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Graph-structured data science

A data-science toolbox to process and learn from data 
associated with large-scale, complex, irregular graphs
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Graph signal processing (GSP)
• Extend classical signal processing
• Analytical model
• Theoretical guarantee

Graph neural network (GNN)
• Extend deep learning techniques
• Data-driven model
• Empirical performance

Graph filter bank Graph neural network



Sampling & recovery of 
graph-structured data



GSP: Sampling & recovery

Task: Approximate the original graph-structured data by exploiting 
information from its subset
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Task: Approximate the original graph-structured data by exploiting 
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Sampling

Recovery
complete continuous signal subsampled sequence

bandlimited in the Fourier domain

GSP: Sampling & recovery



Graph Fourier transform

GSP: Sampling & recovery
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Graph Fourier transform

low-pass (smooth) Fourier vector high-pass (nonsmooth) Fourier vector

GSP: Sampling & recovery

7



Graph Fourier transform

low-pass (smooth) Fourier vector high-pass (nonsmooth) Fourier vector

GSP: Sampling & recovery

7



Bandlimited graph signals

GSP: Sampling & recovery

bandwidth 

low-pass, smooth

Graph signalGraph spectrum
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Problem formulation
§ Sampling process

§ Recovery process

sampling operator: 
information bottleneck

recovery operator
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graph signal:
bandlimited class

subsamplesreconstruction

complete graph signal subsampled graph signal

Sampling

Recovery

GSP: Sampling & recovery



Perfect recovery of bandlimited graph signals

GSP: Sampling & recovery

qualified sampling operator

10S. Chen, R. Varma, A. Sandryhaila, J. Kovačević, “Discrete signal processing on graphs: Sampling Theory”, IEEE 
Transactions on Signal Processing, 2015.

complete graph signal subsampled graph signal

Sampling

Recovery



Sufficient condition for a qualified sampling operator

K: bandwidth
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Sufficient condition for a qualified sampling operator

K: bandwidth

full rank: linearly independent
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Sufficient condition for a qualified sampling operator

K: bandwidth

full rank: linearly independent

node features/coordinates in the 
graph spectral domain
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Graph vertex domain Graph spectral domain

GSP: Sampling & recovery



GSP: Sampling & recovery

Sufficient condition for a qualified sampling operator
§ Full rank

Optimal sampling operator
§ Robust to noise

§ Greedy algorithm

12S. Chen, R. Varma, A. Sandryhaila, J. Kovačević, “Discrete signal processing on graphs: Sampling Theory”, IEEE 
Transactions on Signal Processing, 2015.



Sampling process
§ Deterministic: Either choose a node or discard; Accurate

§ Randomized: Sample nodes according to a distribution; fast, scalable

• Fundamental limits of sampling ability
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sampling probability

GSP: Sampling & recovery



GSP: Sampling & recovery

Fundamental limits of sampling strategies
§ Minmax recovery error
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Sampling strategy

Reconstruction error

S. Chen, R. Varma, A. Singh, J. Kovačević, “Signal Recovery on Graphs: Fundamental Limits of Sampling Strategies
”, IEEE Transactions on Signal and Information Processing over Networks, 2016.



GSP: Sampling & recovery

Fundamental limits of sampling strategies
§ Minmax recovery error
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Tight bound 
• Lower bound: fundamental limits
• Upper bound: optimal algorithm

higher rate => faster decay => better sampling

lower bound upper bound

S. Chen, R. Varma, A. Singh, J. Kovačević, “Signal Recovery on Graphs: Fundamental Limits of Sampling Strategies
”, IEEE Transactions on Signal and Information Processing over Networks, 2016.



Sampling process
§ Fundamental limits of sampling strategies

• Minmax recovery error

• Lower bound

• Sampling algorithm

• Upper bound

S. Chen, R. Varma, A. Singh, J. Kovačević, “Signal Recovery on Graphs: Fundamental Limits of Sampling Strategies
”, IEEE Transactions on Signal and Information Processing over Networks, 2016. 14

Uniform sampling Experimentally designed sampling
& feedback-based sampling

experimentally 
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Sampling process
§ Fundamental limits of sampling strategies

• Minmax recovery error

• Lower bound

• Sampling algorithm

• Upper bound

S. Chen, R. Varma, A. Singh, J. Kovačević, “Signal Recovery on Graphs: Fundamental Limits of Sampling Strategies
”, IEEE Transactions on Signal and Information Processing over Networks, 2016. 14

experimentally 
designed

active

uniform

GSP: Sampling & recovery

Optimal sampling distribution depends 
on properties of graph Fourier



Applications
§ Resampling of 3D point clouds

Over 30 million 3D points

15S Chen, D Tian, C Feng, A Vetro, J. Kovačević,  “Fast Resampling of Three-Dimensional Point Clouds via Graphs”, 
IEEE Transactions on Signal Processing, 2018

GSP: Sampling & recovery
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GSP: Sampling & recovery

designed sampling (1000) 



GNN: Sampling & recovery

Rex Ying, Jiaxuan You, Christopher Morris, Xiang Ren, William L. Hamilton, Jure Leskovec, Hierarchical Graph Representation 
Learning with Differentiable Pooling, NeurIPS 18

