
CNNS from the perspective of signal processing

let us now see how CNNS arise naturally as a powerful
way of representing signals . A lot of the mathematical

ideas for this section come from i

( i I Mallet  -

"

Group Invariant Scattering
"

C 2012 )

( ii ) Bruna & Maller t  -

"

Invariant Scattering Convolution

Network " I 2013 )

I iii ) . . .  and Several subsequent papers

Per our previous discussions , suppose we  are looking for  a  representation

Efx
) of signal type data ,

which we  model as x : IR → IR .

Define
11×112 - ↳ Klunk du s t -

We  want

Efx
) to have the following properties :

(a) Translation invariance up to the scale 2J

(b) Stability to diffeomorphisms

Combining Ca ) and Cb ) and recalling that for
TECZCIR

) w/ Ht 'll
-

Etz

we defined
Xt I u ) = X ( a - Ela ) )

we want  :

HE Cx ) - Iocxt ) Ha S C . [ 2- JH tho t HI 'll
a

t Ht
"

H
- ] llxkz

But is this enough ? Consider the representation :

Io C x ) = ↳ Xlu ? du CoV : v = u
- t

We have "

Io ( Xt ) -

- ↳ Xt In ) du = f
,p

Xiu - t ) du  !fr Xlv )dv

⇒ Io ( Xt ) = Io L x ) and so I Cx ) is translation invariant

We also have i

Ecxt ) = §pXthidu=§xlu - Tla ) ) du ve  U
- Ecu )

x cu )
do ill- I' in ) ] du

= f - do Lu depends on -0 )
IR I - I

 ' Lu )

Xlv )

Therefore : Io Cx ) - Iolxt ) = ↳ Xlv ) do - ↳ ¥u
)

do

=fµ ( I - ttyn , ) xcvldv =fp
-

,EI, - xcvldv



⇒ I Ioan - Iocxtil -

- Ifj xHdvKfµl hxhnlav

E 2Mt 'll f
, plXlvlldv = 2114110 llxlly Ctx )

Therefore Tek ) is translation invariant and stable to diffeomorphisms
as encoded by Ct )

. But Io IX ) I 's hot a very good
representation because it is just the integral of x . Many
different signals have the same  integral . therefore to

(a) and lb ) we must add another condition i

(c) The representation retains enough information in X

to perform the task .

Condition C c ) is not as precise as Ca ) and Cb )
.

A precise and
very

strong version of Co ) is :

OI Cx ) = Fly ) 2=7 y
= Xt for some t C * * )

Equation ( * *) says IOIX ) is invertible
up

to translations - While this

is mathematically precise ,
it  

may also take things too far ,
Indeed

,
in

many classification tasks
,

Io Cx ) being invertible is not  a requirement
for good classification results

.
we will instead be content to develop

a systematic way of adding new information into EG ) while maintaining
properties Ca ) ( translation invariance ) and Cb ) ( stability to diffeomorphisms )

.

A key to understanding local translation invariance and diffeomorphism

stability is through frequency representations of signals X ! R - SIR
.

For

example , in a piece of music
,

we listen to the piece in time
,

but

another
way of representing the piece  is through the notes

,
or frequencies ,

contained in it . The Fourier transform is the mathematically precise

way to do this . Define a complex valued sinusoid at the frequency was  s

iwu

ewlu ) = E = cos
Cwu

) t isinlwu )
,

i -

- if

The frequency is w because the cosine and sine functions  are

periodic with period 2T/w . Thus the higher w
,

the faster
the cosine and sine waves oscillate

. low freq cosine

a high freq cosine C 2x freq of blue )

#¥*n



The Fourier transform of x :lR→lR w/ ↳ lxlusldu to computes :

Icw ) = 2X , ew > = ↳ xlu ) e-
 i w "

du
, w EIR

It thus tests the signal X against eachsinusoid , and records

which frequencies are present in X through X .

Assume ↳ lnxlw ) Idw 2 A
. Then knowing I is equivalent to

knowing X since i

Wu , = f
µ

Itu ) e

" "

dw

We will let 4 : IR -3112 denote a low pass filter .
This means ?

