
Now  we are going to  study the paper i

Petersen I Voigt la  ender ,
2018

"

Optimal approximation of piecewise smooth functions  using deep

Re LU networks
"

Idea : Study piecewise constant ( piecewise
smooth ) label functions , e.g. ,

M - I

F Cx ) .

 -

§ mtkm C x )
, Llkmcx ) = fy

I
 ,

it km

I 0
,

x ¢ km

which models a  classification problem with M classes .

Throughout the data C test ) space will be

X. = f - I , I ]d c Rd

with km E X and Ken km = of for all et m

Recall we considered a similar model in Cybenk ( 1989 ) as  well
.

x

We will assume 2km E C is a - smooth

W Ux 'd
,

.
. . . . -

-

,

boundary of Km
.

.

'

i
.

" k " 2k£ "me " " the

" " " "
"

following : For  any point  x E 2K
, Km

there  is

an
 open neighborhood

around X
, say Ux , for

which 2K n Ux is the graph
of a function  of c- C- ( Rd "

) on
[ 2km

some open subset V C Rd
- I

,
that  is  :

JK n U× = { l z ,  lolz ) ) : ZEV I ( up to a change of coordinates )

Summary of results i

z (
( not the # of neurons )

lil The # of layers depends or d and
,

Cii ) The # of nonzero weights in the neurons depends on the desired

accuracy E and d and a

Ciii ) The results are sharp if one limits the magnitude of the

weights I recall Pinkus 1999
, weights really large )

Liv ) If the label function F has a suitable low dimensional

structure
,

the network can take advantage of it ( not unlike

the results of Poggio ,
et al

.
2017 )



Now let us be more precise .

Label function F : l - tz
, I ]

d
→ IR of the form :

M - I

F- Cx ) = I am Llkmlx )
, ame R

,

km E I - I , I ]d
m= I

- 2km E

Cd
^

\
Can be generalized to smooth functions

Neural network :

f C x ; o ) = AL o T o At ,
o .  - . o T o A

,
L x )

Ae I x ) = Wex t be , We C- lRde×d "

, be EIR
'll

, do =D

T ( z ) =
Max I o

, z ) = Re LU L z )

L

A- of neurons  = I de
e = I

L

# of nonzero  weights
- Hallo = E ( It We Hot Abello )

f-  I

where Hzllo = # I Z Ci ) to }

Furthermore
, the weights are bounded and quantized . This means they

Can be stored on a computer . More precisely , the neural

network f- Cx ; a ) has ( t
,

E ) - quantized weights if all entries

of Ae and be , for IS es L
, are elements of

[ - e-
t

,
e

- t

] n

2-tflogzc
Yell

z

-
-

bounded quantized

Note : c . Z = { Cn : n e Z }

Error measured in  root mean squared loss :

" F - thaLycia . d)
= f !

, ,

!faW
- fix :o) Rdx )

" "

\
Can begeneralized

to LP ( I - titled )
, peco ,

- )



There are lots of new things to consider . let 's first look at

a functional class similar to one we have seen before ,

and see the effect of quantization .

Define : GLX)
, for a = s t 8

,
seen

,
0<8-21

,
as

the
space of functions F :X → R for which

KFIK =

HFHcacxj-max1hfEYnd.ll2BFH@gnfEfd.L ipy ( 2B F ) ) Sto

111311g ES 1113111=5

Where

Lip ,
(G) =

sup I Glx ) - Glx , ) )

X ,
X' EX

-

x # x
,

Il x - x' HE

theorem : Let FE Cd ( C - tzstld ) with A

FIL
= B < no and let

OL E - Yz . Then there are constants t  = t ( d
,

a ,
B) E IN and

C = Ccd , L ,
B ) > O for which there is a neural network

f- C x ; a ) with

L E I 2T flog .at ) ( It t Td )

layers and

Hollo E c.e- dk

nonzero ,
C t

, E ) - quantized weights such that

H F - face c E

and
Af He E TBI

Remarks : la ) # of nonzero weights similar to previous complexity
results

(b) Smoother F
, i.  e. , larger L

,
more layers needed

,
but

less total # of nonzero  weights
(c) weights are bounded and quantized ,

and T = RELU
, so

the 2- layer result of Pinkus does not apply .

Idea of proof i

(a) RELU NNS can approximately implement multiplication .

A In particular , let Iz 't Eti 'T ]
. Then there is a Real NN

,

near!:L
"

(
gettin , foil?!o'YF%7d

,
c > o universal

,

(
tie

) -

quantized
such that

I zz
'

-

g Cz ,
't

'  

je ) I s E for all Ziztefitzitz )
( b) Now one can approximate monomials

(c) Now one can approximate polynomials , including Taylor
polynomials

y



(d) Patch together several local Taylor polynomial approximations
of F to get an approximation of F

on all of C- tackled
.

To carry
out this step , one has to show neural networks

can  implement cutoff functions using a fixed number

of layers and weights . That  is
,

Re LU neural networks

with c=  Ccd ) nonzero , Is ,
E ) - quantized weights ,

s =  slot )
,

can  approximate functions of The form
GCH = Hca

, ,b , ]× .
. .  xcadsbd ]

( × )

to E

accuracy in the L2 f- Is Eld norm
.

Now let us go back to label functions of the form :

Fix ) -

- §
,

amLkm ,2kmEC c * )

We will build up
to a result for functions F of the form CH )

.

Step I : Horizon functions : A horizon function is O - I valued

function with a jump along a hypersurface such that

the jump surface  is the graph of a smooth for .

