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We prove the following:

Theorem (Poggio, et al., [18]). Let � 2 C1(R) not be a polynomial. Let F 2 Cs
2[�1, 1]d and

let {H� 2 Cs[�1, 1]2}� be the constituent functions of F , each satisfying kH�kCs[�1,1]2  1.
Then,

inf
f2DN,2(�)

kF � fkL1[�1,1]d  C(d, s)N�s/2 .

Stated another way, in order to guarantee

inf
f2DN,2(�)

kF � fkL1[�1,1]d  ✏

for an arbitrary F 2 Cs
2[�1, 1]d with kH�kCs[�1,1]2  1, one must take

N = C 0(d, s)✏�2/s .

Proof. Let d = 2J . Recall that each node of the network f 2 DN,2 has m = N/|V | = N/(d�1)
neurons inside the node. Let H� 2 Cs[�1, 1]2 be one of the constituent functions of F . We
can apply Theorem 9.6 to conclude that there is a node ⌘� 2 Mm(�) such that

kH� � ⌘�kL1[�1,1]2  Cm�s/2 . (40)

That works for the individual functions making up F , but we have to check that when we
compose different H� functions, the error does not get too large. So let us consider d = 4,
which means the label function is of the form

F = H1(H11, H12) ,

and let ⌘1, ⌘11, and ⌘12 be the nodes that approximate H1, H11, and H12, respectively. Then:

kH1(H11, H12)� ⌘1(⌘11, ⌘12)kL1[�1,1]4

= kH1(H11, H12)�H1(⌘11, ⌘12) +H1(⌘11, ⌘12)� ⌘1(⌘11, ⌘12)kL1[�1,1]4

 kH1(H11, H12)�H1(⌘11, ⌘12)kL1[�1,1]4 + kH1(⌘11, ⌘12)� ⌘1(⌘11, ⌘12)kL1[�1,1]4 (41)

For the second term we can apply (40) nearly directly. Write

z = (z(1), z(2), z(3), z(4)) 2 [�1, 1]4
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as z = (z1, z2) with z1 = (z(1), z(2)) and z2 = (z(3), z(4)). We have:

kH1(⌘11, ⌘12)� ⌘1(⌘11, ⌘12)kL1[�1,1]4

= sup
z2[�1,1]4

|H1(⌘11(z1), ⌘12(z2))� ⌘1(⌘11(z1), ⌘12(z2))|

= sup
u2[�1,1]2

|H1(u(1), u(2))� ⌘1(u(1), u(2))| , [u(1) = ⌘11(z1) , u(2) = ⌘12(z2)]

= kH1 � ⌘1kL1[�1,1]2

 Cm�s/2 . (42)

For the first term, let u, ū 2 R2. We first observe:

|H1(u)�H1(ū)|  sup
v2R2

krH1(v)k2ku� ūk2 . (43)

We also have:

sup
v2[�1,1]2

krH1(v)k2  sup
v2[�1,1]2

krH1(v)k1

= sup
v2[�1,1]2

[|@1H1(v)|+ |@2H1(v)|]

= k|@1H1|+ |@2H1|kL1[�1,1]2

 k@1H1kL1[�1,1]2 + k@2H1kL1[�1,1]2

 kH1kCs[�1,1]2

 1 .

Therefore, combining with (43) we have

|H1(u)�H1(ū)|  ku� ūk2 .

Now plug in

u = (H11(z1), H12(z2))

ū = (⌘11(z1), ⌘12(z2)) .

We get:

|H1(H11(z1), H12(z2))�H1(⌘11(z1), ⌘12(z2))|
2

 |H11(z1)� ⌘11(z1)|
2 + |H12(z2)� ⌘12(z2)|

2

 kH11 � ⌘11k
2
L1[�1,1]2 + kH12 � ⌘12k

2
L1[�1,1]2

 2Cm�s . (44)

Therefore:
kH1(H11, H12)�H1(⌘11, ⌘12)kL1[�1,1]4 

p

2Cm�s/2 .
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Combining (41), (42), and (44) we get:

kH1(H11, H12)| {z }
F

� ⌘1(⌘11, ⌘12)| {z }
f

kL1[�1,1]4  (1 +
p

2)Cm�s/2 .

If the d > 4 we can recursively apply the bounds computed above. The number of times
we will apply these bound will depend only on d. On the right hand side, they are all of the
form Cm�s/2, and so we will get (for general d = 2J)

kF � fkL1[�1,1]d  C(d)m�s/2 .

Now recall that m = N/(d� 1). Thus in fact we have:

kF � fkL1[�1,1]d  C(d)

✓
N

d� 1

◆�s/2

= C(d, s)N�s/2 .

Remark 9.8. Remember, N is a proxy for the complexity of the network in terms of the
number of trainable parameters, which is O(N) for both the shallow and deep networks. Thus
the deep networks are much more efficient learners than shallow networks for compositional
functions.

Remark 9.9. Suppose F 2-compositional but we guess a network in DN,q, that is to say,
it aggregates information q variables at a time as opposed to 2 variables at a time. Another
scenario is if F is q-compositional and we use a network from DN,q (which matches the
compositional structure of F ). In either case the learning rate is:

inf
f2DN,q(�)

kF � fkL1[�1,1]d  C(d, s, q)N�s/q .
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