respect to each graph Gi. In
the case of G1, on which x is the smoothest, we see that x̂(k) is concentrated on k = 2. On
the other hand, in the case of G3, on which x is the last smooth, |x̂(k)| is small for small k
and is larger for some intermediate and larger values of k. The graph G2 is an intermediate
case, which is reflected by x̂ on this graph. Figure taken from [3, Figure S1].
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22.3 Filtering and graph convolution

One of the primary ways signal processing algorithms extract information from a signal
f : R→ R is by filtering f with a filter h : R→ C. This filtering operation is accomplished
with a convolution, which is defined as:

f ∗ h(t) :=

∫ +∞

−∞
f(u)h(t− u) du . (34)

See, for example, Figure 26.

(a) Butterfly image f (b) Filtered butterfly f ∗ h (c) Filter h

Figure 26: (a) A gray scale image of a butterfly. (b) The filtered butterfly image, using a
small oscillating filter with zero average that detects edges. (c) The filter used, in which
green is positive and pink is negative (note: the filter is not to scale and is enlarged for
visualization purposes).

By the Fourier convolution theorem,

f̂ ∗ h(ω) = f̂(ω)ĥ(ω) ,

and thus

f ∗ h(t) =

∫ +∞

−∞
f̂ ∗ h(ω)eiωt dω =

∫ +∞

−∞
f̂(ω)ĥ(ω)eω(t) dω . (35)

In other words, convolution in time/space corresponds to multiplication in frequency. In
classical signal processing, filters h are often defined in frequency, meaning that one specifies
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ĥ(ω) and then obtains h(t) through the Fourier inverse (31). Additionally, such filters are
often designed to extract a localized range of frequencies from f , that is, ĥ(ω) has a localized
support so that f̂ ∗ h(ω) corresponds to f̂(ω) in the support of ĥ(ω). Such filters h are often
localized in time/space as well (if, for example, ĥ is smooth), and as such in space we see
that f ∗ h(t) replaces f(t) with a local aggregation of information in the signal f around t.

On a graph G = (V,E,w), we must be more creative to define convolution since the
notion of a translation does not make sense except on certain types of graphs (such as the
path graph and the cycle graph). However, now that we have the notion of a graph Fourier
transform, one option is to define convolution in a way analogous to (35). To that end, let
x : V → R be a graph signal and h : V → R another graph signal (which we will often
think of as a filter). Recall we let 0 = λ1 ≤ λ2 ≤ · · · ≤ λn be the eigenvalue of the graph
Laplacian L, and let ψ1,ψ2, . . . ,ψn be corresponding orthonormal eigenvectors. Define the
convolution of x and h as:

x ∗ h(a) :=
n∑
k=1

x̂(k)ĥ(k)ψk(a) . (36)

Equation (36) resembles (35), and indeed (35) is the motivation for defining graph convolu-
tion as (36). It is important to note, though, that (35) is a consequence of the definition of
convolution (34) for Euclidean supported signals, whereas we are taking (36) as the definition
of convolution for graph supported signals.

If we set

H :=


ĥ(1) 0 · · · 0

0 ĥ(2) · · · 0
...

... . . . ...
0 0 · · · ĥ(n)

 ,

and we let Ψ be the n×n matrix such that the kth column of Ψ is ψk, then one can rewrite
(36) as

x ∗ h = ΨHΨTx , (37)

which resembles the decomposition of L as L = ΨΛΨT (see Exercise 2 of Homework 1).
Indeed, it is often the case, like in classical signal processing, that we specify a graph filter

h through its graph Fourier transform ĥ. Furthermore, it is often useful to do so through a
function g : [0,∞)→ R that acts on the eigenvalues of L, so that

ĥ(k) = g(λk) .

In this case, if we define

g(Λ) :=


g(λ1) 0 · · · 0

0 g(λ2) · · · 0
...

... . . . ...
0 0 · · · g(λn)

 , (38)
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then
x ∗ h = Ψg(Λ)ΨTx . (39)

There are several advantages to formulating the graph filter h as ĥ(k) = g(λk). Here are
some of them:

• In some cases, the regularity of g can be used to imply localization of h on the graph
G (more on this below).

• By defining the filter h through a function g : [0,∞) → R that is valid for any
eigenvalue λ ∈ [0,∞), we can transfer the filter h between multiple graphs. This
will be useful for graph neural networks trained on multiple graphs (e.g., for graph
classification).

• We will be able to define the dilation of the filter h in frequency, which on the graph
will make its support smaller and larger depending on the dilation factor. This in turn
will allow us to define multiscale graph signal filtering operators.

On the other hand, there are some disadvantages as well. Chief among them is that if an
eigenvalue λk = λk+1 = · · · = λk+` has multiplicity more than one, the Fourier transform of
the filter, ĥ, must take the same value across the corresponding indices, ĥ(k) = ĥ(k + 1) =

· · · = ĥ(k + `). Such filters lack the ability to encode local directionality in the graph G.

22.4 Spatial graph filtering

Let G = (V,E) and let a, b ∈ V . Define the graph distance between a and b, denoted by
dist(a, b) = distG(a, b), to be the length of the shortest path from a to b. Previously we
defined N(a) to be all the neighbors of G; we now generalize it to the m-hop neighborhood
of a:

Nm(a) := {b ∈ V : b 6= a and dist(a, b) ≤ m} .
Note that N1(a) = N(a).

A spatial graph signal filtering is obtained through a matrix Am (not necessarily sym-
metric) such that the diagonal entries Am(a, a) can be anything, and the off-diagonal entries
Am(a, b) = 0 for all b /∈ Nm(a). The filtering of x by Am computes:

Amx(a) = Am(a, a)x(a) +
∑

b∈Nm(a)

Am(a, b)x(b) .

From the above formula, we see that Am replaces x(a) with a weighted combination of x(a)
plus x(b) for all b ∈ V within m steps (or hops) of a. The following theorem relates certain
types of spectral filters based on polynomials to spatial m-hop filters.

Theorem 34. Let G = (V,E) and let p : R→ R be a polynomial of order m, i.e.,

p(t) =
m∑
j=0

cjt
j . (40)
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Define a filter h : V → R through its graph Fourier transform as

ĥ(k) = p(λk) .

Then h defines an m-hop filter Am.

To prove Theorem 34 we need two lemmas. First, for a polynomial p as in (40), and for
a matrix B, define

p(B) :=
m∑
j=0

cjB
j .

Note this definition is consistent with the definition of g(Λ) in (38) when g = p and B = Λ.

Lemma 35. Let B be a symmetric, n × n matrix with eigenvalues λ1, . . . , λn (here, even
though we use λk to denote the eigenvalues, B does not have to be a graph Laplacian) and
corresponding orthonormal eigenvectors φ1, . . . ,φn. Let Φ be the n × n matrix whose kth

column is φk, and let Λ be the n × n diagonal matrix with Λ(k, k) = λk. Then for any
polynomial p,

p(B) = Φp(Λ)ΦT .

Lemma 36. Let G = (V,E) be a graph and let B be a matrix such that

∀ a, b ∈ V, a 6= b, b /∈ N(a) =⇒ B(a, b) = 0 .

Then,
∀ a, b ∈ V, a 6= b, b /∈ Nm(a) =⇒ (Bm)(a, b) = 0 .

I leave the proof of these lemmas to you. Let us now prove Theorem 34.

Proof of Theorem 34. Recalling (39), we write the convolution of a signal x against the filter
h in matrix form as

x ∗ h = Ψp(Λ)ΨTx .

Since L = ΨΛΨT , using Lemma 35 we have:

Ψp(Λ)ΨT = p(L) .

Thus,

x ∗ h = p(L)x =
m∑
j=0

cjL
jx . (41)

Now applying Lemma 36 to L, we see that

∀ a, b ∈ V, a 6= b, b /∈ Nj(a) =⇒ (Lj)(a, b) = 0 . (42)

Thus we can write
Ljx(a) = Lj(a, a)x(a) +

∑
b∈Nj(a)

Lj(a, b)x(b) . (43)
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Combining equations (41), (42), and (43), we obtain:

x ∗ h(a) =
m∑
j=0

cjL
jx(a) =

m∑
j=0

cj

Lj(a, a)x(a) +
∑

b∈Nj(a)

Lj(a, b)x(b)


=

(
m∑
j=0

cjL
j(a, a)

)
︸ ︷︷ ︸

Am(a,a)

x(a) +
m∑
j=0

cj

 ∑
b∈Nj(a)

Lj(a, b)x(b)



= Am(a, a)x(a) +
∑

b∈Nm(a)

(
m∑
j=0

cjL
j(a, b)

)
︸ ︷︷ ︸

Am(a,b)

x(b) ,

and the proof is completed.

22.5 Translations of a graph filter

With the notion graph convolution now defined through the graph Fourier transform, we
can reverse engineer a definition of translation on graphs as well. This will be useful for
visualizing filters h defined on a graph, as it will allow us to localize and center the filter at
an arbitrary vertex of G, which we will see gives a better visualization of how h acts as a
filter compared with plotting h directly. This is how Figure 11 was created.

In order to motivate matters, let us first consider a function f : R → R and define the
translation of f to u ∈ R as

fu(t) := f(t− u) .

We now write fu(t) in frequency. To do so, we first note that its Fourier transform is:

f̂u(ω) =

∫ +∞

−∞
f(t−u)e−iωt dt =

∫ +∞

−∞
f(t̃)e−iω(t̃+u) dt̃ = e−iωu

∫ +∞

−∞
f(t̃)e−iωt̃ dt̃ = e−iωuf̂(ω) ,

where we used the change of variables t̃ = t − u. Now, notice that, using the notation
eω(t) = eiωt, this means we have:

f̂u(ω) = eω(u)f̂(ω) ,

and using the Fourier inversion formula:

f(t− u) = fu(t) =
1

2π

∫ +∞

−∞
f̂(ω)eiωt dω =

1

2π

∫ +∞

−∞
f̂(ω)eω(u)eω(t) dω . (44)

Now let G = (V,E,w) be a weighted graph. Motivated by (44), we define the graph
translation of a graph signal x : V → R to the vertex b ∈ V by:

xb(a) :=
√
n

n∑
k=1

x̂(k)ψk(b)ψk(a) . (45)

74



We use the normalization factor
√
n to preserve the mean of x (see Theorem 37 below).

On the other hand, traditional Euclidean translations also preserve the norm of the signal.
However, graph translation does not, and in particular ‖xb‖ 6= ‖x‖ generically. Figure
illustrates graph translation on the Minnesota graph.

Theorem 37. Let G = (V,E,w) be a connected graph, let x : V → R be a graph signal, and
let xb : V → R be the graph translation of x to the vertex b, as defined in (45). Then∑

a∈V

x(a) =
∑
a∈V

xb(a) .

I leave the proof to you in Homework 06. As an additional remark on graph translation,
we note that we can write it as the graph convolution of x against the Dirac delta graph
signal δb : V → R, which is defined as

δb(a) :=

{
1 a = b
0 a 6= b

.

The graph Fourier transform of δb is

δ̂b(k) = 〈δb,ψk〉 =
∑
a∈V

δb(a)ψk(a) = ψk(b) .

Therefore we have

xb =
√
n

n∑
k=1

x̂(k)ψk(b)ψk =
√
n

n∑
k=1

x̂(k)δ̂b(k)ψk =
√
n(x ∗ δb) . (46)

Note that a similar formula holds for Euclidean signal translation as well (although one has
to be careful in how δu is defined).

Now consider a graph filter h. We want to center h at the vertex b ∈ V using hb, the
translation of h to the vertex b. Using the matrix representation (37) of h and (46), we
have:

1√
n
hb = h ∗ δb = ΨHΨTδb = column b of the filter matrix ΨHΨT .

Thus, the translation of the filter h to the vertex b extracts the bth column of the associated
filter matrix ΨHΨT . Since this matrix is symmetric, that is equivalent to extracting the bth
row of ΨHΨT . Of course, it is exactly the inner product of the bth row of ΨHΨT with x
that defines x ∗ h(b), and in particular we have

x ∗ h(b) =
1√
n
〈x,hb〉 .

Notice the previous equation mimics how one can write Euclidean convolutions. We see that
hb represents how the filter h aggregates information of a signal x in the neighborhood of
the vertex b.
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22.6 Dilations and graph wavelets

In classical signal processing wavelet transforms are a common way of filtering a signal
f : R → R. A wavelet h is a filter that is localized in time/space, its Fourier transform
ĥ : R→ R is localized in frequency, and the filter has zero average:

ĥ(0) =

∫
R
h(t) dt = 0 . (47)

A typical wavelet, along with its Fourier transform, is plotted in Figure 27. Notice that
because it has zero average, it oscillates. But unlike eω(t) = eiωt, the support of this waveform
is localized in space. This localization allows the wavelet, when used to filter f via f ∗ h,
to isolate localized phenomena in the signal f , such as sharp transitions (edges in images),
which is not possible with standard Fourier analysis.

Figure 27: A typical wavelet (left), and its Fourier transform (right). Figure taken from [4].

Now, because we do not know exactly what scale we want to use for a given signal f , and
because an individual signal f may exhibit different types of patterns at different scales, we
dilate the wavelet to make it larger and smaller. The standard approach is to do this using
dyadic scales:

hj(t) := 2−jh(2−jt) , j ∈ Z .
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When j > 0, the filter hj widens its support relative to h, and when j < 0, the filter
hj shrinks its support relative to h. We then filter information in f at different scales by
computing f ∗ hj for j < J for some maximum scale 2J . Notice that

ĥj(ω) = ĥ(2jω) . (48)

Thus, using the Fourier convolution theorem (35), we have:

f̂ ∗ hj(ω) = f̂(ω)ĥ(2jω) ,

and so, from the frequency perspective, f ∗hj captures the high frequencies of f in proportion
to 2−j (hence the use of the letter h to denote this filter).

In order to capture large scale phenomena in the signal f at the scale larger than 2J , we
use a low pass filter. Let ` : R → R denote a low pass filter, which we will assume means `
is localized in time/space, it has unit integral,

̂̀(0) =

∫
R
`(t) dt = 1 ,

and ̂̀(ω) is localized around ω = 0. A typical low pass filter is plotted in Figure 28.

Figure 28: A typical low pass filter (left), and its Fourier transform (right). Figure taken
from [4].

The wavelet transform of f computes:

WJf := {f ∗ `J , f ∗ hj : j < J} ,

which captures the low frequencies of f via f ∗ `J (hence the use of the letter ` for this
filter), the high frequencies of f via f ∗ hj for j < J , and thus all the information in the
signal f (recall the Fourier inversion formula (31)). In practice, one places a minimum value
on j in proportion to the sampling resolution of the signal f (i.e., how many samples of
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(a) 1D wavelet transform (figure taken from [4])

(b) 2D wavelet transform

Figure 29: The 1D wavelet transform (a) and the 2D wavelet transform (b). In both cases,
the low pass filtering f ∗`J smooths the original signal f . The high pass filtering coefficients,
f∗hj, on the other hand, recover sharp transitions in the signal f , such as jump discontinuities
in the 1D case and edges in the 2D case.
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f(t) you get on the computer). Figure 29 shows a one-dimension wavelet transform and a
two-dimensional wavelet transform.

Our goal is to extend the wavelet transform to graphs. In order to do so, we need a
notion of dilation. Similar to translations, it is difficult to define the dilation of a filter h
directly on the vertices of the graph. However we can define dilation in frequency. Let ĥ be
a function of the eigenvalues of L, i.e.,

ĥ(k) = g(λk) ,

for some function g : [0,∞)→ R. Using (48) as our inspiration, we define the dilation of h
via:

ĥj(k) := g(2jλk) .

We can define a graph low pass filter ` via its graph Fourier transform as

̂̀
J(k) = glow(2Jλk) ,

where glow : [0,∞) → R is designed so that glow(0) = 1, glow(t) ≥ 0, and glow is a (not
necessarily monotonic) decreasing function. Similarly, we can define a high pass wavelet
filter h via its graph Fourier transform as

ĥj(k) = ghigh(2jλk) ,

where ghigh : [0,∞) → R is designed so that ghigh(0) = 0, ghigh(t) ≥ 0, and the essential
support of ghigh(t) is localized around a fixed value t0 (so that g(2jt) is localized around
2−jt0). One can verify that ∑

a∈V

hj(a) = 0 ,

which mimics the zero-average condition (47) on Euclidean wavelets. See Figure 30 for an
illustration of how ̂̀J and ĥj fit together. Figure 31, on the other hand, shows graph wavelets
plotted on people manifolds that are approximated numerically as graphs.

Figure 30: Illustration of the graph low pass (blue) and graph wavelet (red) Fourier trans-
forms, when taken as a function of the eigenvalue of the graph Laplacian.

79



Figure 31: Graph wavelets, (hj)b, plotted in space using the graph translation operator (45),
for increasing j from left to right. The first two rows are the same manifold, but the wavelet
is translated to two different vertices b. The last two rows are different manifolds, but the
wavelet is translated to the same vertex b. Figure taken from [2].

We can define glow and ghigh in such a way so that the graph wavelet transform runs over
0 ≤ j < J . In that case, the graph wavelet transform WJ : Rn → Rn×(J+1) is defined as

WJx := {x ∗ `J , x ∗ hj : 0 ≤ j < J} .

