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8 The complete graph

Throughout the course, but especially in the first part of it, we will compute the eigenvalues
(and eigenvectors) of particular graphs. We begin doing so in this section, and we start with
the complete graph.

The complete graph on n vertices, often denoted by K,, = (V, E), is defined as:

V=A_1,...,n},
E ={(a,b):a,beV and a # b}.

In other words, the complete graph contains every possible edge; see Figure 14 for a picture
of K5.

Figure 14: The complete graph on n = 5 vertices, Ks.

Theorem 7. The graph Laplacian of K,, has eigenvalue 0 with multiplicity 1 and eigenvalue
n with multiplicity n — 1.
Proof. Since K, is connected, we know from Theorem 5 that A\; = 0 and Ay > 0; therefore,

the eigenvalue 0 has multiplicity 1, and we know its eigenvector is 1.
To compute the non-zero eigenvalues, let 1» # 0 be any vector orthogonal to 1. Thus:

(1) => Pa)=0 = Pla)=-> (b).
acV ll))sé‘g

Let us now compute Ltp(a) for an arbitrary vertex a € V. Using (7) and the above equation,
we get:

Ly(a) = 3 (la) = (b)) = (0~ (o) = 3 9() = nip(a).
i i
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Since a was arbitrary we have L1 = na) for any vector orthogonal to 1. In other words,
every vector orthogonal 1 is an eigenvector of L with eigenvalue n, and so the eigenvalue n
has multiplicity n — 1. O

9 Drawing with Laplacian eigenvectors

In this section we give mathematical justification to embedding a connected graph into R?
using the first two non-trivial eigenvectors of its graph Laplacian. Recall the map was given
by a + (12(a),s(a)) € R? and an example was given in Figure 12.

Let us begin with the simpler problem of embedding a graph into R. Let  : VV — R be
a candidate function on the vertices that we are going to use to map G into R via a — x(a).
Our modeling assumption is that we would like vertices that are neighbors to be close to one
another in the embedding. So a natural candidate is:

x =arginf 2" Lz = Z (z(a) — z(b))%.

ZER® (a,b)€E

However, there are some issues. The first is that there is nothing to prevent us from picking
x = 0, the all zeros vector, which maps every vertex to 0. We can remedy this by enforcing
that & have unit norm, i.e.,
x =arginfz' Lz .
z€cR"™
lzll=1
This new version still does not work, though, as we can pick @ = (1/y/n)1; that is the
constant vector. This embedding still maps every vertex to the same point in R, which is
not a very interesting or useful embedding. We can fix this problem by adding the constraint
that « be orthogonal to 1:
x = arginf 2" Lz. (8)

(z,1)=0

This final formulation will give us something interesting. In fact, we already know what it
will give us! Using the Courant-Fischer Theorem (Theorem 3), we know that the value of
the argument of (8) is Ay and that @ = 1), will be the solution.

But our original goal was to embed G into R2. To do so, we need two coordinate functions,
z:V - Rand y:V — R, that will give us an embedding a — (x(a),y(a)) € R% Using
again the modeling assumption that we want neighboring vertices to be close to one another,
we seek to minimize the sum of the squares of the lengths between neighboring vertices in
the embedding:

(2)- (0l
ZQ(CL) Zg(b)

x,y = arginf
z1,22€R" (

a,b)eE
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We first notice that this minimization problem can also be written in terms of the graph
Laplacian, as:

zZ1 ((l) . zZ1 (b)

z2(a) z2(b)

(a,b)eE
As before we need to impose constraints on @ and y to avoid degenerate solutions. We we
impose the unit norm constraint,

2

= Y (21(0) = 21(0)? + (za(a) — 2a(b))?,

(a,b)EE

= szzl + szzg )

|zl = llyll =1,
and the orthogonality constraint with respect to the constant vector,
(x,1) = (y,1) =0.

However, since have two coordinates now, we have another type of degenerate solution in
which & = y = 5. In order to avoid this solution, we impose that x be orthogonal to y,
i.e., (x,y) =0, which leads to the optimization problem:

(Z)-(20)

A natural candidate for the solution of (9) is © = 19 and y = ).
More generally, suppose we want to embed G into R¥ with k coordinate functions

2

x,y=  arginf E
z1,22€R™
lza||=|zl|=1 (@DEE
(z1,1)=(22,1)=0
(z1,22)=0

xTy,...,x; that are orthonormal and are orthogonal to 1 and that minimize Zle z!I'Lz;,
ie.,
k
Zy,...,Tp = arg infz 2l Lz; subject to (z;,z;) =8(i —j) and (2;,1) =0.  (10)
Z1s9%k i=1

As in the two-dimensional case, a natural candidate is to take x; = ;. Since ¥! Lip; = \;,
we see that the value of the argument of (10) will be Zf;l Ai. The following theorem says
this is the best we can do.

Theorem 8. Let G = (V, E) be a graph and let 0 = Ay < Ay < -+ < N, be the eigenvalues of
its graph Laplacian L with associated orthonormal eigenvectors 4y, ..., Y¥,. Letxy,... ,x); €
R™ be orthonormal vectors that are all orthogonal to 1. Then

k+1

k
YIETIES SN
i=1 =2
and furthermore, one achieves equality if and only if

(i, ;) =0 for all j such that A\j > Agyq -
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Proof. It is a standard fact from Linear Algebra that a set of orthonormal vectors @1, ..., x; €
R™ can be completed to form an orthonormal basis @, ...,x,. We now have two ONBs,

Z1,..., %, and ¥y, ...,1,. Using (6),
Y Hai )P =1 and > (i) =1. (11)
i=1 j=1

Also, let 11 be the constant vector.
Since (x;, 1) = 0 for 1 < i < k, we have using Lemma 4 and (11):

= Ait1 + Z — N1 (=i, ;) |2

k+1

= Ao+ 3 (N = Aeer) [, 9) [ + Z (A — At (@i, )
2%,—/ k+2%’_/
Jj= <0 Jj= >0
k+1
> Mesr + (5 = M) [, 1)
j=2

Notice that the inequality will be an equality if and only if (x;, ;) = 0 for all j such that
)\j > Ajgq-
Now let us sum over 1 < i < k and use the previous calculation along with (11):

k+1 k
Z iBTLiBZ > k>\k+1 + Z /\ - )\k—i-l) Z |<£B“ 1/"j>|2
i=1 j=2 i=1
k+1
= k)\k—I—l + ()\ — /\k+1) (1 — | Z;, 'l/) )
JZQ%T)—/ z;—&-l ! .
- og <1
k+1
> /{J)\k+1 + Z(/\] - )\k-i—l) (12)
Jj=2
k+1
=> N
Jj=2

The last step is to show that the final inequality, (12), is an equality if and only if (x;, ;) =0
for all 7 such that \; > Az44. I leave that for you to verify on your own. O

Theorem 8 shows that the eigenvector embedding of a graph G is optimal in the sense
that we defined in this section. It thus gives a mathematical justification for this embedding
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method. However, one must be careful to remember that the embedding will only be good
if the quantity we are minimizing makes sense for the particular graph you are studying.
There are lots of other graph embedding/data visualization algorithms that minimize (or
maximize) other quantities.
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