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8.3.3 Two-layer neural networks

It is tempting to say that one-layer neural networks are universal approximators and therefore
what else is there to say regarding the additional layer. But this ignores both the reality of
the situation, which is that in practice most applications utilize several to many layers, as
well as fundamental theoretical differences between one-layer neural networks and multi-layer
neural networks. In this subsection we study two layer neural networks in more depth.

One important difference between a one-layer network and a two-layer network is that in
one-layer networks each neuron is delocalized, whereas in two layers the composition of two
neurons can lead to a localized function. Let us make this statement more precise. Let d1 be
the number of neurons in a one-layer neural network. Recall the space Md1(�) consists of
one layer neural networks with at most d1 neurons:
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Let x 2 Rd for d � 2 and let f 2 Md1(�), f not the function that is zero everywhere. Then,
necessarily, we have
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Z

Rd

|f(x)|p dx = +1 ,

and in particular no f 2 Md1(�) has compact support.
In the two layer model the situation is different and in fact we can obtain compactly

supported functions (or more precisely, functions whose support is contained in a compact
set) in the second hidden layer. Recall, by a two layer neural network, we mean a function
of the form:
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For example, let �o(z) be the perceptron, that is

�o(z) =

⇢
0 z  0
1 z > 0

Then
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Thus with two hidden layers and the perceptron activation function we can represent the
characteristic function of any convex polygonal domain; see Figure 26. If we replace the
perceptron with the sigmoid function �(z), then we have
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In other words, the sigmoid function approximates the perceptron and thus the function
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approximates the analogous perceptron function as � ! +1. It follows that the sigmoid
version is a highly localized function, which gives two layer networks an advantage over
one-layer networks.

Theoretically, we observed for one-layer neural networks there is an intrinsic lower bound
on the rate of approximation, which depends on the number of neurons, when one considers
any label function F 2 C2(Rd). This limitation is removed in the two layer model, as the
following theorem shows.

Theorem 8.13 (Maiorov and Pinkus 1999, [15]). There exists and activation function � 2

C1(R) that is sigmoidal and strictly increasing, and has the following property. For any
F 2 C[0, 1]d and ✏ > 0, there exists a two-layer neural network f(x; ✓) with activation
function �, with d1 = (2d+1)(4d+3) neurons in the first hidden layer, and with d2 = 4d+3
neurons in the second layer, for which

sup
x2[0,1]d

|F (x)� f(x; ✓)| < ✏ .

This theorem is pretty extraordinary. Some remarks are in order.

Remark 8.14. The activation function � is the same as the one in Theorem 8.11, and is
thus, unfortunately, not practical.
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Figure 26: A two layer perceptron network can implement the characteristic function on any convex
polygonal domain.

Remark 8.15. The number of neurons is independent of the label function F (similar to
previous one-layer results) and the accuracy ✏ (very different from previous one-layer results),
and grows quadratically in the dimension d. As expected, the weights of the neurons depend
on F and ✏. While it is remarkable that the number of neurons does not depend on the
accuracy ✏, it is worth examining how the magnitude of the weights depends on ✏. It turns
out the size of the weights grows very fast with epsilon, and the weights become so huge that
they could not hope to be stored on a computer!
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