The graph wavelet transform provides a multiscale representation of the signal x : V → R
with respect to the underlying graph structure G. It represents x in terms of J + 1 graph
signals that decompose x at different scales according to the graph G. See Figure 32 for an
example applied to the spherical MNIST data.

Figure 32: The graph wavelet transform applied to an MNIST handwritten digit projected
onto the sphere. Numerically, the sphere is approximated by a graph and the digit’s responses
on the vertices of this graph form a graph signal x.
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We can define the norm of WJx as

‖WJx‖2 := ‖x ∗ `J‖2 +
J−1∑
j=0

‖x ∗ hj‖2 .

The next theorem shows that under certain conditions on glow and ghigh, the graph wavelet
transform will preserve the norm of x and is invertible.

Theorem 38. Let G = (V,E,w) be a weighted graph with graph Laplacian eigenvalues
0 = λ1 ≤ λ2 ≤ · · · ≤ λn. If

|glow(2Jt)|2 +
J−1∑
j=0

|ghigh(2jt)|2 = 1 , ∀ t ∈ [0, λn] , (49)

then

‖WJx‖ = ‖x‖ and x = W T
J WJx = x ∗ `J ∗ `J +

J−1∑
j=0

x ∗ hj ∗ hj .

I leave the proof of Theorem 38 for your homework. One possibility for satisfying the
requirements of Theorem 38 is the following. Let G = (V,E,w) be a connected graph and
let glow be any low pass filter function such that

glow(t) = 1 , ∀ t ∈ [0, λn] ,

with glow(t) decreasing for t > λn; see Figure 33 for an illustration. Then set

ghigh(t) =
(
|glow(t)|2 − |glow(2t)|2

)1/2
. (50)

One can verify this combination of glow and ghigh will satisfy (49), but there are other ways
as well.

Figure 33: One possibility for glow that, when combined with ghigh as defined in (50), will
satisfy the conditions of Theorem 38.
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23 The isoperimetric ratio
We now return to standard spectral graph theory and shift into graph partitioning and
clustering. As we will see, these results will be intimately related to the second eigenvalue
of the graph Laplacian and the to-be-defined normalized graph Laplacian. In short, these
results will quantify the intuition we have sometimes already espoused, which is that even
if G is connected, λ2 quantifies how well G is connected. In light of our discussions on
eigenvector frequency, this means that it is the low frequency eigenvectors that are good for
clustering G.

To begin, let G = (V,E) be an unweighted graph and let S ⊂ V . Let V − S denote all
the vertices in the graph that are not in S, i.e.,

V − S := {a ∈ V : a /∈ S} .

One way to measure how well connected S is to the rest of the graph G is to measure the
number of edges going from S to V − S. These edges are called the boundary of S and are
collected in the set ∂S:

∂S := {(a, b) ∈ E : a ∈ S and b ∈ V − S} .

Instead of counting the number of edges in ∂S, it is more useful to measure the ratio of edges
in ∂S to the size of S. Indeed, for example if ∂S is small but S is also small, then such a set
is relatively well connected to the rest of G. We define this ratio as the isoperimetric ratio
of S:

θ(S) :=
|∂S|
|S|

.

The isoperimetric ratio of G is the minimum of θ(S) over all S ⊂ V such that |S| ≤ n/2,
i.e.,

θG := min
S⊂V
|S|≤n/2

θ(S) .

Intuitively, if the graph G has a “bottleneck” or two well connected parts that are only weakly
connected to each other, then θG will be small, e.g., the barbell graph from Homework 03.
In the more extreme case, if G is disconnected, then θG = 0. On the other hand, θG will
be large if any division of V into S and V − S has many edges between S and V − S, e.g.,
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the complete graph. Graphs with large θG are well connected in the sense that there is no
S ⊂ V such that G(S) can be removed from G by only cutting a relatively small number of
edges. The following theorem shows that λ2 gives a lower bound for θG.

Theorem 39. Let G = (V,E), let 0 = λ1 ≤ λ2 ≤ · · · ≤ λn be its graph Laplacian eigenvalues,
and let S ⊂ V . Then

θ(S) ≥ λ2(1− s) , s :=
|S|
n
, (51)

and as such,

θG ≥
λ2
2
. (52)

Proof. Since θG minimizes over S ⊂ V with |S| ≤ n/2 we have that s ≤ 1/2 and as such
1− s ≥ 1/2. That proves (52) assuming we can prove (51).

To prove (51), recall from Theorem 13 that

λ2 = min
x∈Rn

〈x,1〉=0

xTLx

xTx
.

Thus,

∀x ∈ Rn such that 〈x,1〉 = 0 ,
xTLx

xTx
≥ λ2 .

This is of course the test vector technique we discussed in Section 12. In this case, we need
to find a test vector x such that its Rayleigh quotient contains θ(S).

We would like to pick x = 1S, where

1S(a) :=

{
1 a ∈ S
0 a /∈ S .

Indeed, recall E(S) := {(a, b) ∈ E : a, b ∈ S} and notice that

1TSL1S =
∑

(a,b)∈E

(1S(a)− 1S(b))2

=
∑

(a,b)∈E(S)

(1S(a)− 1S(b))2 +
∑

(a,b)∈∂S

(1S(a)− 1S(b))2 +
∑

(a,b)∈E(V−S)

(1S(a)− 1S(b))2

= 0 + |∂S|+ 0

= |∂S| .

However, 〈1S,1〉 > 0 and so we cannot use 1S as our test vector. So we use the next best
thing, which is

x = 1S − s1 ,
and so

x(a) =

{
1− s a ∈ S
−s a /∈ S .
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We have

〈x,1〉 =
∑
a∈S

1− s+
∑

a∈V−S

−s

= |S|(1− s)− |V − S|s
= |S|(1− s)− (n− |S|)s
= |S| − s|S| − ns+ s|S|
= |S| − |S|
= 0 .

Thus x is a test vector. Additionally,

xTLx =
∑

(a,b)∈E

((1S(a)− s)− (1S(b)− s))2 =
∑

(a,b)∈E

(1S(a)− 1S(b))2 = |∂S| .

To complete the proof we need to compute xTx:

xTx = (1S − s1)T (1S − s1)

= 1TS1S − s1TS1− s1T1S + s21T1

= |S| − s|S| − s|S|+ s2n

= |S| − 2s|S|+ s|S|
= |S|(1− s) .

Therefore,
|∂S|

|S|(1− s)
=
xTLx

xTx
≥ λ2 =⇒ θ(S) ≥ λ2(1− s) .

Remark 21. Theorem 39 says that graphs G with large λ2 are well connected.

24 The normalized graph Laplacian
Remark 22. Whenever discussing the normalized graph Laplacian, we will assume G has
no isolated vertices. That is, every vertex in G is connected to at least one other vertex and
hence deg(a) > 0 for all a ∈ V .

To take our analysis of graph partitioning and clustering further, it will be useful to
introduce a new matrix called the normalized graph Laplacian. We will denote it by N . For
a diagonal matrix A with positive entries on its diagonal, we define Aα for any α ∈ R as

Aα(a, b) :=

{
A(a, a)α b = a
0 b 6= a

.
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Now define the normalized graph Laplacian as:

N := D−1/2LD−1/2 = I −D−1/2MD−1/2 .

Note this definition works for unweighted and weighted graphs. Recall that if G = (V,E,w)
is weighted, then the degree of a ∈ V is defined as

deg(a) :=
∑
b∈N(a)

w(a, b) .

Recall also that we defined d : V → R as the degree vector G, i.e.,

d(a) := deg(a) .

We also have:
dmin := min

a∈V
deg(a) and dmax := max

a∈V
deg(a) .

The normalized graph Laplacian provides a degree independent representation of G.
Indeed, notice that G and c ·G = (V,E, cw) have the same normalized graph Laplacian. We
will denote the eigenvalues of N by ν1 ≤ ν2 ≤ · · · ≤ νn, and, when needed, (orthonormal)
eigenvectors of N by φ1,φ2, . . . ,φn:

Nφk = νkφk , 1 ≤ k ≤ n .

Before utilizing N for graph partitioning and clustering, let us first discuss some basic
properties of the normalized graph Laplacian. This first theorem will relate the eigenvalues
of L to the eigenvalues of N .

Theorem 40. Let G = (V,E,w), let λ1 ≤ λ2 ≤ · · · ≤ λn be the eigenvalues of LG, and let
ν1 ≤ ν2 ≤ · · · ≤ νn be the eigenvalues of NG. Then

λk
dmax

≤ νk ≤
λk
dmin

, 1 ≤ k ≤ n .

Proof. By the Courant-Fischer theorem (Theorem 3) we know that

νk = min
S⊆Rn

dim(S)=k

max
x∈S
x6=0

xTNx

xTx
= min

S⊆Rn

dim(S)=k

max
x∈S
x6=0

(D−1/2x)TL(D−1/2x)

xTx
. (53)

Now make the change of variables y = D−1/2x. Since x = D1/2y implies that xTx = yTDy
and since D−1/2 has full rank, we can rewrite (53) as:

νk = min
S⊆Rn

dim(S)=k

max
y∈S
y 6=0

yTLy

yTDy
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Now observe that

yTDy =
∑
a∈V

deg(a)|y(a)|2 ≤ dmax

∑
a∈V

|y(a)|2 = dmaxy
Ty .

Therefore:

νk = min
S⊆Rn

dim(S)=k

max
y∈S
y 6=0

yTLy

yTDy
≥ min

S⊆Rn

dim(S)=k

max
y∈S
y 6=0

yTLy

dmaxyTy
=

1

dmax

min
S⊆Rn

dim(S)=k

max
y∈S
y 6=0

yTLy

yTy
=

λk
dmax

,

where we used the Courant-Fischer Theorem one more time in the last equality. The upper
bound is proved in a similar fashion.

Remark 23. In the proof of Theorem 40 we showed that

νk = min
S⊆Rn

dim(S)=k

max
y∈S
y 6=0

yTLy

yTDy
= max

T⊆Rn

dim(T )=n−k+1

min
y∈T
y 6=0

yTLy

yTDy
. (54)

This formulation of νk is an important alternative formula for computing νk, so let us collect
it separately here.

Theorem 40 almost immediately gives us the following corollary.

Corollary 41. Let G = (V,E,w). Then the normalized graph Laplacian, NG, is positive
semidefinite. Furthermore, ν1 = 0 and one can take φ1(a) = d1/2(a) := deg(a)1/2. Finally,
ν2 > 0 if and only if G is connected.

Proof. Since L is positive semidefinite and λ1 = 0, it is immediate from Theorem 40 that N
is positive semidefinite and ν1 = 0. Additionally, ν2 > 0 ⇐⇒ G is connected, immediately
follows by combining Theorem 40 with Theorem 5 (recall the latter says that λ2 > 0⇐⇒ G
is connected). Now let us compute Nd1/2:

Nd1/2 = D−1/2LD−1/2d1/2 = D−1/2L1 = D−1/20 = 0 .

Thus the normalized graph Laplacian is in many ways similar to the graph Laplacian.
Corollary 41 indicates one difference, which is that ψ1 = 1 while φ1 = d1/2 (although, notice
if G is d-regular then φ1 is constant). The next theorem gives another difference between L
and N .

Theorem 42. Let G = (V,E,w). The mean eigenvalue of LG is the average degree of G,
whereas the mean eigenvalue of NG is 1.
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Proof. Recall from Homework 02, Exercise 02, that the sum of the eigenvalues of a matrix
is equal to its trace. Therefore:

1

n

n∑
k=1

λk =
1

n
Tr(L) =

1

n
Tr(D −M ) =

1

n
Tr(D) =

1

n

∑
a∈V

deg(a) ,

On the other hand,

1

n

n∑
k=1

νk =
1

n
Tr(N ) =

1

n
Tr(I −D−1/2MD−1/2) =

1

n
Tr(I) =

1

n
· n = 1 .

Theorem 42 gives another indication that N is a degree independent representation of
G, whereas L is not. Here is another fact along similar lines.

Theorem 43. Let G = (V,E,w). All eigenvalues of NG lie in the interval [0, 2], i.e.,

0 = ν1 ≤ ν2 ≤ · · · ≤ νn ≤ 2 .

I leave the proof of Theorem 43 to you in your homework.

Proof. We know from (54) that

νn = max
y∈Rn

y 6=0

yTLy

yTDy
.

We also know that

yTLy =
∑

(a,b)∈E

w(a, b)(y(a)− y(b))2 and yTDy =
∑
a∈V

deg(a)y(a)2 .

Now, for any two real numbers α, β ∈ R, we have (if you have not seen this inequality before,
you should verify it for yourself):

(α + β)2 ≤ 2(α2 + β2) .
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Therefore,

yTLy ≤ 2
∑

(a,b)∈E

w(a, b)(y(a)2 + y(b)2)

= 2
∑

(a,b)∈E

w(a, b)y(a)2 + 2
∑

(a,b)∈E

w(a, b)y(b)2

= 4
∑

(a,b)∈E

w(a, b)y(a)2

= 2
∑
a∈V

∑
b∈N(a)

w(a, b)y(a)2

= 2
∑
a∈V

y(a)2
∑
b∈N(a)

w(a, b)

= 2
∑
a∈V

deg(a)y(a)2

Thus:

νn = max
y∈Rn

y 6=0

yTLy

yTDy
≤ max

y∈Rn

y 6=0

2
∑

a∈V deg(a)y(a)2∑
a∈V deg(a)y(a)2

= 2 .

As our last general fact aboutN , we give an analogue of Theorem 13 (recall this theorem
gave a formula for λ2).

Theorem 44. Let G = (V,E,w) and let 0 = ν1 ≤ ν2 ≤ · · · ≤ νn ≤ 2 be the eigenvalues of
NG. Then

ν2 = min
x∈Rn

〈x,d1/2〉=0

xTNx

xTx
= min

y∈Rn

〈y,d〉=0

yTLy

yTDy
.

Proof. The proof of the first equality is nearly identical to the proof of Theorem 13, remem-
bering that φ1 = d1/2/‖d1/2‖ and that we can take the eigenvectors φ1,φ2, . . . ,φn of N to
be an ONB for Rn.

For the proof of the second equality, make the change of variables y = D−1/2x; we know
from the proof of Theorem 40 that we get the argument of the minimum. Note also that
with this change of variables:

0 = 〈x,d1/2〉 = 〈D1/2y,d1/2〉 = 〈y,D1/2d1/2〉 = 〈y,d〉 .
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25 Conductance
The conductance of a weighted graph G = (V,E,w) provides and alternative measure to the
isoperimetric ratio by which to measure its connectivity. We set some preliminary notation
before defining the conductance. First, recall that in a weighted graph the degree of a vertex
a ∈ V is the sum of the weights of the edges connected to a:

d(a) := deg(a) :=
∑
b∈N(a)

w(a, b) .

For a subset S ⊆ V , define d(S) as the sum of the degrees of all vertices in S:

d(S) :=
∑
a∈S

deg(a) =
∑
a∈S

∑
b∈N(a)

w(a, b) .

Notice that
d(V ) = 2

∑
(a,b)∈E

w(a, b) .

For a subset F ⊆ E, define w(F ) to be the sum of the weights of the edges in F :

w(F ) :=
∑

(a,b)∈F

w(a, b) .

Finally, recall that the boundary of S is:

∂S := {(a, b) ∈ E : a ∈ S and b ∈ V − S} .

We define the conductance of S as

ϕ(S) :=
w(∂S)

min(d(S), d(V − S))
.

The conductance of the graph G minimizes ϕ(S) over all subsets S:

ϕG := min
S⊂V

ϕ(S) .
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In order to get a better feel for the conductance of a graph, it may be useful to consider
the following calculation for d(S):

d(S) =
∑
a∈S

∑
b∈N(a)

w(a, b)

=
∑
a∈S

∑
(a,b)∈E
b∈S

w(a, b) +
∑
a∈S

∑
(a,b)∈E
b∈V−S

w(a, b)

= 2w(E(S)) + w(∂S) . (55)

Thus, if min(d(S), d(V − S)) = d(S), then

ϕ(S) =
w(∂S)

2w(E(S)) + w(∂S)
.

On the other hand, note that w(∂S) = w(∂(V −S)). Thus, if min(d(S), d(V −S)) = d(V −S),
we have

ϕ(S) =
w(∂(V − S))

2w(E(V − S)) + w(∂(V − S))
.

These two facts also imply that

ϕ(S) ≤ 1 and ϕ(S) = ϕ(V − S) .

Remark 24. Let us compare the isoperimetric ratio of a set S to its conductance for an
unweighted graph G = (V,E). Let us assume that min(d(S), d(V − S)) = d(S) for a bit of
added simplicity. In this case we have

θ(S) =
|∂S|
|S|

and ϕ(S) =
|∂S|
d(S)

.

Thus in both cases the numerator is the same, but it is the denominator that changes. In
particular, the isoperimetric ratio, θ(S), places more importance on the number of vertices
being removed if one were to remove G(S) = (S,E(S)) from G, as indicated by having |S|
in the denominator. On the other hand, the conductance places more importance on the
number of edges being removed, since d(S) = 2|E(S)|+ |∂S|.

Remark 25. If G = (V,E) is d-regular and |S| ≤ n/2, then θ(S) and ϕ(S) differ by a factor
of d:

ϕ(S) =
|∂S|
d(S)

=
|∂S|
d|S|

=
θ(S)

d
.