Define the heavy side function H : Rd → R as

H Cx ) = Teco ,•g×Rd
- l

↳ )

Hfc
- Is 'zId = { IoTe EL - I. Edd :

§Cx ) = It ( X Ci ) t 0/6121,
. - . , Xld ) )

,
X (2) s . . .

, xld ) )

§ E Cd ( Rd . l )

T is a permutation matrix }
For horizon functions G E 7KClRd ) we define the

"

horn

"

of
G as

HGH # ⇐ ⇒D=11$ "cactid

Step 2 : Approximate horizon functions w/ Re LU networks

Leena : let G EItdfkistdw/ HGHaart.EEBe and let O - E -
'
k . Then

there are constants t= t ( did , B) E IN and C = c C did , B) So for
which there is a neural network g Cx 's 07 with

L E ( 2 tflogzal ) I 14 t 2Nd )

layers and

" Otto E c . e

- Hd - Dk

nonzero , Lt , E) - quantized weights such that

H G - ghettoized s E and O E gcx 's a El



Idea of proof : Horizon functions  are similar to cutoff functions ,
except

instead of the jump discontinuity being a hyperplane C as in a cutoff
function )

, it  is along a hypersurface that  is the graph of

a Cd function . We have
"

proven
"

two results that can resolve

this !

G) NNS can approximate cutoff functions

(2) NNS Can approximate Ct functions

Combine these two  results to prove the lemma .

step 3 : Reduction to one set K w/ 2K E Cd
.

Note if we can  approximate Tek Cx )
,

then we can approximate
M

F Cx ) = I am Tdkm Cx )
m  =  I

up to a constant depending on M
.

Step 4 : Introduce a space of sets based on horizon functions

K :B f- Ei Edd =L k c C - tzitld :

For all XE C - I it ]d
,

there exists a G×E Hlf 's , 'zJd
with 119×11*4 .

 { izgd SB for which

Ilk ( x
' ) = Gx C x

' )

for all x
'

E ftzitidd with Ix - x 'll
,

E 2-
 r }

Remark : If KC C - Ii 'zTd with 2K E Cd
,

then KEK !Bl - titled

for some large enough r and B .

Step 5 : Approximate Lik Cx )
, KERI

,
BFI .IT

d

,
with a RELU neural network

.

Theory : let K E KiB I - tzitfd and 02 E L
'

12 . Then there are  constants

t - t ( d ,r , d
, B ) E IN and C = c ( d ,

r ,
a

, B ) > o for which there

is a neural network f C x so ) with

L S ( 3 t flog ,
27 ) ( It t 2Nd )

layers and

Hallo E c . g-
2 Cd - Dk

nonzero ,
It ,

E ) - quantized weights such that

11 Lk - f Hafiz , tzzd s E

and H f Has I

Idea of Proof
! Any Kicker,B C- tzitild is locally a horizon function ,

which

we can approximate by the lemma . Now patch together these local approximations .



Now let us consider lower bounds on the required complexity
of NNS with ( tie ) - quantized weights for approximating

horizon functions .

Note : horizon functions C piecewise constant functions
C

piecewise smooth functions

So the results apply to these classes of functions as  well

I
am  not going to stale these results as precisely as the

upper
bound results

.

We will consider two types of complexity i

CD the member of nonzero weights ,
110110

(2) the number of layers ,
L

We will see the results of the previous theorem are nearly sharp ,

meaning that one cannot do ( much ) better than the bound

for Hollo and the bound for L
.

Oh the number of nonzero weights
: ← T l 01=0 all that  is required here

In order to guarantee , for  

any
horizon function GE It C-

'

Zi Eld with

HGH ya c-
 zedd E B

,
that

11 G -

g Hec - tizyd
← E

for some neural network
g

( x ; a )
, the number of nonzero

,

I tie ) - quantized weights must be at least

C . E
- 2 Cd - in

Hallo 3 -

toga ( '
le )

where c - c ( did ,
B ) and t  

= t ( did 1B ) .

Remarks : ( i ) The neural network from the approximation theorem is

nearly optimal since it had

HOH o
f c. E

- Hd -172
nonzero

, It , E ) - quantized weights .

Iii ) One can extend the result of Pinkus and Marion ( 1999 )

to horizon functions . Since the number
of weights

in The Pinkus I Maiowv network is fixed , regardless of E
,

this result would seem to indicate they must either

be very complex L i.e.
,

not quantized ) or very large . There

is the technical point , though , that the nonlinearity of
Pinkus I Maione does not satisfy Tco ) - o .



Oh the depth of the network :

Not precise version :

The number of layers must be at least

<3
I

4 Id - D

Thus , again , the number of layers in the approximation theorem
,

L ⇐ ( 3T flog an ) ( 11 t If )

is nearly optimal .

Curse of dimensionality

Suppose F  = Got
,

where I
 '

 
-

Rd → IRK is smooth and

M

G Cz ) = I am Luntz )

q ,

If I is nice  enough ( e.g. ,
TE

, DE L x ) is full rank
, plus

some other properties ) then one can
prove something like :

For each 0 < E - 42 there is a neural network f Cx
'

,
o ) with

at most
-

Uk
- 1) 1a

Hallo E C . E

nonzero
,

( tie ) - quantized weights such that

H F - f HE C- I. ⇒
d 2 E

Remarks ! Ci ) C depends on d
, but the rate o ( e-

" "  " K )

depends on K

Cii ) Number of layers is very large ,
and probably

is suboptimal .