To Cw ) =  o for all Iwl > IT and 1=0/7013145141

Intuitively , ¢ will be a
"

bump function "  
:

^
flu )

#
Filtering X with f computes : X * of

The resulting signal 12*4 is a smoothed , or blurred , version of X
.

Since

(X#§Xw
) = Icw ) Ftw ) ( Fourier convolution theorem )

It keeps only the low frequencies of X Contained in C-  Is IT ]
.

Here is an example :



Notice the low pass filth is quite small
,

and is essentially a 3×3

filter  (as in the UGG network )
.

Because  it  is a low
pass filth ,

it  replaces every pixel in the image with a weighted average

of the pixels  in  a 3×3 neighborhood around the central
pi

' Xel
,

The resulting image is similar to the original image ,
but is

a slightly smoothed I blurred version
. It  retains most of

the

frequency content of the original image , but loses some of the

high frequencies . If one looks carefully at the two images ,
one

can see some of
the

very fine detail is lost .

We  can dilate of to enlarge it
,

which will allow us to smooth

the signal more drastically :

§ ,
In ) = 2- to C 2

-

Ju ) ⇒ To
,

Lw ) = OT I 2Jw )

For J > o , of
j

will be wider than  of but  IT will be

narrower than OT :

a

r

^
lw )

u )

¢ ,
tu ) 1$#E÷¥¥i .

Notice  :  IoT Iw ) - o for all Iwl > T/zJ

When we filter  x with of , that is we compute X # dy ,
we

blur X even more . Indeed , since

(X*# I w ) = Icw ) Ft Cw )

we see that X # of
, only retains the frequencies of X contained in

I w/ f T/2J
.

Here is the filtering of the same image  as before

for different dyadic scales 2J :



The top  now  is the Fourier transform of log  , Toy ( w ) . The middle now

I 's  4J ( u ) .
The bottom  row is * off ) cu ) - The scales range  over

O E J
 I 7

- The low pass function here is a Gaussian
,

flu ) = 2¥ e

- ' " "
1202

⇒ of = e- Murk

We  choose T = 3/4
. Notice  as the scale increases

, 0J becomes

larger and §jlw ) becomes smaller .
We average  in larger and

larger neighborhoods ,
which progressively blurs the image  more

and more . From  a frequency perspective ,
we  retain fewer  and fewer

frequencies in the original image X . Visually ,
the increased blur

makes it harder to distinguish translations and small deformations
of the image .

The following theorem quantifies this for translations I

theorem
( Mall at 2012 ) : There is a constant C > o

, depending on  ¢ ,

such that for all EEIR and XELZCIR ) :

H X * Lot  
-

xd do Hz E C . 2- J
. It I . 11kHz

This theorem Shows the representation I Cx ) .

-

x * log  is translation invariant

up to the scale 2J
. But how does this relate to neural networks ?

To understand this
, we will need to appeal to results from sampling

theory :

theorem
( Shannon - Nyquist ) i Suppose 51W ) = o for all Iwl > TIS for

Some s > o .

Then X can be recovered from the down sampled
version of X defined by

Xd ( n ) = X ( su )
, ne Z

Notice if 5=1 then Icw ) =

O for all Iwl ) IT and we can recover

X : IR -7112 from Xd i 2-3112
, Xd C n ) = X C n ) . This is one

way to think of a natural image .

The underlying scene is X

and the image is XD ,
which has been sampled along

"

integer
'

'

pixels .
Since high resolution images are good representations of

the scene
,

we can interpret this as Icw ) to for Iw ) > IT

( warning : If
you are

comparing different cameras , there is some

danger in this )

Since we assumed To - o for Iwl > IT
, this is why X * of

, depicted
earlier

,
is a good approximation of X since it retains nearly

all of It w ) I only the corners are lost )
.

On the other hand
,

this is intuitively clear since ol averaged over a 3×3 window
.



Notice that for  login ) = 2- to I 2

-

Ju ) ⇒ OT
,

Iw ) = $1250 ) we have

To
,

Lw ) = o f-  r all 7 TYZJ
.

Since cx*# sew ) = Icw ) §tw )

this means that L x * %) Lw ) = o for all Iwl 3 TIZT
. Therefore

we can  represent x * off via :

( x * lot )dCh ) = ( x * off ) ( ztn )

Thus we down sample X # log by a factor 2J .
This is  not quite like

CNN s which usually pool in factors of 2 .
Also

, of is  small
,

but lot is larger by a factor 2J . So there are some

differences
, at least it would appear so .