The above considerations indicate the conductance is a degree-invariant measure of con-
nectivity of a weighted graph G = (V,E,w). It thus makes sense to try to relate it to ν2,
the second eigenvalue of the normalized graph Laplacian N , as opposed to λ2, the second
eigenvalue of the graph Laplacian L. Our goal is to prove that

ν2
2
≤ ϕG ≤

√
2ν2 ,
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and to construct a set S ⊂ V such that ϕ(S) ≤
√

2ν2. In doing so, we will have shown
that ν2 characterizes the connectivity of G, and furthermore, we will be able to turn the
construction of S into an algorithm that allows us to compute a nearly optimal partition of
G. The next theorem provides the lower bound for ϕG, which is an analogue of the similar
result for the isoperimetric ratio given in Theorem 39.

Theorem 45. Let G = (V,E,w), let 0 = ν1 ≤ ν2 ≤ · · · ≤ νn ≤ 2 be its normalized graph
Laplacian eigenvalues, and let S ⊂ V . Then

d(V )w(∂S)

d(S)d(V − S)
≥ ν2 ,

and as such,
ϕ(S) ≥ ν2/2 =⇒ ϕG ≥ ν2/2 .

Proof. The proof is pretty similar to the proof of Theorem 39. By Theorem 44 we know that

ν2 = min
y∈Rn

〈y,d〉=0

yTLy

yTDy
,

and so we again want to use the test vector technique to bound ν2 from above. We need a
test vector that will give us the right quantities for the set S. As before, y = 1S would be a
nice choice, but it is not orthogonal to d. So instead we select:

y = 1S − σ1 , σ =
d(S)

d(V )
.

We check that 〈y,d〉 = 0; indeed:

〈y,d〉 = (1S − σ1)Td = 1TSd− σ1Td = d(S)− σd(V ) = d(S)− d(S)

d(V )
d(V ) = 0 .

Using a similar argument as in the proof of Theorem 39, let us compute:

yTLy =
∑

(a,b)∈E

w(a, b)((1S(a)− σ)− (1S(b)− σ))2

=
∑

(a,b)∈E

w(a, b)(1S(a)− 1S(b))2

=
∑

(a,b)∈∂S

w(a, b)

= w(∂S) .

91



Now we compute the denominator:

yTDy =
∑
a∈V

d(a)y(a)2 =
∑
a∈S

(1− σ)2d(a) +
∑

a∈V−S

(−σ)2d(a)

= (1− σ)2d(S) + σ2d(V − S)

= d(S)− 2σd(S) + σ2d(S) + σ2d(V − S)

= d(S)− 2σd(S) + σ2d(V )

= d(S)− 2σd(S) + σ
d(S)

d(V )
d(V )

= d(S)− σd(S)

=

(
1− d(S)

d(V )

)
d(S)

=
(d(V )− d(S))d(S)

d(V )

=
d(V − S)d(S)

d(V )
.

Putting together our computations for yTLy and yTDy we have the result:

ν2 ≤
yTLy

yTDy
=

d(V )w(∂S)

d(V − S)d(S)
.

To complete the proof, note that since d(V ) = d(S) + d(V − S), we have:

max(d(S), d(V − S)) ≥ d(V )/2 =⇒ d(V )

max(d(S), d(V − S))
≤ 2 .

Therefore,

ν2 ≤
d(V )w(∂S)

d(S)d(V − S)

=
d(V )w(∂S)

max(d(S), d(V − S)) min(d(S), d(V − S))

≤ 2w(∂S)

min(d(S), d(V − S))

= 2ϕ(S) .
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26 Cheeger’s inequality
Our goal now is to prove an upper bound for ϕG, the conductance of a weighted graph
G = (V,E,w), in terms of ν2, the second eigenvalue of NG. To that end, we will prove
Cheeger’s inequality:

ϕG ≤
√

2ν2 . (56)

In order to prove (56), we will consider vectors y ∈ Rn such that 〈y,d〉 = 0 and the sets
Sy,t ⊂ V defined as

Sy,t := {a ∈ V : y(a) ≥ t} .
We will prove that for any such y, there is a t ∈ R such that ϕ(Sy,t) is small. Here small
means we will show:

ϕ(Sy,t)
2

2
≤ yTLy

yTDy
, for appropriately chosen t .

Notice if we set y = D−1/2φ2 then (56) follows from the previous equation and Theorem 44.
Our proof for showing the existence of such a value t will be constructive and will allow us
to develop and algorithm for finding the set Sy,t.

While proving a lower bound for ϕG was relatively straightforward and leveraged ideas
we have seen before (namely the test vector technique), proving the upper bound (56) for
ϕG is significantly harder. We will need several lemmas to prove our main result. Let us
collect some of the general ones (i.e., not specific to graphs) now.

Lemma 46. Let A,B,C,D ≥ 0. Then

A+B

C +D
≥ min

(
A

C
,
B

D

)
.

Proof. Without loss of generality suppose

A

C
= min

(
A

C
,
B

D

)
=⇒ A

C
≤ B

D
=⇒ D

C
≤ B

A
.

Then:
A+B

C +D
=
A(1 +B/A)

C(1 +D/C)
≥ A

C
.
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Lemma 47. Let α, β ∈ R. Then for all 0 < δ < 1,

(α− β)2 ≥ δα2 − δ

1− δ
β2 .

Proof. If α = 0 or β = 0 the result is clearly true. So suppose α, β 6= 0. Define the function

f(δ) = δα2 − δ

1− δ
β2 .

Calculating the derivative of f we obtain

f ′(δ) = α2 − (1− δ)−1β2 − δ(1− δ)−2β2 .

Setting f ′(δ) = 0 and solving we obtain:

f ′(δ?) = 0 =⇒ δ? = 1± β

α
.

Let us also compute the second derivative of f so that we can check whether a critical point
is a maximum or a minimum. We obtain:

f ′′(δ) = −2(1− δ)−2β2 − 2δ(1− δ)−3β2 .

Recall that a critical point δ? is a maximum if f ′′(δ?) < 0. Since β 6= 0, we see that

f ′′(δ) < 0⇐⇒ (1− δ)−2(1 + δ(1− δ)−1) > 0 . (57)

Now observe that

1− β/α < 1 =⇒ 1 + β/α > 1 ,

1 + β/α < 1 =⇒ 1− β/α > 1 .

We conclude that only one of the critical points can lie in the interval (−∞, 1). Let us
examine the two possible cases.

Suppose that 1 − β/α ∈ (−∞, 1). Let us evaluate the right hand side of (57) at this
point:

RHS of (57) at 1− β/α = α3/β3 .

Now, if 1 − β/α < 1, then β/α > 0 and so α3/β3 > 0 as well. Therefore f(1 − β/α) is the
maximum value of f(δ) on the interval (−∞, 1). We compute:

f(1− β/α) = (α− β)2 ,

and so the lemma holds in this case.
Now suppose that 1 + β/α ∈ (−∞, 1). Evaluating the right hand side of (57) at this

point we obtain:
RHS of (57) at 1 + β/α = −α3/β3 .
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Now, if 1+β/α < 1, then β/α < 0 and so α3/β3 < 0. Therefore −α3/β3 > 0 and f(1+α/β)
is the maximum value of f(δ) on the interval (−∞, 1). We compute:

f(1 + β/α) = (α + β)3 .

Notice, though, that β/α < 0 implies that α and β must have different signs. Therefore
(α− β)2 ≥ (α + β)2 and the result holds in this case as well.

Lemma 48. Let z1, . . . , zk ∈ R be such that

z1 ≥ z2 ≥ · · · ≥ zk ≥ 0 .

If α1, . . . , αk ∈ R and β1, . . . , βk ∈ R satisfy

k∑
i=1

αizi ≥
k∑
i=1

βizi ,

then there exits j ∈ {1, . . . , k} such that

j∑
i=1

αi ≥
j∑
i=1

βi . (58)

Additionally, we may take j such that either zj > zj+1 or j = k.

Proof. For the existence of at least one such j, we will do a proof by induction on k. The
result is clearly true for k = 1. Now assume the result is true for all 1 ≤ k ≤ ` (` ≥ 1) and
let us prove the result for k = `+ 1. Define

α̃2 = α1
z1
z2

+ α2 and β̃2 = β1
z1
z2

+ β2 ,

so that

α̃2z2 +
`+1∑
i=3

αizi =
`+1∑
i=1

αizi ≥
`+1∑
i=1

βizi = β̃2z2 +
`+1∑
i=3

βizi .

By the inductive hypothesis, there exists j ∈ {2, . . . , `+ 1} so that

α̃2 +

j∑
i=3

αi ≥ β̃2 +

j∑
i=3

βi =⇒ α1
z1
z2

+

j∑
i=2

αi ≥ β1
z1
z2

+

j∑
i=2

βi .

If α1 ≥ β1 we are done, so let us consider the case when α1 < β1. Since z1 ≥ z2, we have(
z1
z2
− 1

)
α1 <

(
z1
z2
− 1

)
β1 =⇒ −

(
z1
z2
− 1

)
α1 > −

(
z1
z2
− 1

)
β1 .
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But we also have:
j∑
i=1

αi =

(
α1
z1
z2

+

j∑
i=2

αi

)
−
(
z1
z2
− 1

)
α1 >

(
β1
z1
z2

+

j∑
i=2

βi

)
−
(
z1
z2
− 1

)
β1 =

j∑
i=1

βi .

For the second statement, let j0 be the minimum possible index that satisfies (58). If
j0 = k we are done, or if zj0 > zj0+1 we are done. So let us suppose that j0 < k and
zj0 = zj0+1. Consider a new sequence of length k − 1,

z1 ≥ · · · ≥ zj0−1 ≥ zj0 ≥ zj0+2 ≥ · · · ≥ zk ,

with corresponding weights

α1, . . . , αj0−1, αj0 + αj0+1, αj0+2, . . . , αk ,

and
β1, . . . , βj0−1, βj0 + βj0+1, βj0+2, . . . , βk .

Apply the result we just proved to this setup to get an index j for this new sequence. We
know that j ≥ j0 since otherwise (58) will hold for j < j0 which contradicts the minimality
of j0. But for j ≥ j0 we have

j1∑
i=1

αi ≥
j1∑
i=1

βi ,

where j1 ≥ j0 + 1. If zj1 > zj1+1 or if j1 = k, we are finished. If not, then zj1 = zj1+1. If
that is the case, then it must be that zj0 = zj0+1 = zj0+2. Consider the following sequence
of length k − 2,

z1 ≥ · · · ≥ zj0−1 ≥ zj0 ≥ zj0+3 ≥ · · · ≥ zk ,

with weights
α1, . . . , αj0−1, αj0 + αj0+1 + αj0+2, αj0+3, . . . , αk ,

and
β1, . . . , βj0−1, βj0 + βj0+1 + βj0+2, βj0+3, . . . , βk .

Now apply the same argument. We conclude this time that there is a j2 ≥ j0 + 2 such that

j2∑
i=1

αi ≥
j2∑
i=1

βi .

Again, if zj2 > zj2+1 or if j2 = k, we are finished. If not, repeat the argument again. If we
repeat the argument ` times, we get an index j` ≥ j0 + ` such that

j∑̀
i=1

αi ≥
j∑̀
i=1

βi .

Since j` →∞ as `→∞, at some point we must either have zj` > zj`+1 or j` = k.
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Now we introduce the notion of a centered vector. Let G = (V,E,w) and let d be the
degree vector of G. We say that z : V → R is centered with respect to d if∑

a:z(a)>0

d(a) ≤ d(V )/2 and
∑

a:z(a)<0

d(a) ≤ d(V )/2 .

It is not hard to center a function x : V → R. Let V = {1, . . . , n} and order the vertices of
G so that

x(1) ≥ x(2) ≥ · · · ≥ x(n) .

To center x, let k ∈ V be the least number for which

k∑
a=1

d(a) > d(V )/2 . (59)

Then set
z = x− x(k)1 .

Clearly z(k) = 0, and one can show that z is centered with respect to d. Indeed, since k is
the least index such that (59) holds, we have that

∑
a:z(a)>0

d(a) ≤
k−1∑
i=1

d(a) ≤ d(V )/2 .

Additionally, again using (59),

∑
a:z(a)<0

d(a) ≤
n∑

i=k+1

d(a) = d(V )−
k∑
i=1

d(a) < d(V )/2 .

In the proof of Cheeger’s inequality, it will be useful to replace y with its centered
version. The following lemma shows that in doing so we do not increase the generalized
Rayleigh quotient.

Lemma 49. Let G = (V,E,w) and let x : V → R. Define

xs := x− s1 .
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Then
min
s
xTsDxs ,

is achieved at the s such that 〈xs,d〉 = 0. As such, if 〈y,d〉 = 0 and z = y − y(k)1 is the
centered version of y, then

zTLz

zTDz
≤ yTLy

yTDy
.

Proof. We first compute:

xTsDxs =
∑
a∈V

d(a)xs(a)2 =
∑
a∈V

d(a)(x(a)− s)2 =
∑
a∈V

d(a)
[
x(a)2 − 2sx(a) + s2

]
.

Therefore the derivative of the function f(s) = xTsDxs is:

f ′(s) =
∑
a∈V

d(a)(2s− 2x(a)) = 2
∑
a∈V

d(a)(s− x(a)) .

Setting f ′(s) = 0, we conclude that

f ′(s) = 0 =⇒ 0 =
∑
a∈V

d(a)(x(a)− s) = 〈x− s1,d〉 = 〈xs,d〉 .

For the second statement, using Lemma 4 and the fact that 〈1,ψi〉 = 0 for i ≥ 2, we first
note that

zTLz =
n∑
i=2

λi|〈z,ψi〉|2 =
n∑
i=2

λi|〈y − y(k)1,ψi〉|2 =
n∑
i=2

λi|〈y,ψi〉|2 = yTLy .

Additionally, since 〈y,d〉 = 0, by the first part of this theorem we know that

yTDy ≤ zTDz .

Combining these previous two statements we conclude:

zTLz

zTDz
=
yTLy

zTDz
≤ yTLy

yTDy
.

The next lemma shows that in fact we can replace the generalized Rayleigh quotient of a
centered vector z by the Rayleigh quotient of the vector that only retains either the positive
entries of z or the negative entries of z.

Lemma 50. Let G = (V,E,w) and let x : V → R. Define

x+(a) :=

{
x(a) if x(a) > 0
0 if x(a) ≤ 0

and x−(a) :=

{
x(a) if x(a) < 0
0 if x(a) ≥ 0

.

Then

min

(
xT+Lx+

xT+Dx+

,
xT−Lx−
xT−Dx−

)
≤ xTLx

xTDx
.
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Proof. Using Lemma 46 we know that

min

(
xT+Lx+

xT+Dx+

,
xT−Lx−
xT−Dx−

)
≤
xT+Lx+ + xT−Lx−
xT+Dx+ + xT−Dx−

.

Thus we need to show
xT+Lx+ + xT−Lx−
xT+Dx+ + xT−Dx−

≤ xTLx

xTDx
.

Noting that x = x+ + x− and x+(a)x−(a) = 0 for all a ∈ V , for the denominator we
have:

xTDx = (x+ + x−)TD(x+ + x−)

= xT+Dx+ + xT−Dx− + 2
∑
a∈V

d(a)x+(a)x−(a)

= xT+Dx+ + xT−Dx− .

The numerator is a bit trickier. First, recall

xTLx =
∑

(a,b)∈E

w(a, b)(x(a)− x(b))2 .

We can divide the edges E up into two types. Let the first type be those (a, b) ∈ E such
that x(a) and x(b) have the same sign. In that case we have x(a)− x(b) = x+(a)− x+(b)
and x−(a) = x−(b) = 0, or vice versa, and so

(x(a)− x(b))2 = (x+(a)− x+(b))2 + (x−(a)− x−(b))2 .

Let the other type of edge be when x(a) and x(b) have the opposite sign. Then:

(x(a)− x(b))2 = x(a)2 + x(b)2 − 2x(a)x(b)

≥ x(a)2 + x(b)2

= (x+(a)− x+(b))2 + (x−(a)− x−(b))2 .

Either way we have (x(a)− x(b))2 ≥ (x+(a)− x+(b))2 + (x−(a)− x−(b))2 and so

xTLx =
∑

(a,b)∈E

w(a, b)(x(a)− x(b))2

≥
∑

(a,b)∈E

[
w(a, b)(x+(a)− x+(b))2 + w(a, b)(x−(a)− x−(b))2

]
= xT+Lx+ + xT−Lx− .

That completes the proof.
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At last we are ready to formally state and prove our theorem on Cheeger’s inequality.

Theorem 51 (Cheeger’s inequality). Let G = (V,E,w) and let y : V → R be orthogonal to
d. Then there exists a t ∈ R for which the set of vertices

S = {a ∈ V : y(a) ≥ t} ,

satisfies
ϕ(S)2

2
≤ yTLy

yTDy
.

As such, if we set y = D−1/2φ2, where φ2 is the second eigenvector of N , the normalized
graph Laplacian, then we obtain a set S ⊂ V such that

ϕ(S)2

2
≤ ν2 ,

where ν2 is the eigenvalue of φ2. It follows that

ϕG ≤
√

2ν2 .