Trainable sampling operator

Structure pooling

Data pooling

Diffpool: Graph pooling in multiscale graph neural network

Need supervision
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GNN: Sampling & recovery

Proposed graph pooling in multiscale graph neural network

Vertex-selection criterion

node 
feature

neighborhood 
feature

GNN

Self-supervision / supervision

17S. Chen, M. Li, “Sampling and Recovery of Graph Signals: A Neural Network’s Perspective”, 2020



GNN: Sampling & recovery

Experimental results
§ Graph classification

18S. Chen, M. Li, “Sampling and Recovery of Graph Signals: A Neural Network’s Perspective”, 2020



GNN: Sampling & recovery

Experimental results
§ Node classification

19S. Chen, M. Li, “Sampling and Recovery of Graph Signals: A Neural Network’s Perspective”, 2020



GNN: Sampling & recovery

Experimental results
§ Active-sampling-based semi-supervised learning

20S. Chen, M. Li, “Sampling and Recovery of Graph Signals: A Neural Network’s Perspective”, 2020

Citeseer: 3327 nodes Pubmed: 19717 nodes
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Graph signal 
processing

Graph neural 
network

?



Bridging GSP and GNN
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Graph signal 
processing

Graph neural 
network

• Scattering
• Algorithm unrolling



Graph scattering transforms
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Graph scattering transforms are nontrainable GCNs
§ Parameters of the graph convolutions are mathematically designed

§ Theoretical property

• Energy preservation

• Permutation invariance

• Stability



Graph scattering transforms
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• Dongmian Zou, Gilad Lerman, "Graph Convolutional Neural Networks via Scattering", Applied and Computational 

Harmonic Analysis, 2019
• Fernando Gama, Alejandro Ribeiro, Joan Bruna, "Diffusion Scattering Transforms on Graphs" ICLR, 2019

Graph scattering transforms are nontrainable GCNs
§ Parameters of the graph convolutions are mathematically designed

§ Theoretical property

• Energy preservation

• Permutation invariance

• Stability

Scattering => exponential growth!



Graph scattering transforms
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Main idea: a pruning framework to select informative features 
of the graph scattering transforms

§ Optimal pruning

V. N. Ioannidis, S. Chen, G. B. Giannakis, Pruned graph scattering transforms, ICLR 2020



Graph scattering transforms

24

Main idea: a pruning framework to select informative features 
of the graph scattering transforms

§ Optimal pruning

V. N. Ioannidis, S. Chen, G. B. Giannakis, Pruned graph scattering transforms, ICLR 2020



Graph scattering transforms

24V. N. Ioannidis, S. Chen, G. B. Giannakis, Pruned graph scattering transforms, ICLR 2020

Main idea: a pruning framework to select informative features 
of the graph scattering transforms

§ Optimal pruning

§ Theoretical property

• Energy preservation: No

• Permutation invariance: ?

• Stability: Yes



Graph scattering transforms

Main idea: a pruning framework to select informative features 
of the graph scattering transforms
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Mathematically designed framework is comparable with trained framework 

V. N. Ioannidis, S. Chen, G. B. Giannakis, Pruned graph scattering transforms, ICLR 2020



Graph scattering transforms

Main idea: a pruning framework to select informative features 
of the graph scattering transforms
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Similar performance, but 10 times faster!

V. N. Ioannidis, S. Chen, G. B. Giannakis, Pruned graph scattering transforms, ICLR 2020



Graph scattering transforms

Main idea: a pruning framework to select informative features 
of the graph scattering transforms
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Pruning pattern reflects the complexity of dataset

V. N. Ioannidis, S. Chen, G. B. Giannakis, Pruned graph scattering transforms, ICLR 2020



Graph unrolling networks

Algorithm unrolling framework: Transform an iterative algorithm 
to a multilayer neural network

Signal processing Neural network

Vishal Monga, Yuelong Li, Yonina C. Eldar, “Algorithm Unrolling: Interpretable, Efficient Deep Learning for Signal and Image 
Processing”. IEEE Signal Processing Magazine, 2020 28



Graph unrolling networks

Algorithm unrolling framework: Transform an iterative algorithm 
to a multilayer neural network

K. Gregor and Y. LeCun, “Learning Fast Approximations of Sparse Coding,” ICML 2010.

Sparse coding

29



Graph unrolling networks

Algorithm unrolling framework: Transform an iterative algorithm 
to a multilayer neural network

Analytical iterative solution One network layer

Siheng Chen, Yonina C. Eldar, Lingxiao Zhao, "Graph Unrolling Networks: Interpretable Neural Networks for Graph Signal 
Denoising", arXiv:2006.01301 30



Graph unrolling networks

Denoising of graph-structured data

Siheng Chen, Yonina C. Eldar, Lingxiao Zhao, "Graph Unrolling Networks: Interpretable Neural Networks for Graph Signal 
Denoising", arXiv:2006.01301 31

Smooth graph signals Piecewise-smooth graph signals



Conclusions

Graph-structured data science
§ Graph signal processing (GSP)

§ Graph neural network (GNN)

Sampling and recovery of graph-structured data 
§ GSP: Mathematically designed graph sampling operator

§ GNN: Trainable graph pooling operator

Bridging GSP and GNN
§ Graph scattering transform

§ Graph unrolling network



Thank you!