In fact things are

not so different . Indeed the following implements X * Gj :

X → X # & , Iz → ( x # 4,12 ) *  of
,

Iz →  
- - - J times

-

convolve x with lo , C reminder of, Iw ) = o for all Iwl 's H2 )

and down sample by a factor of 2

Note : f ,
is essentially 7×7

Therefore  we can implement the translation invariant operator
X* of , by composing convolution with of ,

and down sampling by
a factor of 2

, J times .

This is a simple type of CNN

with same Single filth at each layer and no  nonlinear  i ties
.

Okay , so we see that OILX ) = xtxoj is a translation  invariant representation

of X and can be viewed as simple CNN , On the other hand , we

know

(x*# car ) =  Icw ) Tojlw) to only for Iwl I "T2J

So we have lost a lot of E and thus X C indeed recall the pictures

of X # of ,
 which were  

very blurry
)

.

To recover the lost information we turn to something called a wavelet

transform .
A wavelet y : 112-3112 or  y !R→Q I 's a localized , oscillating

waveform with Zero average .
The last property means

Tco ) = fr Tcu ) du = o

Thus
,

unlike the low pass filth  log for which SIP Iffy I w ) I -

- Tosco )
,

the wavelet y has its frequency support concentrated around a

frequency C or frequencies) away from Zero . Like the low pass

filth to , we can dilate y :

rfjlnl = 2- Jylz- '
'

a) ⇒ ujiw) -

- I Czjw )

A wavelet transform computes i

J 31 WIX =
{ x * toy I ul ,

X *  Xjlu ) i UEIR
,IS je J }

I



In other words
, in addition to averaging over X with X # fj , we

filth X with J smaller wavelets that recover The details in

X lost by Xtxoj . In terms of frequencies , x * Go keeps the low

frequencies of x ( hence off is a low pass filter ) while hx*Xjt , ⇐ jet

keeps the high frequencies of X C hence the Xj filters are called

high pass filters .) .

Suppose , as we observed for natural images ,
that Idw )=  o t twist .

If

02 A I I Tojlw ) 12 t j¥Hjcw ) 12 E B < to for all w EET .TT

-
This means all the frequencies are covered

by our low pass 4J and wavelets I 4jbi±jEJ

then Wjx
= 2X * log ) X # Xj ! I E JE JI is invertible

, meaning

knowing WJX is as good as knowing X . The proof of this is

based on
the fact that we stated earlier

,
which is that knowing

Icw ) is as good as knowing Xlu ) .

In time Is pace we have the following plots :

a

-

4J - 2

¥¥* .

main .



Here are pictures in ZD on the same image as before :

In the first 2 rows green  is positive , pink  is negative ,
white  is zero

.

In that last  row white is zero and black in max positive  value
.

The first  seven  columns are wavelets going from  small scale  in

space to large scale in space , so  yj Cu ) ( 2nd row ) and

I ;
Cw ) C 1st row ) for Ifj E J .

- 7
.

The last column is the

low pass filth off la ) C 2nd now ) and Ij Cw ) C 1st row ) .

We see in frequency the wavelets capture the high frequencies that the

low pass misses . These wavelets are localized oscillating waveforms
where the oscillations flow  radially out of the center .

When computing the filtration Xtxxj I the 3rd now )
,

the small wavelets

act as edge detectors here we plot
[ lxr *  yjli'tlxgtxjl

'
t I"xb*yj 12342

The larger wavelets capture larger scale information in the image .

In this example , 4 is the same as before and

D= Laplacian → 4th ) = - I D. g) In ) , guy = 2¥ e-
' " ' 7242

, get
⇒ Flw ) - twig ( w )

, gyu )= e-
221W ' 72

Like log , we can also  implement xtxyj
with a simple CNN !

X h 21*4,421-2( x # 01,12 ) * do
,dah - - ↳ (( ( x *  ditz ) * 4,12 ) *  i. *  ditz ) #

41-

where ol ,
and y , are very

j-iti.my
Small filters .

X *  yj