Proof. Let V = {1, . . . , n}, order the vertices so that y(1) ≥ y(2) ≥ · · · ≥ y(n), and let z
be the centered version of y:

z = y − y(k)1 ,

where k ∈ V is the least number for which (59) holds. Applying Lemma 49 and Lemma 50,
we have

min

(
zT+Lz+

zT+Dz+
,
zT−Lz−
zT−Dz−

)
≤ zTLz

zTDz
≤ yTLy

yTDy
. (60)

Without loss of generality let us assume that

zT+Lz+

zT+Dz+
= min

(
zT+Lz+

zT+Dz+
,
zT−Lz−
zT−Dz−

)
.

We have

z(1) ≥ z(2) ≥ · · · ≥ z(k − 1) ≥ z(k) = 0 ≥ z(k + 1) ≥ · · · ≥ z(n) .

For each j ∈ V define the set Sj ⊆ V as:

Sj := {a ∈ V : 1 ≤ a ≤ j} .
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Now let us collect the vertices on which z takes the same value, so that:

z(1) = · · · = z(j1) > z(j1 + 1) , j1 ≥ 1 ,

z(j1 + 1) = · · · = z(j2) > z(j2 + 1) , j2 ≥ j1 + 1

...
z(jm−1 + 1) = · · · = z(jm) , jm = n .

Notice we have

z(j1) > z(j2) > · · · > z(j`−1) > z(j`) = 0 > z(j`+1) > · · · > z(jm) ,

where ` is some index between 1 and m. Note that k ∈ Sj` but k /∈ Sj`−1
. It follows that:

Sji = {a ∈ V : 1 ≤ a ≤ ji} = {a ∈ V : z(a) ≥ z(ji)}
= {a ∈ V : y(a)− y(k) ≥ y(ji)− y(k)}
= {a ∈ V : y(a) ≥ y(ji)} .

The remainder of the proof will be devoted to showing that one of the sets Sji satisfies the
theorem. We will have two cases:

1. ` ≥ 2

2. ` = 1

For the first case in which ` ≥ 2, we will prove there exists an i? ∈ {1, . . . , ` − 1} such
that

ϕ(Sji? )2

2
≤ z+Lz+
z+Dz+

. (61)

That will prove the result with t = y(ji?). To facilitate the proof of (61), set:

σ = min
j∈{j1,...,j`−1}

ϕ(Sj) .

By the definition of the index k,
k−1∑
a=1

d(a) ≤ d(V )

2
,

and so d(Sj) ≤ d(V − Sj) for all j ∈ {j1, . . . , j`−1}. It follows that

σ ≤ ϕ(Sj) =
w(∂Sj)

min(d(Sj), d(V − Sj))
=
w(∂Sj)

d(Sj)
, j ∈ {j1, . . . , j`−1} . (62)

Recall that ϕ(S) ≤ 1. Now we have two sub-cases: (i) σ = 1; and (ii) 0 < σ < 1 (note
if σ = 0 we immediately satisfy (61)). Let us tackle the σ = 1 case first. If σ = 1 then
ϕ(Sj) = 1 for all j ∈ {j1, . . . , j`−1}, and so showing (61) means we need to show

1

2
≤ z+Lz+
z+Dz+

. (63)
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In (55) we showed previously that d(S) = 2w(E(S)) + w(∂S), and so ϕ(Sj) = 1 if and
only if w(E(Sj)) = 0. Thus, if σ = 1, it must be that w(E(Sj`−1

)) = 0, which means that
E(Sj`−1

) = ∅. Recall that z+(a) = 0 for all a ∈ V − Sj`−1
. We compute:

zT+Lz+ =
∑

(a,b)∈E

w(a, b)(z+(a)− z+(b))2

=

 ∑
(a,b)∈E(Sj`−1

)

+
∑

(a,b)∈∂Sj`−1

+
∑

(a,b)∈E(V−Sj`−1
)

w(a, b)(z+(a)− z+(b))2

=
∑

(a,b)∈∂Sj`−1

w(a, b)(z+(a)− z+(b))2

=

j`−1∑
a=1

∑
b∈N(a)

w(a, b)z+(a)2

=

j`−1∑
a=1

d(a)z+(a)2

= zT+Dz+ .

Therefore the right hand side of (63) is equal to one, and so (63) holds.
Now let us move on to the second sub-case, 0 < σ < 1. Define:

αa :=
∑
b∈N(a)
b>a

w(a, b) ,

βa :=
∑
b∈N(a)
b<a

w(a, b) .

Notice that
d(a) = αa + βa ,

which in turn implies

d(Sj) =

j∑
a=1

d(a) =

j∑
a=1

(αa + βa) , 1 ≤ j ≤ n . (64)

We also have the following claim, which we will state as a lemma:

Lemma 52. The following holds:

w(∂Sj) =

j∑
a=1

(αa − βa) , 1 ≤ j ≤ n . (65)
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Proof of Lemma. We will prove the result by induction on j. The base case is j = 1. We
have

w(∂S1) = d(1) =
∑
b∈N(1)
b>1

= α1 ,

and
β1 =

∑
b∈N(1)
b<1

w(a, b) = 0 .

Thus the base case is proven.
For the induction step, suppose the result is true for Sj−1 (with j ≥ 2), and let us prove

it for Sj. Using this induction hypothesis, we write:

w(∂Sj) =

j∑
a=1

∑
b∈N(a)
b>j

w(a, b)

=

j−1∑
a=1

∑
b∈N(a)
b>j−1

w(a, b) +
∑
b∈N(j)
b>j

w(j, b)−
∑
a∈N(j)
a<j

w(a, j)

= w(∂Sj−1) + αj − βj

=

j−1∑
a=1

(αa − βb) + αj − βj ,

and so the lemma is proved.

Subtract (65) from (64) and divide both sides by two. We obtain:

j∑
a=1

βa =
d(Sj)− w(∂Sj)

2
, 1 ≤ j ≤ n . (66)
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Now let us see how we can use αa and βa. Using Lemma 47,

zT+Lz+ =
∑

(a,b)∈E

(z+(a)− z+(b))2

=
n∑
a=1

∑
b∈N(a)
b>a

w(a, b)(z+(a)− z+(b))2

≥
n∑
a=1

∑
b∈N(a)
b>a

w(a, b)

[
σz+(a)2 − σ

1− σ
z+(b)2

]

= σ

n∑
a=1

z+(a)2
∑
b∈N(a)
b>a

w(a, b)− σ

1− σ

n∑
a=1

∑
b∈N(a)
b>a

w(a, b)z+(b)2

= σ
n∑
a=1

αaz+(a)2 − σ

1− σ

n∑
b=1

z+(b)2
∑
a∈N(b)
a<b

w(a, b)

= σ
n∑
a=1

αaz+(a)2 − σ

1− σ

n∑
b=1

βbz+(b)2 . (67)

Since z+(a) = 0 for all a > j`−1, we can rewrite (67) as:

zT+Lz+ ≥
j`−1∑
a=1

[
σαa −

σ

1− σ
βa

]
z+(a)2 . (68)

Set:

R(z+) :=
zT+Lz+
z+Dz+

.

Using (68) we have

R(z+)

j`−1∑
a=1

d(a)z+(a)2 = R(z+)zT+Dz+ = zT+Lz+ ≥
j`−1∑
a=1

[
σαa −

σ

1− σ
βa

]
z+(a)2 .

Since z+(1)2 ≥ z+(2)2 ≥ · · · ≥ z+(j`−1)
2 > 0, Lemma 48 proves there exists a 1 ≤ j ≤ j`−1

such that

R(z+)

j∑
a=1

d(a) ≥
j∑

a=1

[
σαa −

σ

1− σ
βa

]
. (69)

Furthermore, by the second part of Lemma 48, we know that we can take j such that
z+(j)2 > z+(j+ 1)2 or j = j`−1; that means j ∈ {j1, . . . , j`−1}. The left hand side of (69) is:

R(z+)

j∑
a=1

d(a) = R(z+)d(Sj) .
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For the right hand side, we use (62), (65), and (66) to make the following calculation:
j∑

a=1

[
σαa −

σ

1− σ
βa

]
= σ

j∑
a=1

(αa − βa)−
σ2

1− σ

j∑
a=1

βa

= σw(∂Sj)−
σ2

1− σ

[
d(Sj)− w(∂Sj)

2

]
≥ σ2d(Sj) +

σ2w(∂Sj)− σ2d(Sj)

2(1− σ)

≥ 2σ2(1− σ)d(Sj) + σ3d(Sj)− σ2d(Sj)

2(1− σ)

=
2σ2d(Sj)− 2σ3d(Sj) + σ3d(Sj)− σ2d(Sj)

2(1− σ)

=
(σ2 − σ3)d(Sj)

2(1− σ)

=
σ2

2
d(Sj) .

Therefore we have
R(z+)d(Sj) ≥

σ2

2
d(Sj) =⇒ R(z+) ≥ σ2

2
.

Recalling that σ = minj∈{j1,...,j`} ϕ(Sj) completes the proof of this first case.
Recall the second case is when ` = 1. If ` = 1, then z(a) ≤ 0 for all a ∈ V which means

that z+(a) = 0 for all a ∈ V . Thus z+ is not very useful, but on the other hand we have
z− = z. Set

z̃ := −z ,
so that

z̃(n) ≥ z̃(n− 1) ≥ · · · ≥ z̃(1) = 0 ,

and

z̃(jm) = · · · = z̃(jm−1 + 1) > z̃(jm−1)

z̃(jm−1) = · · · = z̃(jm−2 + 1) > z̃(jm−2)

...
z̃(j2) = · · · = z̃(j1 + 1) > z̃(j1)

z̃(j1) = · · · = z̃(1) = 0 .

Additionally, note that m ≥ 2. Indeed, 〈y,d〉 = 0 means that y must take positive and
negative values, which means that y takes at least two distinct values. Thus z takes at least
two distinct values too. Since m ≥ 2 and since 1 ≤ k ≤ j1, we can apply the same proof as
in case 1 to z̃. We conclude there exists a ji ∈ {j2, . . . , jm} such that

S̃ := {a ∈ V : z̃(a) ≥ z̃(ji)} = {a ∈ V : −z(a) ≥ −z(ji)} = {a ∈ V : z(a) ≤ z(ji)} ,
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satisfies
ϕ(S̃)2

2
≤ z̃TLz̃

z̃TDz̃
=
zTLz

zTDz
.

That’s pretty good except that S̃ does not quite have the right form. We can fix that pretty
easily. First, recall that ϕ(V − S̃) = ϕ(S̃). Furthermore,

V − S̃ = {a ∈ V : z(a) > z(ji)} .

By the way ji was defined, and since i ≥ 2, we know that all the vertices a ∈ V satisfying
z(a) > z(ji) in fact satisfy z(a) ≥ z(ji−1). Thus:

V − S̃ = Sji−1
= {a ∈ V : z(a) ≥ z(ji−1)} .

That completes the proof.

27 Spectral clustering
Given a weighted graph G = (V,E,w) we may be interested in dividing G into two (or more)
clusters. For example, we could have a data set A = {a1, . . . , an} ⊂ Rd that we represent as
a weighted graph G = (V,E,w) in which

• V = A

• For the edges E, we give each vertex k neighbors (this is called a k nearest neighbor
graph, or k-NN graph) according to the following rule. For each ai ∈ A we re-order
the other vertices so that

‖ai − aj1‖ ≤ ‖ai − aj2‖ ≤ · · · ≤ ‖ai − ajn−1‖ , j` 6= i .

We then set the initial neighborhood of ai to be:

Ñ(ai) := {aj` : 1 ≤ ` ≤ k} .

However, this results in asymmetric neighborhoods, i.e., just because aj ∈ Ñ(ai) it
does not mean that ai ∈ Ñ(aj). To fix this, define the symmetric neighborhood of
ai ∈ V as:

N(ai) := {aj ∈ V : aj ∈ Ñ(ai) or ai ∈ Ñ(aj)} .

• We give the edges weights according to the inverse of the distance between data points,
for example:

w(ai, aj) =

{
e−‖ai−aj‖

2/2σ2
(ai, aj) ∈ E

0 (ai, aj) /∈ E
,

where σ is a parameter that we must set.
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We can use the conductance to measure the optimal division of G into two clusters. In
particular we can set:

S? = arg min
S⊂V

ϕ(S) ,

which means that S? is the subset of vertices such that ϕ(S?) = ϕG. We then divide
the vertices of G into two clusters, S? and V − S? (with associated subgraphs G(S?) =
(S?, E(S?), w|E(S?)) and G(V − S?) if we like). However, finding S? on a computer is very
expensive. Indeed, we would need to search over all subsets S ⊂ V in order to find it. Thus
the time to compute it is O(2n) since there are 2n subsets of a set with n elements.

We can use Cheeger’s inequality (Theorem 51) to get a clustering that is nearly as good
as the clustering given by S?, but which has a much better run-time. Here is the algorithm:

1. Compute the normalized graph Laplacian, N , of the graph G. Worst case is this step
takes O(n2) time, but it can be reduced if |E| � n(n− 1)/2 and hence N is sparse.

2. Compute the second eigenvalue ν2 and the second eigenvector φ2 of N . Worse case
is this step takes O(n3) time, but that is the time to compute all eigenvalues and
eigenvectors of N . One can take advantage of the fact that we just want ν2 and φ2,
and if N is sparse (see the previous step), we can get additional time savings.

3. If ν2 = 0 then G is disconnected and we can cluster G by connected components,
similarly to Remark 8. Otherwise continue:

4. Set y = D−1/2φ2. This step requires O(n) time.

5. Sort the values of y in descending order and order the vertices of G accordingly, so
that

y(1) ≥ y(2) ≥ · · · ≥ y(n) .

This step requires O(n log n) times using, for example, merge sort.

6. For each set
Sj = {a ∈ V : 1 ≤ a ≤ j} ,

compute its conductance and set

j? = arg min
j

ϕ(Sj) .

This takes O(n2) time.

7. Cluster the vertices of G using Sj? and V − Sj? .

Thus the time to compute Sj? is significantly less than the time to compute S?; indeed, it
is naively no worse than O(n3) and can be improved in certain cases. Furthermore, while
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Sj? is not necessarily the optimal partition, it is not too far from the optimal partition since
from Theorem 45 and Theorem 51 we know that

ν2/2 ≤ ϕ(S?) ≤
√

2ν2 ,

and we know from the proof of Theorem 51 that

ν2/2 ≤ ϕ(Sj?) ≤
√

2ν2 .
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28 Random walks on graphs
Now we study random walks on graphs. We will see they are closely related to the normalized
graph Laplacian. Among other things, they will give us another perspective, in addition to
Cheeger’s inequality, on the connectivity of a graph. Throughout let G = (V,E,w) be a
weighted, connected graph.

28.1 Definitions

A random walk on a graph G follows the following rules:

• Currently at vertex a ∈ V .

• Move to vertex b ∈ N(a) with probability p(b|a) = w(a, b)/d(a).

• a← b and repeat.

As such, a random walk generates a sequence of vertices a1, a2, a3, . . . such that (ai, ai+1) ∈ E
for all i ≥ 1. While we are sometimes interested in realizations of random walks, it is often
the case that we want to analyze the expected behavior of the random walk. That is what
we will do here.

Let pt : V → R denote the probability distribution after t ≥ 0 steps. In other words,
pt(a) denotes the probability we are at vertex a after t steps of the random walk. Since pt
is a probability distribution that means that

pt(a) ≥ 0 and
∑
a∈V

pt(a) = 1 .

The distribution p0 is the initial probability distribution. Often we will take p0 = δb for
some vertex b ∈ V ; i.e., we start the random walk at vertex b ∈ V . However, we can take p0
as any initial distribution.

Our first task is to derive pt+1(a) from pt(a). In order to get to a at step t+ 1, we must
be at some b ∈ N(a) at step t; the probability of being at b at step t is pt(b). The probability
of walking from b to a in one step is p(a|b) = w(a, b)/d(b). Thus we have:

pt+1(a) =
∑
b∈N(a)

p(a|b)pt(b) =
∑
b∈N(a)

w(a, b)

d(b)
pt(b) . (70)
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Define the n× n random walk matrix W as

W := MD−1 .

Since
W (a, b) =

w(a, b)

d(b)
= p(a|b) ,

it is clear from (70) that
pt+1 = Wpt .

It follows that
pt = W tp0 .

Thus W propagates the walk one step and W t propagates it t steps.
Notice that the column sums ofW are all equal to one. It follows that pt is a probability

distribution so long as p0 is a probability distribution. Once we verify this for p1 the result
will follow by induction. Clearly if p0(a) ≥ 0 for all a ∈ V then p1(a) ≥ 0 for all a since
W (a, b) ≥ 0 for all a, b ∈ V . Now we need to check that p1 sums to one:∑

a∈V

p1(a) =
∑
a∈V

∑
b∈N(a)

w(a, b)

d(b)
p0(b)

=
∑
a∈V

∑
b∈V

M (a, b)

d(b)
p0(b)

=
∑
b∈V

p0(b)

d(b)

∑
a∈V

M(a, b)

=
∑
b∈V

p0(b)

d(b)
d(b)

=
∑
b∈V

p0(b)

= 1 .

