
Shift gears a bit and study results that are more directly
applicable to classification

First paper
: Montufar ,

Pas Cann ,
Cho

, Bengio , 2014
"

On the number of linear regions in deep neural networks
"

See also :
Pas can u , Montufar , Beng ,

'

o ) 2013

"

Oh the # of response regions of deep feed forward networks

w/ piecewise linear  activations
"

and more recent papers
!

Idea : Count the # of piecewise linear parts of a function
f- C x ; a ) that a Re LU network can implement

Summary of result  

i Deep RELU networks can implement functions

f- Cx ; a ) with exponentially more piecewise linear regions
than Shallow networks w/ the same # of hidden neurons .

Now show Figure I from the paper

Types of networks we will study : F I .
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Classification , font : Rdi → R# classes
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f- out  = soft  max

Lii ) Deep ,
L layers :
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Rest same as shallow network .



Def : let f : Rd → Rm be a piecewise linear function . A

Rarregion of f  is a maximal connected subset of the

input space
IRD on which f- is linear .

Note : For Belle networks f C x ; a )
, the dimension of each

linear region is d
.

Results for shallow networks

Rem

let fix '

,
A ) be a shallow network w/ one hidden layer and d , neurons .

d

Then the maximum # of linear regions of f- Cx ; a ) is

d

Max # of linear regions
= I ( di' )

j= O

Imhof : Suppose you
have d

, hyperplanes in IRD
.

The
maximum # of regions these hyperplanes can divide Rd

hyperplane
into is
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Results for deep networks

Main result : let f- Ix
'

, a ) be deep Retell network w/ L hidden

layers and de > d
, I Elf L

, neurons in each layer .

Then the maximal # of linear regions in frxjo ) is at least :

max # of linear regions > ( ILdf Id ) ¥
,

( di ) C *)

- -

Come back to this at This part just follows from
The end one layer analysis



Asymptotic comparison of shallow to deep networks

Let the input dimension d be fixed .

Ci ) For the shallow network , give it d
,

= Ln neurons

Cii ) For the deep network w/ L layers ,
let each layer have

de = h neurons

Therefore both networks have the same #
of neurons

.

Using the shallow network result , we see
i

linear

Max #

nregions
shallow network = O ( Ld nd ) t bounded from above

polynomial in n asymptotically
polynomial in L as L

, n → x

Using the deep network result
,

we see :

linear

Max #
a regions deep network = SL ( ( F)

"  " d

nd ) 2- bounded from

polynomial in n I same as shallow ) below asymptotically
exponential in L I larger than shallow ! )

as L
, n → -

Back to Ctx )

in : max #

einequgioyg.fr d) I.e. I
d

:)

Idea behind ( * * ) ! ( * * )

(1) Each layer can divide a single linear region into

Ldf)d linear M
' 'MLdaijd

linear regions(2) So the first layer can create

(3) The 2nd layer can create L dad )
d

linear regions from

each of the linear regions created by the 1st layer .

Thus the total # of linear regions is :

III. LEI
.

(4) Continue for the first L - I layers , you get L** )
.


