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8.1 One layer approximation theory

One of the earlier and most popular works on approximation properties of artificial neural
networks is by George Cybenko [11]. The result proves that one layer neural networks with
sigmoid-like activation functions can approximate any continuous function on the unit cube
X = [0,1]% Let us discuss the main points of this result.

In this section we consider one layer neural network regression functions. Let W be a
d x m weight matrix, b an m x 1 bias vector, and « an m x 1 weight vector, which we write
as:

| | b(1) a(1)
W = wy - Wy b= o = :
| | b(m) a(m)
Our one layer neural networks take the form:
f(z; W, b,a) = (c(WTz +b),0a) = Z a (x,wy) + b(k)), (24)
k=1

where 0 : R — R is a sigmoidal function, meaning that

1 asz— +©

0 asz — —© (25>

o(z) = {

Note, in particular, that the regular sigmoid function is a sigmoidal function.
We will initially consider labeling functions of the form

y=F(z), FecC[,1]",

where CJ[0, 1]¢ consists of all continuous functions F : [0,1]¢ — R. We have the following
theorem.

Theorem 8.1 (Cybenko 1989, [11]). Let o be any continuous sigmoidal function (25). Given
an F € C[0,1]? and an € > 0, there is a one layer neural network f(x; W, b,a) of the form
(24) with m, W € R¥™_ b € R™, and o € R™ depending on d, F', and ¢, for which

|f(z; W, b,a) — F(z)| < e, forallzel0,1]%.



We will comment on the poof of Theorem 8.1 at the end of this section. The theorem shows
that any continuous label function y = F'(z) supported on the unit cube can be approximated
by a one layer sigmoidal neural network to arbitrary accuracy. This type of result is often
referred to as a “universal approximation” theorem. It can extended to perceptrons on other
discontinuous sigmoid functions if we replace the L>[0,1]? error of Theorem 8.1 with an
L![0, 1]¢ error. This result initially sounds very impressive, but as we will see later it in fact
is not that meaningful in explaining why neural networks work so well (in fairness, though,
it is one of the first such results).

First though, let us first use Theorem 8.1 to prove a result about categorical classification.
Let Cy,...,Cy C [0,1]7 be a partition of the cube [0, 1]¢, meaning that

M
CNC=0ifi#j and | JC =1[0,1]".

i=1

Assign labels as:
y=F(x)=14 ifandonlyif z€C(;. (26)

We refer to F' in this case as a decision function. Note that this is a classification problem.
We want to know if a neural network can implement a good decision boundary. The following
theorem says it can.

Theorem 8.2 (Cybenko 1989, [11]). Let o be any continuous sigmoidal function (25). Let
F be a decision function (26) and € > 0. Then, there exists a one layer neural network
f(x; W b, a) of the form (24) with m, W € R>™ b€ R™ and o € R™ depending on d, F,
and ¢, and a set D C [0,1]% with vol(D) > 1 — ¢, for which

|f(z; W,b,a) — F(x)| <€, forallzeD.

As a consequence, define the classifier f(z; W,b, ) as:

f(z; W, b, ) = Round([f (z; W, b, )],

where Round|[z] is the closest integer to z € R. If € < 1/2, then

flz; Wb o) = F(x), forallxeD.

Proof sketch. Use Lusin’s theorem combined with Theorem 8.1 to prove the result for f. The
result for f follows immediately. m

Because f(z; W,b,«) is always a continuous function and a decision function F(z) is
necessarily not, there will always be some points classified incorrectly. On the other hand, the
result says the volume of the number of points classified incorrectly can be made arbitrarily
small. While this theorem does not say anything about the geometry of the set D, one can
refine the analysis further to conclude that the one layer neural network can learn a ‘“natural”



approximation of F'(x) where any point sufficiently far away from a boundary defined by F'(z)
is classified correctly.

The key to Cybenko’s results in [11] is the notion of a discriminatory function. We give
the definition here without explaining everything since it relies on notions from graduate
level analysis. Cybenko says that a function ¢ : R — R is discriminatory if for any finite,
signed Borel measure z on [0, 1]¢,

foralleRd,bE]R,/ o({z,w) +b)du(zx) =0 = pn=0.

[0,1]¢

Cybenko proves that sigmoidal functions are discriminatory and then uses this to obtain
his results. An example such a measure is du(z) = px(x)dz, where px : [0,1]7 — R is a
probability density function on X = [0,1]¢, but there are other more exotic finite, signed
Borel measures.

Cybenko’s results were generalized by Hornik in [12]. Among his results, he proves the
following.

Theorem 8.3 (Hornik 1991, [12]'%). Let o be any non-constant, bounded activation function
(e.g., sigmoidal, but others are okay too). Let px be a probability density function on [0, 1]?
and let F € L2([0,1]¢, px), which means that

Ex(POOP) = [ 1F@)Pp(@) de < oo,

Then for each € > 0 there ezists a one layer neural network f(x; W, b, «) of the form (24)
with m, W € R>*™_ b c R™, and o € R™ depending on d, F, €, and px, such that

Ex[(F(X) — F(X:W,b,a))?] = / (F(x) — f(2; W, b, 0))*px(2) d < c.

[0,1)¢

Most of the proofs contained in |1 1] and [12] are not constructive and they give no insight
into the relationship between m, the number of neurons, and ¢, the desired accuracy. They
also give no relationship between the magnitude of the weights W and biases b and . We
are interested in this type of analysis because each weight and bias needs to be learned from
training data, and thus the number of such weights is a proxy for the amount of training
data we will need. The magnitude of these values is also important, as computers cannot
store infinitely large values. We will see that these relationships are not favorable, at least
by the analysis of this section.

13This result is Theorem 1 in [12], which says “unbounded” but should say “bounded.” Thanks to Gautam
Sreekumar asking about this result in class!
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