Now, it is often the case that we will use a lazy random walk instead of a random walk.
Notice that in the random walk, if you are at vertex a ∈ V then you can walk to any
b ∈ N(a), but you cannot stay at the vertex a. A lazy random walk changes this by allowing
the walk to stay at a with probability 1/2, and to move to one of the neighbors of a with
probability 1/2:

pt+1(a) =
1

2
pt(a) +

1

2

∑
b∈N(a)

w(a, b)

d(b)
pt(b) .

The walk matrix associated to the lazy random walk is:

W̃ :=
1

2
(I +W ) ,

and so
pt+1 = W̃pt .

110



28.2 Spectra of random walks

In this section we compute the eigenvectors and eigenvalues of W and W̃ . Even though
they are not symmetric matrices, they are similar to symmetric matrices, and thus we can
guarantee they will have n eigenvalues and n eigenvectors, although their eigenvectors will not
be orthogonal (recall Homework assignments 01 and 02). Define the normalized adjacency
matrix of G = (V,E,w) as

A := D−1/2MD−1/2 = D−1/2WD1/2 .

Notice that
N = I −D−1/2MD−1/2 = I −A .

Thus the eigenvectors of N , φ1, . . . ,φn, are the eigenvectors of A and the eigenvalues of A
are

µi = 1− νi ,

where we recall 0 = ν1 < ν2 ≤ · · · ≤ νn ≤ 2 are the eigenvalues of N .

Theorem 53. The vector φ is an eigenvector of A with eigenvalue µ if and only if D1/2φ
is an eigenvector of W with eigenvalue µ if and only if D1/2φ is an eigenvector of W̃ with
eigenvalue 1

2
(1 + µ). .

Proof. Let Aφ = µφ. Then

WD1/2φ = D1/2AD−1/2D1/2φ = D1/2Aφ = µD1/2φ .

Additionally,

W̃D1/2φ =
1

2
(I +W )D1/2φ =

1

2
(1 + µ)D1/2φ .

The reverse directions are similar.

Since any eigenvalue ν ofN lies in [0, 2], we see that any eigenvalue µ ofW lies in [−1, 1].
In turn, any eigenvalue ω of W̃ lies in [0, 1]. Let

1 = ω1 > ω2 ≥ · · · ≥ ωn ≥ 0 ,

be the eigenvalues of W̃ . The eigenvalues of W̃ are related to the eigenvalues of N via

ωi =
1

2
(1 + µi) =

1

2
(1 + 1− νi) = 1− νi

2
.
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Additionally, we have

W̃ =
1

2
(I +W )

=
1

2
(I +D1/2AD−1/2)

=
1

2
(I +D1/2(I −N )D−1/2)

=
1

2
(2I −D1/2ND−1/2)

= I − 1

2
D1/2ND−1/2 .
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28.3 Stationary distribution and mixing time

It turns out that no matter what distribution p0 we start with, the lazy random walk on a
connected graphG = (V,E,w) will always converge to the stationary distribution π : V → R,
which is defined as

π =
d

‖d‖1
,

where
‖d‖1 =

∑
a∈V

|d(a)| =
∑
a∈V

d(a) ,

since d(a) ≥ 0 for all a ∈ V . First, observe that d is an eigenvector of W̃ with eigenvalue
ω1 = 1:

W̃d =

(
I − 1

2
D1/2ND−1/2

)
d = d− 1

2
D1/2Nd1/2 = d ,

since d1/2 is an eigenvector of N with eigenvalue ν1 = 0. Thus π is an eigenvector of W̃
with eigenvalue ω1 = 1. Since all the other eigenvalues of W̃ are non-negative and strictly
less than one, we will see that pt = W̃ tp0 will converge to π as t → ∞. The following
theorem gives a precise statement.

Theorem 54. Let G = (V,E,w) be connected, let p0 : V → R be a probability distribution,
and set

pt = W̃ tp0 , t ≥ 0 .

Then,

‖pt − π‖ ≤ ωt2

(
dmax

dmin

)1/2

‖p0‖ .

Proof. The main difficulty of this proof is that the eigenvectors of W̃ are not orthogonal.
So let φ1, . . . ,φn be an orthonormal basis of eigenvectors of N , which means they are an
orthonormal basis of eigenvectors of A. By Theorem 53, we know that D1/2φ1, . . . ,D

1/2φn
are eigenvectors of W̃ . While they are not orthonormal, they do form a basis for Rn.
Therefore we can write

p0 =
n∑
i=1

αiD
1/2φi ,
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for some unique coefficients αi. This in turn implies,

D−1/2p0 =
n∑
i=1

αiφi .

Now since φ1, . . . ,φn does form an orthonormal basis, we know that

αi = 〈D−1/2p0,φi〉 .

In particular,

α1 = 〈D−1/2p0,φ1〉 = (D−1/2p0)
T d1/2

‖d1/2‖
=
pT0D

−1/2d1/2

‖d1/2‖
=

pT0 1

‖d1/2‖
=

1

‖d1/2‖
.

Now we compute

pt = W̃ tp0 = W̃ t

n∑
i=1

αiD
1/2φi

=
n∑
i=1

αiW̃
tD1/2φi

=
n∑
i=1

ωtiαiD
1/2φi

= α1D
1/2φ1 +

n∑
i=2

ωtiαiD
1/2φi

=
D1/2φ1

‖d1/2‖
+

n∑
i=2

ωtiαiD
1/2φi

=
1

‖d1/2‖
D1/2 d

1/2

‖d1/2‖
+

n∑
i=2

ωtiαiD
1/2φi

=
d

‖d‖1
+

n∑
i=2

ωtiαiD
1/2φi

= π +
n∑
i=2

ωtiαiD
1/2φi .

It follows that

pt − π =
n∑
i=2

ωtiαiD
1/2φi =⇒ D−1/2(pt − π) =

n∑
i=2

ωtiαiφi .
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Thus,

‖D−1/2(pt − π)‖2 =
n∑
i=2

ω2t
i |αi|2

≤ ω2t
2

n∑
i=2

|αi|2

≤ ω2t
2

n∑
i=1

|αi|2

= ω2t
2 ‖D−1/2p0‖2 .

To finish the proof, we observe that for any x : V → R,

‖D−1/2x‖2 =
∑
a∈V

1

d(a)
x(a)2 ≥ 1

dmax

∑
a∈V

x(a)2 =
‖x‖2

dmax

,

and
‖D−1/2x‖2 =

∑
a∈V

1

d(a)
x(a)2 ≤ 1

dmin

∑
a∈V

x(a)2 =
‖x‖2

dmin

.

Therefore,

‖pt − π‖2

dmax

≤ ‖D−1/2(pt − π)‖2 ≤ ω2t
2 ‖D−1/2p0‖2 ≤ ω2t

2

‖p0‖2

dmin

,

and so:

‖pt − π‖ ≤ ωt2

(
dmax

dmin

)1/2

‖p0‖ .

It follows that the closer ω2 is to 0, the faster pt converges to π. Recall that ω2 = 1−ν2/2.
Theorem 54 says:

‖pt − π‖ ≤
(

1− ν2
2

)t(dmax

dmin

)1/2

‖p0‖ .

Now remember that ν2 measures the connectivity of G since, by Theorems 45 and 51, we
have

ν2
2
≤ ϕG ≤

√
2ν2 ,

where ϕG is the conductance of G. The upper bound on ϕG (Cheeger’s inequality, Theorem
51) can be used to rewrite Theorem 54 one more time as:

‖pt − π‖ ≤
(

1− ϕ2
G

4

)t(
dmax

dmin

)1/2

‖p0‖ .
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Unfortunately, since ϕG ≤ 1, this bound is a little too loose in this approach and it is better
to consider ν2 (equivalently ω2) directly as the measure of connectivity of G.

Thus, for graphs that are well connected (meaning that ν2 will be large, or equivalently
ω2 will be small) will have pt converge fast. Indeed, if G is well connected then there will
be many paths from any vertex a to any vertex b and many realizations of the lazy random
walk will get from a to b in a small number of steps. Thus the lazy random walk will traverse
the graph fast (on average) and in turn converge to π quickly. On the other hand, graphs
that are not well connected will have small ν2 (equivalently, large ω2) and the bound for the
convergence of pt to π will be weak. In fact, for many such graphs convergence will indeed
be slow. For example, if there exist pairs of vertices a, b ∈ V for which there are only a few
paths from a to b, then only a few realizations of the lazy random walk will get from a to
b in a small number of steps, and most realizations of the lazy random walk will take many
steps to get from a to b. As such, the convergence of pt to π will be slow.

To quantify the number of steps it takes for a walk to mix through G, let us define the
mixing time of the lazy random walk as the minimum value of t for which

‖pt − π‖ ≤
‖π‖

2
.

Applying Theorem 54, we see the mixing time t is no more than the t for which

‖pt − π‖ ≤ ωt2

(
dmax

dmin

)1/2

‖p0‖ ≤
‖π‖

2

⇐⇒
(

1− ν2
2

)t(dmax

dmin

)1/2

‖p0‖ ≤
‖π‖

2

⇐⇒
(

1− ν2
2

)t
≤
(
dmin

dmax

)1/2 ‖π‖
2‖p0‖

Since 1− x ≤ e−x, we have (1− x)t ≤ e−xt. As such, we can again upper bound the mixing
time t via:(

1− ν2
2

)t
≤ e−ν2t/2 ≤

(
dmin

dmax

)1/2 ‖π‖
2‖p0‖

⇐⇒ −ν2t
2
≤ log

[(
dmin

dmax

)1/2 ‖π‖
2‖p0‖

]

⇐⇒ t ≥ −2

ν2
log

[(
dmin

dmax

)1/2 ‖π‖
2‖p0‖

]

⇐⇒ t ≥ 2

ν2
log

[(
dmax

dmin

)1/2
2‖p0‖
‖π‖

]
.

We thus obtain an upper bound for the mixing time that is proportional to 1/ν2. Thus if G
is well connected, and hence ν2 is large, then the mixing time will be small. On the other
hand, if G is not well connected (meaning ν2 is small), the mixing time could be large.
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In the case of when G is d-regular, we can simplify the log term. Indeed, dmax = dmin = d
in this case and

‖π‖ =
‖d‖
‖d‖1

=

√
nd

nd
=

1√
n
.

If p0 = δb for some b as well, then ‖p0‖ = 1 and we obtain:

t ≥ 2

ν2
log(2

√
n) =

2

ν2
log
(
(4n)1/2

)
=

log(4n)

ν2
.

In some graphs the log(4n) factor is too pessimistic and in fact the mixing time is O(1/ν2).

28.4 Diffusion

In this section we consider the operators

P = W T and P̃ := W̃ T .

Recall that W̃ maps probability distributions to probability distributions, which is some-
times referred to as a Markov operator. We also have W̃ (a, b) = p(a|b), i.e., the probability
of walking to a given that you are located at b. On the other hand,

P̃ (a, b) = W̃ T = p(b|a) ,

that is, the probability of walking to b given that you are a. Since the column sums of W̃
are equal to one, the row sums of P̃ are equal to one. This means that P̃ acts as a diffusion,
or averaging operator, since:

P̃ x(a) = P̃ (a, a)x(a) +
∑
b∈N(a)

P̃ (a, b)x(b)

=
1

2
x(a) +

1

2

∑
b∈N(a)

P (a, b)x(b)

=
1

2
x(a) +

1

2

∑
b∈N(a)

w(a, b)

d(a)
x(b) ,

and in particular if G = (V,E) is not weighted, then

P̃ x(a) =
1

2

x(a) +
1

d(a)

∑
b∈N(a)

x(b)

 =
1

2

x(a) +
1

|N(a)|
∑
b∈N(a)

x(b)

 .

Thus P̃ x(a) replaces the value x(a) at a ∈ V with a weighted average of x(a) and the values
x(b) for b ∈ N(a).
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Notice that P̃ t(a, b) is the probability of walking from a to b in exactly t steps. We can
use the family of matrices P̃ t to define the family of diffusion distances between a and b:

dt(a, b) :=

(∑
c∈V

[
P̃ t(a, c)− P̃ t(b, c)

]2 1

d(c)

)1/2

.

Since

Row a of P̃ t = (P̃ t(a, c))c∈V = δTa P̃
t = δTa (W̃ T )t = δTa (W̃ t)T = (W̃ tδa)

T ,

we see that

dt(a, b) =

(∑
c∈V

[
W̃ tδa(c)− W̃ tδb(c)

]2 1

d(c)

)1/2

.

In other words, the diffusion distance measures the distance between a and b by measuring
the overlap of the t-step random walk distribution for walks started at a with the t-step
random walk distribution for walks started at b. It provides an alternate distance to the
shortest path (geodesic) distance between a and b. In some cases the diffusion distance
between a and b better reflects the clustering structure of the graph G; see for example
Figure 34. It is also more robust to noise than the shortest path distance if the graph G is
generated from noisy data.

We can rewrite the diffusion distance in terms of the eigenvectors and eigenvalues of P̃ .
Let us first observe that

P̃ = W̃ T =
1

2
(I +W T ) =

1

2
(I +D−1M)

=
1

2
D−1/2(I +D−1/2MD−1/2)D1/2 = D−1/2(I/2 +A/2)D1/2 .

On the other hand, since I and A are symmetric,

W̃ = D1/2(I/2 +A/2)D−1/2 .

Thus the eigenvalues of P̃ and W̃ are the same, given by 1 = ω1 ≥ ω2 ≥ · · · ≥ ωn ≥ 0.
Furthermore, if the eigenvectors ofA are φ1, . . . ,φn (reminder, these are also the eigenvectors
of N ), then as we saw earlier the eigenvectors of W̃ are D1/2φ1, . . . ,D

1/2φn, but the
eigenvectors of P̃ are D−1/2φ1, . . . ,D

−1/2φn. Since φ1 = d1/2, it follows that the first
eigenvector of P̃ is 1 (although we could have verified this directly using that the row sums
of P̃ are equal to one):

P̃1 = 1 .

Denote the eigenvectors of P̃ by

φ̃i := D−1/2φi , 1 ≤ i ≤ n .
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Figure 34: Illustration of the shortest path distance versus the diffusion distance. Here G
is a barbell type graph, with a, b, c ∈ V . The shortest path distance, as indicated by the
red lines, is approximately the same between a and b as it is between b and c. However,
their diffusion distances, which are inversely proportional to the overlap of the shaded disks
centered at each vertex, are very different. Indeed, due to the bottleneck in the barbell graph,
the t-step distribution started from a overlaps very little with the t-step distribution started
at b. On the other hand, since b and c lie in the same cluster, their t-step distributions
overlap significantly.

Define the diffusion map Φ̃t : V → Rn−1 as

Φ̃t(a) := (ωt2φ̃2(a), . . . , ωtnφ̃n(a)) .

The diffusion map should remind you of the eigenvector graph embeddings we studied in
Section 9, except that we use the eigenvectors of P̃ instead of L and we re-scale the eigen-
vector coordinates by ωti . The following theorem shows the diffusion distance between a and
b is equal to the Euclidean distance between Φ̃t(a) and Φ̃t(b).

Theorem 55. Let G = (V,E,w) be a connected graph. Then

dt(a, b) = ‖Φ̃t(a)− Φ̃t(b)‖ , ∀ a, b ∈ V, ∀ t ≥ 0 .

I leave the proof to you as an upcoming homework exercise. Whereas the eigenvector
embedding of the graph using the eigenvectors of L preserved local relations between vertices
in the graph, the diffusion map embedding preserves the diffusion distance. Additionally,
since for a connected graph we have 1 > ω2 ≥ · · · ≥ ωn ≥ 0, if the eigenvalues of P̃ decay

119



fast and/or if t is large, we can approximate dt(a, b) by truncating Φ̃t(a) to only include
the first k entries (where k depends on the desired error upper bound and the decay of the
eigenvalues of the size of t).

The diffusion distance and the diffusion map were introduced in [5]. In that paper they
explore several different aspects of the diffusion map. We highlight here one part of that
paper, related to clustering. The idea is that the diffusion distances provides a family of
multiscale distances that reflect hierarchical clusters in a graph (e.g., a graph derived from
data). Small times t distinguish many of the clusters, while medium times t merge together
nearby clusters and large times t collapse nearly all clusters together. See Figure 35 for an
illustration.
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Figure 35: Left: A 3-cluster data set in which two clusters are closer together than their
distance from the third. Right: The matrix P̃ t for a graph G = (V,E,w) derived from the
data. (a) t = 8: The rows of P̃ t, and hence the diffusion distance, distinguish the three
clusters. (b) t = 64: The rows of P̃ t are the nearly identical for the two closer clusters,
but are still different than the rows of the vertices in the third cluster. Hence the diffusion
distance effectively merges the closer two clusters together but keeps them separate from
the third cluster. (c) t = 1024: All rows of P̃ t have nearly converged to the stationary
distribution π (see Theorem 54) and hence do not distinguish any of the clusters. Figure
taken from [5].
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29 Expander graphs
In the next few lectures we will explore how to approximate a graph with a different graph
that has far fewer edges. We will begin our studies with expander graphs. A graphG = (V,E)
is a d-regular, ε-expander graph ((d, ε)-expander) if

|µi| ≤ εd , 2 ≤ i ≤ n ,

where we let d = µ1 ≥ µ2 ≥ · · · ≥ µn denote the eigenvalues of the adjacency matrix, M , of
G. Since

L = dI −M , if G is d-regular ,
this definition is equivalent to

|λi − d| ≤ εd , 2 ≤ i ≤ n ,

where 0 = λ1 ≤ λ2 ≤ · · · ≤ λn are the eigenvalues of L. We will show expander graphs have
some very interesting properties, including:

1. Expander graphs approximate the complete graph.

2. The number of edges between subsets of vertices in an expander graph is approximately
the same as the number of edges between subsets of vertices in a random d-regular
graph.

3. Small subsets of vertices have many neighbors.

4. We will prove that as n→∞, one must have ε ≥ 2
√
d− 1/d.

29.1 Expanders approximate the complete graph

Let G,H be two graphs with n vertices. Recall that

H 4 G ⇐⇒ xTLHx ≤ xTLGx , ∀x ∈ Rn .

Recall as well that c ·G is the same graph as G but in which every edge weight is multiplied
by c. For unweighted graphs this means that c·G replaces all the edge weights equal to 1 with
edge weights equal to c. For this part of the course, we will say that G is an ε-approximation
of H if

(1− ε)H 4 G 4 (1 + ε)H .
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Theorem 56. Let G be (d, ε)-expander. Then G is an ε approximation of H = (d/n)Kn.

Proof. Suppose G is a (d, ε)-expander so that |d − λi| ≤ εd for all i ≥ 2. Let x ∈ Rn be
orthogonal to 1, i.e., 〈x,1〉 = 0, so that, using Lemma 4, we have

xTLGx =
n∑
i=2

λi|〈x,ψi〉|2

=
n∑
i=2

(λi − d+ d)|〈x,ψi〉|2

=
n∑
i=2

(λi − d)|〈x,ψi〉|2 + d

n∑
i=2

|〈x,ψi〉|2

=
n∑
i=2

(λi − d)|〈x,ψi〉|2 + d‖x‖2 ,

and
n∑
i=2

(λi − d)|〈x,ψi〉|2
{ ≤∑n

i=2 |λi − d||〈x,ψi〉|2 ≤ εd‖x‖2

≥ −
∑n

i=2 |λi − d||〈x,ψi〉|2 ≥ −εd‖x‖2
.

It follows that for all x with 〈x,1〉 we have

(1− ε)dxTx ≤ xTLGx ≤ (1 + ε)dxTx .

On the other hand, we know from Theorem 7 that all non-zero eigenvalues of the complete
graph, Kn, are equal to n. In other words, all x ∈ Rn with 〈x,1〉 = 0 satisfy

xTLKnx = nxTx .

Set
H =

d

n
Kn ,

so that
xTLHx = dxTx , ∀x ∈ Rn with 〈x,1〉 = 0 .

Therefore we have shown that G is an ε-approximation of H = (d/n)Kn.

For a matrix B define the norm of B as

‖B‖ := max
x∈Rn

x6=0

‖Bx‖
‖x‖

.

If B is symmetric, then
‖B‖ = max

1≤i≤n
|µi(B)| ,
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where µ1(B), . . . , µn(B) are the eigenvalues of B. Now, observe that

(1− ε)LH 4 LG 4 (1 + ε)LH =⇒ −εLH 4 LG −LH 4 εLH .

Using Theorem 15 we have for all i ≥ 2,

−εd = −ελi(LH) ≤ λi(LG −LH) ≤ ελi(LH) = εd ,

from which we conclude
‖LG −LH‖ ≤ εd . (71)

This inequality will be useful in a bit; it also gives another way by which to interpret G as
an ε-approximation of H.

Remark 26. Note that Kn has n(n−1)/2 edges but a (d, ε)-expander has dn/2 edges. Thus,
if d� n and if ε� 1, we will have obtained a good approximation of Kn, but using a graph
G that has far fewer edges. Later on we will see how small ε can be as a function of d.

29.2 Quasi-random properties of expanders

Let G = (V,E) and consider generating a subset S ⊆ V by including each vertex in S
independently with probability α, and generate another subset T ⊆ V by including each
vertex in T independently with probability β. On average, the number of ordered pairs
(a, b) ∈ S × T such that (a, b) ∈ E will be (αβ) · (2|E|), since the total number of ordered
edges is 2|E|.

Now, let S ⊂ V and T ⊂ V such that S ∩ T = ∅, and define

E(S, T ) := {(a, b) ∈ E : a ∈ S and b ∈ T} .

E(S, T ) is the set of edges going between S and T , and |E(S, T )| is the number of such
edges. Since a d-regular graph has dn/2 edges, the following theorem proves that |E(S, T )|
in (d, ε)-expander graphs is approximately equal to the expected number of edges between a
randomly selected S and T .

Theorem 57. Let G = (V,E) be a d-regular graph that ε-approximates H = (d/n)Kn. Then,
for every S ⊂ V and T ⊂ V with S ∩ T = ∅, |S| = αn, and |T | = βn, we have

||E(S, T )| − αβdn| ≤ εdn
√

(α− α2)(β − β2) .

Proof. First observe that

1TSLG1T = 1TSDG1T − 1TSMG1T = d|S ∩ T | −
∑
a∈V

∑
b∈V

MG(a, b)1S(a)1T (a)

= −
∑
a∈S

∑
b∈T

M (a, b) = −|E(S, T )| .
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Now define J as the matrix of all ones so that LKn = nI − J . We have

1TSLH1T = 1TS (dI − (d/n)J)1T = d|S ∩ T | − d

n

∑
a∈V

∑
b∈V

J(a, b)1S(a)1T (a)

= −d
n

∑
a∈S

∑
b∈T

1

= −d
n
|S||T |

= −αβdn .

Therefore

||E(S, T )| − αβdn| = |1TSLG1T − 1TSLH1T | = |1TS (LG −LH)1T | .

Now remember from the proof of Theorem 39 (recall this was the lower bound of the
isoperimetric ratio) that

xS := 1S − s1 , s :=
|S|
n

= α ,

satisfies 〈xS,1〉 = 0, and more importantly here,

xTSxS = |S|(1− s) = αn(1− α) = n(α− α)2 .

Define xT analogously, so that

xT := 1T − t1 , t :=
|T |
n

= β =⇒ xTTxT = n(β − β2) .

Since LG1 = LH1 = 0, and since by (71) we have ‖LG − LH‖ ≤ εd, using the Cauchy-
Schwarz inequality we compute:

|1TS (LG −LH)1T | = |xTS (LG −LH)xT |
≤ ‖xS‖‖(LG −LH)xT‖
≤ ‖xS‖‖LG −LH‖‖xT‖
≤ εdn

√
(α− α2)(β − β2) .

That completes the proof.

Remark 27. One can allow S and T to overlap (i.e., S ∩ T 6= ∅) if one replaces E(S, T )
with the set of ordered pairs (a, b) ∈ S × T .
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29.3 Vertex expansion

Now let us explain the name expander graph. For S ⊆ V , let N(S) denote the collection of
neighbors of the vertices in S,

N(S) := {b ∈ V : b ∈ N(a) for some a ∈ S} .

Tanner’s theorem provides a lower bound on |N(S) ∪ S|, and in particular shows that the
number of such vertices can be much larger than |S|.

Theorem 58 (Tanner’s Theorem). Let G = (V,E) be a d-regular graph that ε-approximates
(d/n)Kn. Then, for all S ⊆ V with |S| = αn,

|N(S) ∪ S| ≥ |S|
ε2(1− α) + α

.

Proof. Let R = N(S) ∪ S and set T = V −R. Then

T ∩ S = ∅ and E(S, T ) = ∅ .

Also set
|T | = βn and |R| = γn =⇒ γ = 1− β .

Applying Theorem 57 we obtain

αβdn = ||E(S, T )| − αβdn| ≤ εdn
√

(α− α2)(β − β2) .
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Therefore, we have:

αβ ≤ ε
√

(α− α2)(β − β2)

α2β2 ≤ ε2(α− α2)(β − β2)

αβ ≤ ε2(1− α)(1− β)

β

1− β
≤ ε2(1− α)

α

1− γ
γ
≤ ε2(1− α)

α

1

γ
≤ ε2(1− α)

α
+ 1

1

γ
≤ ε2(1− α) + α

α

γ ≥ α

ε2(1− α) + α
.

Since γ = |R|/n, we conclude that

|N(S) ∪ S| = |R| ≥ αn

ε2(1− α) + α
=

|S|
ε2(1− α) + α

.

Remark 28. We note, in particular, that if α � ε2 then the right hand side of Tanner’s
Theorem is approximately |S|/ε2, which can be much larger than |S|.

29.4 How well can a graph approximate the complete graph?

We know that a (d, ε)-expander graph G is an ε-approximation of H = (d/n)Kn, but how
small can we make ε? It stands to reason that the lower bound of ε should depend upon
d, since as d gets smaller the number of edges in G also gets smaller, and our ability to
approximate (d/n)Kn is reduced.

We can use Tanner’s Theorem (Theorem 58) to get a first estimate for the lower bound of
ε. To do so, apply Tanner’s Theorem to S = {a} for any vertex a ∈ V . Since G is d-regular
we conclude:

d+ 1 ≥ 1

ε2(1− 1/n) + 1/n

ε2(1− 1/n) + 1/n ≥ 1

d+ 1

ε2 · n− 1

n
≥ 1

d+ 1
− 1

n

ε2 ≥ n

(n− 1)d+ 1
− 1

n− 1
≥ 1

d+ 1
− 1

n− 1
.
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Thus:

ε ≥
√

1

d+ 1
− 1

n− 1
≈ C√

d
.

The next theorem, which is referred to as the Alon–Boppana Bound, implies a more
precise estimate for ε. For any two edges (a0, a1), (b0, b1) ∈ E we define the distance between
them as

dist((a0, a1), (b0, b1)) = min{dist(ai, bj) : 0 ≤ i, j ≤ 1} ,

where we recall that dist(a, b) is the length of the shortest path connecting a to b.

Theorem 59 (Alon–Boppana Bound). Let G be a d-regular graph containing two edges
(a0, a1) and (b0, b1) such that dist((a0, a1), (b0, b1)) ≥ 2k + 2 for some integer k ≥ 0. Then:

λ2 ≤ d− 2
√
d− 1 +

2
√
d− 1− 1

k + 1
.

Proof. Define the following sets of vertices:

U0 = {a0, a1}

Uj = N(Uj−1)−
j−1⋃
i=0

Ui , 1 ≤ j ≤ k

W0 = {b0, b1}

Wj = N(Wj−1)−
j−1⋃
i=0

Wi , 1 ≤ j ≤ k .

Put another way, Uj is exactly the set of vertices that are at distance j from U0, andWj is ex-
actly the set of vertices that are at distance j fromW0. Note that since dist((a0, a1), (b0, b1)) ≥
2k + 2, there can be no vertices Uj and Wj′ for any 0 ≤ j, j′ ≤ k, i.e.,

Uj ∩Wj′ = ∅ , ∀ 0 ≤ j, j′ ≤ k .

Furthermore, no vertex in Uj, for any 0 ≤ j ≤ k, can be a neighbor of a vertex Wj′ , for
any 0 ≤ j′ ≤ k, since otherwise dist((a0, a1), (b0, b1)) ≤ 2k + 1, which is a contradiction. See
Figure 36 for an illustration.

As we learned in Section 12 and in particular using Theorem 13, we can upper bound λ2
with a test vector x ∈ Rn such that 〈x,1〉 = 0. We need a good one to obtain the result,
and so we pick:

x(a) :=


(d− 1)−j/2 a ∈ Uj
β(d− 1)−j/2 a ∈ Wj

0 otherwise
,

where β ∈ R is chosen so that 〈x,1〉 = 0.
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Figure 36: Illustration of the sets Uj and Wj.

Now we need to estimate xTLx and xTx so we can estimate the Rayleigh quotient of x.
Let us begin with xTx:

xTx =
∑
a∈V

x(a)2

=
k∑
j=0

∑
a∈Uj

x(a)2 +
k∑
j=0

∑
a∈Wj

x(a)2

=
k∑
j=0

|Uj|(d− 1)−j + β2

k∑
j=0

|Wj|(d− 1)−j

= A+ β2B ,

where we set

A :=
k∑
j=0

|Uj|(d− 1)−j and B :=
k∑
j=0

|Wj|(d− 1)−j .

To upper bound xTLx we recall that

xTLx =
∑

(a,b)∈E

(x(a)− x(b))2 .
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We need to partition the edges in E, and in particular focus on those edges (a, b) for which
x(a) 6= x(b). First, notice any a ∈ U0 only has neighbors in U0 and U1. Similarly, for
1 ≤ j ≤ k − 1, any a ∈ Uj only has neighbors in Uj−1, Uj, and Uj+1. Denote by U ⊂ V all
the vertices collectively in {Uj : 0 ≤ j ≤ k}, i.e.,

U :=
k⋃
j=0

Uj .

Define W analogously. Since Uk cannot be connected to any vertex in W , the neighbors of
any vertex in Uk must be in Uk−1, Uk, or V − (U ∪W ). The same analysis applies to the
sets Wj for 0 ≤ j ≤ k. Therefore, the edges E are:

E =

(
k⋃
j=0

E(Uj)

)
∪

(
k⋃
j=0

E(Vj)

)
∪ E(V − (U ∪W )) ∪ · · ·

· · · ∪

(
k−1⋃
j=0

E(Uj, Uj+1)

)
∪ E(Uk, V − (U ∪W )) ∪ · · ·

· · · ∪

(
k−1⋃
j=0

E(Wj,Wj+1)

)
∪ E(Wk, V − (U ∪W )) .

Now, x(a) = x(b) on all the edges in the first row of the decomposition of E, so we can
ignore those edges. That leaves us with the second and third rows. We will need to bound
the number of edges in E(Uj, Uj+1) and E(Uk, V − (U ∪W )), and likewise for the third row.
Notice that each a ∈ Uj, for 0 ≤ j ≤ k − 1, must have at least one neighbor not in Uj+1.
Indeed, a0, a1 ∈ U0 are neighbors, and any a ∈ Uj for 1 ≤ j ≤ k− 1 must be connected to at
least one vertex in Uj−1. Therefore, since G is d-regular, each vertex in Uj has at most d− 1
edges with vertices in Uj+1. Thus:

|E(Uj, Uj+1)| ≤ (d− 1)|Uj| , 0 ≤ j ≤ k − 1 .

A similar analysis shows that

|E(Uk, V − (U ∪W ))| ≤ (d− 1)|Uk| .

Of course the same holds for the Wj edges in the third row.
Let us use (xTLx)|U to denote the part of xTLx that includes edges from the second

row, and (xTLx)|W the part of xTLx that includes edges from the third row, so that
xTLx = (xTLx)|U + (xTLx)|W . The analysis of these two components of xTLx is similar,
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so let us focus on (xTLx)|U :

(xTLx)|U =
k−1∑
j=0

∑
(a,b)∈E(Uj ,Uj+1)

(x(a)− x(b))2 +
∑

(a,b)∈E(Uk,V−(U∪W ))

(x(a)− x(b))2

=
k−1∑
j=0

∑
(a,b)∈E(Uj ,Uj+1)

[
(d− 1)−j/2 − (d− 1)−(j+1)/2

]2
+

∑
(a,b)∈E(Uk,V−(U∪W ))

(d− 1)−k

≤
k−1∑
j=0

(d− 1)|Uj|
[
(d− 1)−j/2 − (d− 1)−(j+1)/2

]2
+ (d− 1)|Uk|(d− 1)−k

=
k−1∑
j=0

(d− 1)|Uj|
[
(d− 1)−(j+1)/2((d− 1)1/2 − 1)

]2
+ |Uk|(d− 1)−k+1

=
k−1∑
j=0

|Uj|(d− 1)−j(
√
d− 1− 1)2 + |Uk|(d− 1)−k+1

=
k−1∑
j=0

|Uj|(d− 1)−j(d− 2
√
d− 1) + |Uk|(d− 1)−k(d− 2

√
d− 1 + 2

√
d− 1− 1)

= (d− 2
√
d− 1)

k∑
j=0

|Uj|(d− 1)−j + |Uk|(d− 1)−k(2
√
d− 1− 1)

= (d− 2
√
d− 1)A+ (k + 1)|Uk|(d− 1)−k

(
2
√
d− 1− 1

k + 1

)
. (72)

Now, the inequality |E(Uj, Uj+1)| ≤ (d− 1)|Uj| implies that

|Uj+1| ≤ (d− 1)|Uj| =⇒ |Uj+1|(d− 1)−(j+1) ≤ |Uj|(d− 1)−j , 0 ≤ j ≤ k − 1 .

In particular,
|Uk|(d− 1)−k ≤ |Uj|(d− 1)−j , 0 ≤ j ≤ k .

So continuing from (72) we have:

(xTLx)|U ≤ (72) = (d− 2
√
d− 1)A+ (k + 1)|Uk|(d− 1)−k

(
2
√
d− 1− 1

k + 1

)
≤ (d− 2

√
d− 1)A+

(
2
√
d− 1− 1

k + 1

) k∑
j=0

|Uj|(d− 1)−j

= (d− 2
√
d− 1)A+

(
2
√
d− 1− 1

k + 1

)
A

=

(
d− 2

√
d− 1 +

2
√
d− 1− 1

k + 1

)
A .
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Since β factors out of all the terms in (xTLx)|W , we can apply the same approach to conclude
that

(xTLx)|W ≤
(
d− 2

√
d− 1 +

2
√
d− 1− 1

k + 1

)
β2B .

Putting everything together we obtain:

λ2 ≤
xTLx

xTx
=

(xTLx)|U + (xTLx)|W
xTx

≤
(
d− 2

√
d− 1 +

2
√
d− 1− 1

k + 1

)(
A+ β2B

A+ β2B

)
= d− 2

√
d− 1 +

2
√
d− 1− 1

k + 1
.

Recall that λi = d − µi for a d-regular graph, and so rearranging terms in Theorem 59
we obtain:

µ2 ≥ 2
√
d− 1− 2

√
d− 1− 1

k + 1
.

In particular,

|µ2| ≥ d

(
2
√
d− 1

d
− 2
√
d− 1− 1

d(k + 1)

)
,

which implies that ε in a (d, ε)-expander graph must satisfy

ε ≥ 2
√
d− 1

d
− 2
√
d− 1− 1

d(k + 1)
,

since by definition |µ2| ≤ εd in a (d, ε)-expander graph.
The quantity k is related to the graph diameter. Recall that diam(G) is the maximum

length of the shortest path between any two vertices in G. Let a0, b0 ∈ G be chosen such
that

dist(a0, b0) = diam(G) .

Let a1 ∈ N(a0) and b1 ∈ N(b0). Then

dist((a0, a1), (b0, b1)) ≥ 2k+2 ≥ diam(G)−2 =⇒ k+1 ≥ diam(G)

2
−1 ≥

⌊
diam(G)

2

⌋
−1 ,

and so
−1

k + 1
≥ −1

bdiam(G)/2c − 1
.

Therefore,

µ2 ≥ 2
√
d− 1− 2

√
d− 1− 1

k + 1
≥ 2
√
d− 1− 2

√
d− 1− 1

bdiam(G)/2c − 1
.
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Now, if one fixes d and lets |V | = n → ∞, then diam(G) → ∞, and we get that
µ2 ≥ 2

√
d− 1. A Ramanujan graph is a connected d-regular graph in which

|µi| ≤ 2
√
d− 1 , i ≥ 2 .

As such, they are very good (d, ε)-expander graphs for when n is large. Figure 37, taken
from these notes by Matija Bucic, gives some examples of circular Ramanujan graphs. Over
the years various folks have been interested in coming up with infinite families of Ramanujan
graphs; see for example the Wikipedia article on Ramanujan graphs, which lists several types
of Ramanujan graphs.

Figure 37: Examples of Ramanujan graphs

Remark 29. In [1, Chapter 30], Spielman proves that for every ε > 0 there is a d for which
there is an infinite family of (d, ε)-expander graphs. The family is constructed explicitly, so
check it out if you want to see more examples of expander graphs!
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30 Graph sparsification via random sampling

30.1 Introduction

Recall that H = (V,EH , wH) is an ε-approximation of a graph G = (V,E,w) if

(1− ε)LG 4 LH 4 (1 + ε)LG .

In Section 29, Theorem 56, we learned that (d, ε)-expander graphs are ε-approximations of
the re-scaled complete graph (d/n)Kn. We also proved in Theorem 59 that

ε ≥ 2
√
d− 1

d
− 2

√
d− 1− 1

d(diam(G)/2− 1)
,

and we observed that the Ramanujan graphs, which are a special type of expander graph,
satisfy

ε ≤ 2
√
d− 1

d
,

meaning they are very good approximations of Kn, particularly when n is large. Recall that
a (d, ε)-expander graph is a d-regular graph and so it has dn/2 edges. We can calculate the
number of edges in a Ramanujan graph in terms of its approximation error ε. Indeed, by
the above two inequalities we can take:

ε =
2
√
d− 1

d
=⇒ ε2 =

4(d− 1)

d2
=

4

d
− 4

d2
≤ 4

d
=⇒ ε−2 ≥ d

4
=⇒ d = O(ε−2) .

Therefore, the number of edges in a Ramanujan graph that ε approximates (d/n)Kn is equal
to

dn

2
= O(ε−2n) .

In this section we will prove that any connected graph G, not just the complete graph,
can be well approximated by a sparse graph. We will see that by using a careful random
sampling of the edges in G, we can obtain an ε approximation of G with only O(ε−2n log n)
edges, which is nearly as sparse as the Ramanujan graph (but, again, here we approximate
any G, not just Kn). This is a very powerful statement, as it allows us to approximate any
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graph with a sparse graph through a relatively simple algorithm. As an example of this
power, remember that if H is an ε-approximation of G, then by Theorem 15 we have

(1− ε)λi(G) ≤ λi(H) ≤ (1 + ε)λi(G) , 1 ≤ i ≤ n .

Additionally, for all sets S ⊂ V , the number of edges in the boundary of S with respect to
H is similar to the number of edges in the boundary of S with respect to G since, recalling
a calculation we performed in the proof of Theorem 39, we have:

(1− ε)|∂GS| = (1− ε)1TSLG1S ≤ |∂HS| = 1TSLH1S ≤ (1 + ε)1TSLG1S = (1 + ε)|∂GS| .

There are other properties for which G and H will be similar as well.

30.2 Overview of the algorithm

Now for the random sampling algorithm that will generate the graph H = (V,EH , wH) from
the graph G = (V,E,w):

1. Carefully choose a probability pa,b for each edge (a, b) ∈ E, where pa,b gives the prob-
ability that we keep the edge in H.

2. Randomly sample the edges from G to include in H using the probabilities pa,b.

3. If (a, b) is included in H, we give it weight

wH(a, b) :=
w(a, b)

pa,b
.

We will show that with properly chosen probabilities pa,b, the resulting graph H will have
|EH | = Cε−2n log n edges with high probability, and H will be an ε-approximation of G also
with high probability.

As some initial intuition, the reason for re-weighting the edges is that it will imply the
expected matrix of LH will be equal to LG. To see this, recall that

LG =
∑

(a,b)∈E

w(a, b)La,b .

On the other hand,
LH =

∑
(a,b)∈E

WH(a, b)La,b , (73)

where WH(a, b) is the random variable defined as

P
(
WH(a, b) =

w(a, b)

pa,b

)
= pa,b and P(WH(a, b) = 0) = 1− pa,b . (74)
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It follows that the expected value of WH(a, b) is:

E[WH(a, b)] = P
(
WH(a, b) =

w(a, b)

pa,b

)
· w(a, b)

pa,b
+ P(WH(a, b) = 0) · 0

= pa,b ·
w(a, b)

pa,b
+ (1− pa,b) · 0

= w(a, b) .

Thus, on average, the weight of each edge is preserved and thus the overall weight of the
graph on average is preserved. Furthermore,

E[LH ] =
∑

(a,b)∈E

E[WH(a, b)]La,b =
∑

(a,b)∈E

w(a, b)La,b = LG ,

indicating that the average graph Laplacian of H over an infinite number of random draws
of H will be equal to LG. However, for most random draws of H, LH will be much sparser
than LG (if we pick the probabilities pa,b correctly).

Remark 30. Since on average the overall weight of G is preserved by H, one can think of the
new weights wH(a, b) = w(a, b)/pa,b, which increase the weight of the edge, as aggregating
the weights of the edges that are removed from G into the fewer remaining edges left in H.
As an additional reference point, if G = Kn with all edge weights equal to one, and if H̃ is
a (d, ε)-expander graph also with all edge weights equal to one, then it is H = (n/d)H̃ that
ε-approximates Kn. In particular, we see that all the edge weights are blown up in this case
too.

30.3 Chernoff bounds

To prove that the algorithm from Section 30.2 works, we will need two types of Chernoff
bounds, one for random variables and one for random matrices. All of these results are types
of concentration inequalities.

Theorem 60 (Random variable Chernoff bound). Let X1, . . . , Xm be independent random
variables taking values in {0, 1}. Define

X :=
m∑
i=1

Xi ,

and let µ := E[X]. Then for any 0 ≤ δ ≤ 1,

P(X ≤ (1− δ)µ) ≤ e−δ
2µ/2 ,

P(X ≥ (1 + δ)µ) ≤ e−δ
2µ/3 .
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Theorem 61 (Random matrix Chernoff bound). Let X1, . . . ,Xm be independent random
n× n, symmetric, positive semi-definite matrices so that ‖Xi‖ ≤ R almost surely. Define

X :=
m∑
i=1

Xi ,

and let µmin and µmax be the minimum and maximum eigenvalues of

E[X] =
m∑
i=1

E[Xi] ,

respectively. Then for any 0 ≤ ε ≤ 1,

P(λmin(X) ≤ (1− ε)µmin) ≤ ne−ε
2µmin/2R ,

P(λmax(X) ≥ (1 + ε)µmax) ≤ ne−ε
2µmax/3R .

Remark 31. It is important to note that the random variables X1, . . . , Xm in Theorem 60,
and the random matrices X1, . . . ,Xm in Theorem 61, can have different distributions.

Remark 32. Looking ahead, we will use Theorem 60 to prove that the number of edges in
H is O(ε−2n log n) with high probability, and we will use Theorem 61 to prove that H is an
ε-approximation of G with high probability.
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30.4 The key transformation

From Section 30.2 we know that E[LH ] = LG. We could try to write LH as the sum of
random matrices and apply Theorem 61 with X = LH and E[X] = E[LH ] = LG, but
to make our life easier we will first make an important transformation into an equivalent
problem for which µmin = µmax = 1.

For positive definite matrices A and B we have

A 4 cB ⇐⇒ B−1/2AB−1/2 4 cI .

In the above, recall that
B = ΦΛΦT ,

where Λ is the diagonal matrix with the eigenvalues λ1, . . . , λn of B on its diagonal. Since
B is positive definite, λi > 0 for all 1 ≤ i ≤ n, and we define

B−1/2 := ΦΛ−1/2ΦT , Λ−1/2(i, i) := 1/
√
λi .

The same property holds for positive semi-definite matrices so long as they have the same
null space, and if we replace the inverse of B with the pseudo-inverse of B. More precisely,
let B be a positive semi-definite matrix. Then the pseudo-inverse of B is defined as:

B+ := ΦΛ+ΦT , Λ+(i, i) :=

{
0 λi = 0
λ−1i λi > 0

.

Similarly, we define B+/2 as:

B+/2 := ΦΛ+/2ΦT , Λ+/2(i, i) :=

{
0 λi = 0

λ
−1/2
i λi > 0

.

Now, if A and B are positive semi-definite matrices with the same null space, then

A 4 cB ⇐⇒ B+/2AB+/2 4 cB+/2BB+/2 .

In particular, if H and G are both connected graphs, then both LH and LG have the
same null space given by {α1 : α ∈ R}. As such:

LH 4 (1 + ε)LG ⇐⇒ L
+/2
G LHL

+/2
G 4 (1 + ε)L

+/2
G LGL

+/2
G .
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Set
Π := L

+/2
G LGL

+/2
G .

We conclude that

(1− ε)LG 4 LH 4 (1 + ε)LG ⇐⇒ (1− ε)Π 4 L+/2
G LHL

+/2
G 4 (1 + ε)Π .

In other words, LH is an ε-approximation ofLG if and only ifL+/2
G LHL

+/2
G is an ε-approximation

of Π. So rather than prove that LH is an ε-approximation of G with high probability, we
will instead prove that L+/2

G LHL
+/2
G is an ε-approximation of Π with high probability.

At this point, it is instructive to get a feel for what the operator Π does. In words, it
projects a vector x onto the range LG. Since G is connected, the range of LG is given by
span{ψ2, . . . ,ψn}. To see that Π projects x onto span{ψ2, . . . ,ψn}, we compute

Π = ΨΛ+/2ΨTΨΛΨTΨΛ+/2ΨT = ΨΛ+/2ΛΛ+/2ΨT = Ψ


0 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
...

...
... . . . ...

0 0 0 · · · 1

ΨT .

As such,

Πx =
n∑
i=2

〈x,ψi〉ψi ,

and we note that λ1(Π) = 0 and λ2(Π) = · · · = λn(Π) = 1.

30.5 The edge probabilities and graph approximation

In this section we prove that L+/2
G LHL

+/2
G is an ε-approximation of Π with high probability.

In other words, we want to show:

P
(
L

+/2
G LHL

+/2
G 4 (1− ε)Π

)
� 1 , (75)

P
(
L

+/2
G LHL

+/2
G < (1 + ε)Π

)
� 1 . (76)

Note, if L+/2
G LHL

+/2
G < (1 + ε)Π, then by Theorem 15 we have

λn(L
+/2
G LHL

+/2
G ) ≥ (1 + ε)λn(Π) = 1 + ε .

Thus,
P
(
L

+/2
G LHL

+/2
G < (1 + ε)Π

)
≤ P

(
λn(L

+/2
G LHL

+/2
G ) ≥ 1 + ε

)
.

As such, to show (76) it is sufficient to show

P
(
λn(L

+/2
G LHL

+/2
G ) ≥ 1 + ε

)
� 1 .
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Similarly, to show (75) it is sufficient to show

P
(
λ2(L

+/2
G LHL

+/2
G ) ≤ 1− ε

)
� 1 .

Note that we use λ2 instead of λ1 since we are guaranteed to have λ1(L
+/2
G LHL

+/2
G ) =

λ1(Π) = 0.
At this point you should be thinking that we will want to use Theorem 61. To do so we

need to do two things. First, we need to compute E[L
+/2
G LHL

+/2
G ]. We have:

E[L
+/2
G LHL

+/2
G ] = L

+/2
G E[LH ]L

+/2
G = L

+/2
G LGL

+/2
G = Π .

That is great because it means that on average L+/2
G LHL

+/2
G is equal to Π, and we will be

able to use Theorem 61 to prove that any individual realization of L+/2
G LHL

+/2
G should not

deviate from Π by too much, with high probability. We note that,

1 + ε = (1 + ε)λn(Π) = (1 + ε)λn

(
E[L

+/2
G LHL

+/2
G ]
)
,

and similarly,
1− ε = (1− ε)λ2(Π) = (1− ε)λ2

(
E[L

+/2
G LHL

+/2
G ]
)
.

The second thing we need to do is write L+/2
G LHL

+/2
G as the sum of random matrices.

To that end, for each (a, b) ∈ E define Xa,b as the random matrix such that

P
(
Xa,b =

w(a, b)

pa,b
L

+/2
G La,bL

+/2
G

)
= pa,b and P(Xa,b = 0) = 1− pa,b .

Recalling how we defined H in (73) and (74), we see that

L
+/2
G LHL

+/2
G =

∑
(a,b)∈E

Xa,b .

Now we need to specify the probabilities pa,b

pa,b :=
1

R
w(a, b)‖L+/2

G La,bL
+/2
G ‖ ,

where R is a parameter that we will specify shortly. Since

Xa,b =
w(a, b)

pa,b
L

+/2
G LGL

+/2
G ,

when (a, b) ∈ E is chosen, we see that

‖Xa,b‖ ≤ R .
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Now, there is a chance that pa,b > 1. We will address that scenario at the end of our
discussion. For now let us assume that pa,b ≤ 1.

Set
R :=

ε2

τ log n
, τ > 3 .

Applying Theorem 61 we have:

P
(
L

+/2
G LHL

+/2
G < (1 + ε)Π

)
≤ P

(
λn(L

+/2
G LHL

+/2
G ) ≥ 1 + ε

)
= P

(
λn(L

+/2
G LHL

+/2
G ) ≥ (1 + ε)λn(E[L

+/2
G LHL

+/2
G ])

)
≤ n exp

(
− ε2

3R

)
= n exp

(
−τ log n

3

)
= n · n−τ/3

= n−(τ−3)/3 .

Since λ1(Xa,b) = 0 for all (a, b) ∈ E, we can apply Theorem 61 to λ2 instead of λ1 to obtain:

P
(
L

+/2
G LHL

+/2
G 4 (1− ε)Π

)
≤ P

(
λ2(L

+/2
G LHL

+/2
G ) ≤ 1− ε

)
= P

(
λ2(L

+/2
G LHL

+/2
G ) ≤ (1− ε)λ2(E[L

+/2
G LHL

+/2
G ])

)
≤ n exp

(
− ε2

2R

)
= n exp

(
−τ log n

2

)
= n · n−τ/2

= n−(τ−2)/2 .

Remark 33. Based on the above inequalities, one might be tempted to set τ to be very
large. However, we will see in Section 30.6 that E[|EH |] increases with τ .

30.6 The number of edges

Now we know that with high probability H will be an ε-approximation of G, but we still need
to compute the expected number of edges in H. To that end define the random variables
Xa,b as

P(Xa,b = 1) = pa,b and P(Xa,b = 0) = 1− pa,b .
It follows that E[Xa,b] = pa,b and

|EH | = X :=
∑

(a,b)∈E

Xa,b .
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Thus,
E[|EH |] = E[X] =

∑
(a,b)∈E

E[Xa,b] =
∑

(a,b)∈E

pa,b .

So we need to compute the sum of the probabilities pa,b. Let us first compute ‖L+/2
G La,bL

+/2
G ‖.

Since La,b has rank one, the matrix L+/2
G La,bL

+/2
G also has rank one. Thus it has one non-zero

eigenvalue λa,b > 0. Therefore:

‖L+/2
G La,bL

+/2
G ‖ = λa,b

= Tr(L
+/2
G La,bL

+/2
G )

= Tr(L+
GLa,b) .

As such: ∑
(a,b)∈E

pa,b =
1

R

∑
(a,b)∈E

w(a, b)‖L+/2
G La,bL

+/2
G ‖

=
1

R

∑
(a,b)∈E

w(a, b)Tr(L+
GLa,b)

=
1

R
Tr

 ∑
(a,b)∈E

w(a, b)L+
GLa,b


=

1

R
Tr

L+
G

∑
(a,b)∈E

w(a, b)La,b


=

1

R
Tr(L+

GLG)

=
1

R
Tr(Π)

=
n− 1

R
.

We conclude that
E[|EH |] =

n− 1

R
.

Recall,

R =
ε2

τ log n
, τ > 3 ,

so that
E[|EH |] = τε−2(n− 1) log n .
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Thus the expected number of edges is O(ε−2n log n), which is good. But what about any
single particular realization of H? Let 0 ≤ δ ≤ 1 and apply Theorem 60:

P
(
|EH | ≥ (1 + δ)τε−2(n− 1) log n

)
= P(|EH | ≥ (1 + δ)E[|EH |])

≤ exp

(
−δ

2E[|EH |]
3

)
= exp

(
−δ

2(n− 1)

3R

)
= exp

(
−τδ

2(n− 1) log n

3ε2

)
≤ exp

(
−δ

2(n− 1) log n

ε2

)
≤ exp

(
−δ

2(n− 1)

ε2

)
.

We can simplify even further by setting δ = ε, in which case we get:

P
(
|EH | ≥ (1 + ε)τε−2(n− 1) log n

)
≤ e−(n−1) ≤ 3e−n .

In other words, it is exceedingly unlikely that |EH | will have more than O(ε−2n log n) edges,
even for small n.

30.7 Collecting everything

In this section we collect all the main results that we proved in the previous sections. Here
is our algorithm:

• Input: A connected graph G = (V,E,w), a tolerance 0 < ε < 1, and the parameter
τ > 3.

1. For each edge (a, b) ∈ E compute the probabilities

pa,b := min

(
1

R
w(a, b)‖L+/2

G La,bL
+/2
G ‖ , 1

)
, with R :=

ε2

τ log n
.

2. Randomly sample the edges from G for inclusion in H = (V,EH , wH) according to the
probabilities:

P((a, b) ∈ EH) = pa,b and P((a, b) /∈ EH) = 1− pa,b .

3. For each edge (a, b) ∈ EH , assign it the weight

wH(a, b) =
w(a, b)

pa,b
.
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• Output: The graph H = (V,EH , wH).

The following theorem collects what we can say about the graph H.

Theorem 62. In the algorithm above suppose that

pa,b =
1

R
w(a, b)‖L+/2

G La,bL
+/2
G ‖ ≤ 1 , ∀ (a, b) ∈ E .

Then the expected number of edges in H is

E[|EH |] = τε−2(n− 1) log n ,

and furthermore

|EH | < 2E[|EH |] = 2τε−2(n− 1) log n with probability 1− 3e−n .

Additionally, H is an ε-approximation of G with probability 1− 2n−(τ−3)/3.

Remark 34. As we mentioned earlier, what if R−1w(a, b)‖L+/2
G La,bL

+/2
G ‖ > 1? We have

two options. One is use the above algorithm, which accounts for this possibility by setting
pa,b = 1 in this case. Theorem 62 does not apply, but one can adapt the Chernoff bounds to
get a similar result.

The other option is to adapt the algorithm. For any pa,b = R−1w(a, b)‖L+/2
G La,bL

+/2
G ‖ >

1, set k = bpa,bc ≥ 1. Create k copies of the edge (a, b) ∈ E such that each of these copies is
put into EH with probability 1; weight these edges as wH(a, b) = w(a, b)/pa,b. Associated to
these edges, create k random matrices X(j)

a,b , 1 ≤ j ≤ k, such that

P
(
X

(j)
a,b =

w(a, b)

pa,b
L

+/2
G La,bL

+/2
G

)
= 1 , 1 ≤ j ≤ k .

Create one additional copy of the edge (a, b) such that this copy is placed in EH with
probability pa,b − k and give it the same edge weight wH(a, b) = w(a, b)/pa,b. Associate to
this edge the random matrix X(k+1)

a,b such that

P
(
X

(k+1)
a,b =

w(a, b)

pa,b
L

+/2
G La,bL

+/2
G

)
= pa,b − k and P

(
X

(k+1)
a,b = 0

)
= 1− (pa,b − k) .

Algorithmically, combine all the copies of (a, b) that make it into EH into a single edge, and
assign this single edge the weight equal to the sum of the edge weights of the copies. The
proof of Theorem 62 will go through with minor modifications; in particular, one will be able
to use the same Chernoff bounds.
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31 Graph convolution networks
The field of graph neural networks is now a vast a rich subfield of deep learning, but its
origins are in spectral graph theory and graph signal processing. We describe those origins
in this section. The references for this material are [6, 7, 8].

31.1 Convolution neural networks

To begin, let us give a quick primer on how standard convolution neural networks (CNNs)
work. Let x be an N × N image and let h be a small filter, such as a 3 × 3 filter. The
convolution of x with h computes:

x ∗ h(u) =
∑
v

x(v)h(u− v) ,

where u ∈ {−N/2, . . . , N/2−1}×{−N/2, . . . , N/2−1} and the sum over v can be restricted
to the support of h in the neighborhood of u. Note that one has to be careful at the boundary,
either using a zero boundary condition or a periodic boundary condition, but we ignore those
details here.

The main component of a CNN is the transformation that takes the channels at layer `
to the channels at layer `+ 1; Figure 38 gives an illustration of the VGG network. Suppose
that layer `, for ` ≥ 0, as d` channels given by:

Layer ` channels =
(
x
(`)
i

)d`
i=1

, x
(`)
i ∈ RN×N .

Layer `+ 1 has d`+1 channels defined as:

Layer `+ 1 channels = x
(`+1)
j := σ

[
d∑̀
i=1

x
(`)
i ∗ h

(`)
ij

]
, 1 ≤ j ≤ d`+1 ,

where (h
(`)
ij : 1 ≤ i ≤ d` , 1 ≤ j ≤ d`+1) are learned small filters and σ is a pointwise

nonlinearity,
σ(x)(u) := σ(x(u)) .
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Figure 38: The VGG convolution neural network.

Figure 39: Pixel locations as a graph.

For example, σ(t) = max(0, t) is the commonly used rectified linear unit (ReLU) nonlinearity.
In image classification, the input layer of the network is either a single channel (d0 = 1) is the
image is grayscale, or it has three channels (d0 = 3) if the image is a color image (red, green,
and blue channels). At some layers there is also a pooling operation (these are illustrated
by the narrowing of the network in Figure 38), but we ignore this operation in our analysis.

We can think of the underlying pixel locations as lying on the grid graph PN × PN that
also includes diagonal edges; see Figure 39. It follows that if h is a 3× 3 filter, then h(a− b)
(as a function of b) is supported on {a} ∪N(a). In other words, h is a 1-hop filter.

31.2 Graph convolution networks

Let us now extend CNNs to general connected graphs G = (V,E,w). Recall L is the graph
Laplacian of G, ψ1, . . . ,ψn are an orthonormal set of eigenvectors of L with eigenvalues
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0 = λ1 < λ2 ≤ · · · ≤ λn. Let x : V → R be a graph signal and let h : V → R be a graph
filter. Recall the graph Fourier transform of x is

x̂(k) := 〈x,ψk〉 ,

and graph convolution is defined as

x ∗ h(a) :=
n∑
k=1

x̂(k)ĥ(k)ψk(a) = ΨHΨTx ,

where Ψ is the n× n for which ψk is column k, and H is the n× n diagonal matrix with ĥ
down its diagonal:

H :=


ĥ(1) 0 · · · 0

0 ĥ(2) · · · 0
...

... . . . ...
0 0 · · · ĥ(n)

 .

In a graph convolution network (GCN), the transform from layer ` to layer `+ 1 is:

x
(`+1)
j := σ

[
d∑̀
i=1

x
(`)
i ∗ h

(`)
ij

]
= σ

[
d∑̀
i=1

ΨH
(`)
ij ΨTx

(`)
i

]
, 1 ≤ j ≤ d`+1 , x

(`+1)
j ∈ Rn ,

where the diagonals of the matricesH(`)
ij are learned for each layer 0 ≤ ` < L = number of layers

and all 1 ≤ i ≤ d` and 1 ≤ j ≤ d`+1.
In a CNN, the convolution x ∗ h(a) replaces x(a) with information aggregated from x(b)

for b = a and pixels b close to a. Similarly, in a GCN, if ĥ(k) = p(λk) for an mth order
polynomial p, then the convolution x ∗h(a) replaces x(a) with information aggregated from
x(a) and x(b) for b in the m-hop neighborhood of a (recall Theorem 34).

31.3 Graph learning tasks

In regular CNNs the graph (i.e., the pixel grid) is fixed and the task is to classify different
signals (images) defined on the graph. We can extend this paradigm to the general graph
setting as well. In this case we are given a fixed graph G = (V,E,w) and many signals
defined on the vertices of G, some labeled (the training set) and some not labeled (the test
set). The task is to classify the unlabeled signals. Here are two examples:

• Spherical MNIST: The MNIST handwritten digits are projected onto the sphere. The
task is to label the digits. Numerically, the sphere is approximated with a graph.

• Text document classification: The graph G = (V,E) consists of words (vertices) and
edges between pairs of words that are similar. To each text document, we associate
a graph signal such that x(a) counts the number of times the word a appears in the
document (i.e, x is a word histogram). The task is to classify the text documents into
different categories.
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In the graph setting, though, there are other learning tasks in addition to signal classification.
These other tasks include:

1. Node classification: We have a fixed graph G = (V,E,w). Some of the vertices are
labeled, others are not labeled; the task is to label to the unlabeled vertices. For
example, G is a gene-gene interaction network (vertices are genes), and some genes we
know whether or not they are correlated with a certain disease. The task is to predict
whether the other genes are correlated with this disease.

2. Link prediction: We have a fixed graph G = (V,E). Based on existing edges, the
task is to predict if there should exist an edge between two vertices a, b ∈ V for which
(a, b) /∈ E. For example, friendship recommendations in social networks.

3. Graph classification: We have many graphs, some of them are labeled, others are not
labeled. The task is to label the unlabeled graphs. For example, each graph represents
a molecule (atoms are vertices, edges are bonds), and we want to predict whether the
molecule is toxic or not.

It turns out that all of these tasks can be approached using a GCN. The case of signal
classification over a fixed graph is clear. In the other three cases, even though they are not
about signal classification, we can process a signal (or signals) over the graph(s) in order to
extract information from G. These signals are sometimes given to us in the form of “side
information” about the vertices of the graph, often referred to as vertex features. On the
other hand, if such information is not given to us, we can generate surrogate signals on the
graph as a means by which to extract information from G, similar to how we use test vectors
in spectral graph theory.

Thus, in all four of the above graph learning tasks, our input to the GCN is a set of input
channels (x0

i )
d0
i=1, and the output of the GCN is a set of output channels (x

(L)
i )dLi=1. What

we do with the output channels depends on the task. In the case of signal classification,
there is a single input channel (the signal to be classified) and the output channels are the
representation of this signal. These output channels are passed to a classifier (such as an
artificial neural network with a few fully connected layers) that assigns a label to the signal.
For the other tasks, we we proceed in the following manner:

1. Node classification: Each node (vertex in the graph) is assigned the representation

a 7→ (x
(L)
i (a))dLi=1 ∈ RdL .

This representation is passed to a classifier that assigns a label to a.

2. Link prediction: Let a, b ∈ V with (a, b) /∈ E. We assign the candidate edge (a, b) a
representation derived from the vertex representations of a and b, for example:

(a, b) 7→ ((x
(L)
i (a)− x(L)

i (b))2)dLi=1 ∈ RdL .
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3. Graph classification: In this case the representation of the graph G must be inde-
pendent of the number of vertices in G and must be invariant to re-indexation of the
vertices/edges. We obtain such a representation by mapping G to:

G 7→
∑
a∈VG

x
(L)
i (a) ∈ RdL .

31.4 Parameterized graph filters

While the setup in the previous section has potential, it also has issues that need to be fixed.
Here are two that we will address:

1. Each filter is defined by ĥ ∈ Rn, which means that we need to learn n values for each
filter. But this is significantly more learned values per filter than in a standard CNN.
Indeed, in a CNN, n = N2 = the number of pixels, but most CNNs use small filters,
e.g., 3× 3 filters with 9 learned parameters.

2. For graph classification, the number of vertices n depends on the graph G, as do the
eigenvectors and eigenvalues of LG that are used to define graph convolution. How do
we transfer a graph convolution network across multiple graphs?

It turns out that we can solve both of these issues by parameterizing the filters. That
is, we replace h with hθ, where θ ∈ Rm is a set of parameters that defines hθ, and m is
independent of G. For example, ĥθ(k) can be taken to be an (m− 1)st order polynomial of
λk:

ĥθ(k) = pθ(λk) =
m−1∑
t=0

θ(t)λtk .

In this case, each filter in the GCN is parameterized as an (m− 1)st degree polynomial and
the network learns, for each filter, its respectivem polynomial coefficients θ ∈ Rm. Therefore,
instead of needing to learn n values for each filter, the network learns m values for each filter,
and we can take m � n. Additionally, since each filter is a parameterized function of the
eigenvalues of the graph, it can be transferred to a new graph G̃ with Laplacian eigenvalues
0 = λ̃1 < λ̃2 ≤ · · · ≤ λ̃n by defining the analogous filter on G̃ as:̂̃

hθ(k) = pθ(λ̃k) .

Furthermore, from Theorem 34 we know that such a filter hθ corresponds to an (m− 1)-hop
filter, thus giving us control over the support of the filter with respect to the graph.

Even so, the way in which we defined graph convolution requires computing the eigenval-
ues and eigenvectors of the graph Laplacian. For large graphs this may entail a prohibitive
computational cost, and for the graph classification problem it requires diagonalizing the
graph Laplacian for every graph we consider. However, if we take ĥθ as a polynomial, then
we have:

x ∗ hθ = ΨHθΨ
Tx = Ψpθ(Λ)ΨTx = pθ(ΨΛΨT )x = pθ(L)x .
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As such, the transform from layer ` to layer `+ 1 can be written as:

x
(`+1)
j = σ

[
d∑̀
i=1

x
(`)
i ∗ hθ(`)ij

]
= σ

[
d∑̀
i=1

p
θ
(`)
ij

(L)x
(`)
i

]
, 1 ≤ j ≤ d`+1 .

In particular, we see there is no need to diagonalize the graph Laplacian L. Furthermore, if
G is sparse, then L will be sparse, and thus pθ(L) will be sparse if m is small, e.g., m = 2.

Notice that choosing m = 2 corresponds to a small 3×3 CNN filter since if m = 2 then pθ
is a 1st order polynomial, which means the resulting filter hθ is a 1-hop filter. In other words,
x ∗ hθ(a) will replace x(a) with information aggregated from x(a) and x(b) for b ∈ N(a),
which is a direct analogue of how a 3× 3 CNN filter aggregates information from the central
pixel and its neighboring pixels. In this case we have:

pθ(L) = θ(0)I + θ(1)L =⇒ x ∗ hθ = pθ(L)x = θ(0)x+ θ(1)Lx .

Now, since re-scaling the weights of a graph G = (V,E,w) is likely to not change the
outcome of the learning task, we replace the graph Laplacian L with the normalized graph
Laplacian N :

pθ(N) = θ(0)I+θ(1)N = θ(0)I+θ(1)(I−D−1/2MD−1/2) = (θ(0)+θ(1))I−θ(1)D−1/2MD−1/2 .

Even though this filter only has two learnable parameters, we can reduce this to one learnable
parameter by replacing θ = (θ(0), θ(1)) with a scalar parameter θ satisfying:

θ := −θ(1) = θ(0) + θ(1) .

We then have:
pθ(N ) = θ(I +D−1/2MD−1/2) = θ(I +A) ,

where we recall that A = D−1/2MD−1/2 is the normalized adjacency matrix. Recall that
Λ(A) ⊂ [−1, 1], which implies that Λ(I +A) ⊂ [0, 2]. In [8], Kipf and Welling argue that
because the spectrum lies in [0, 2], it leads to vanishing and exploding gradients during
training. In order to alleviate this phenomenon, they replace I +A with

Ã := D̃−1/2M̃D̃−1/2 , where M̃ := I +M .

While there is not much explanation in [8] for why this substitution improves the GCN
training, some later papers attempted to explain it more. The final filter is:

x ∗ hθ = θÃx . (77)

With these filters, we can now write the layer ` to layer `+ 1 transform in the following
way. Let X(`) denote the n × d` matrix wtih x(`)

i as its ith column. Using (77) and the
definition of the layer ` to layer `+ 1 transform, one can show:

X(`+1) = σ
(
ÃX(`)Θ(`)

)
,

where Θ(`) is a d` × d`+1 matrix of learned parameters. This is the basic form of many
modern GCNs.
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