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5 Towards deep learning

5.1 Dictionaries and kernels
One way to incorporate nonlinearity is through dictionaries and kernels. We give a brief
overview here. A dictionary takes in a data point x 2 X and maps it into a Hilbert space
H. Often the Hilbert space is usually H = Rm, so let us assume that is the case here. The
resulting representation of x is denoted:

� : X ! Rm , x 7! �(x) = (�k(x))
m
k=1 , �k : X ! R .

Now with the representation �(x), we can apply linear regression but to the representa-
tion:

f(x; ✓) = h�(x), ✓i =
mX

k=1

✓(k)�k(x) . (18)

More generally, any algorithm that only depends upon hx, ✓i can be recast be replacing x
with �(x). The resulting model class F or hypothesis class P thus depends strongly on
the choice of dictionary �. The constituent elements of �(x), the functions �k(x), are often
referred to as “features.” Because of the importance of these features, feature engineering has
been and continues to be an important topic in machine learning, although “hand crafted”
features are becoming less popular. Nevertheless, if one can come up with a dictionary �(x)
for which the label y(x) is a linear function of �(x), then the linear model over the dictionary
given by (18) will work. Note that the dimension of the problem is now m instead of d, but
from Section 4.3 we know that linear models circumvent the curse of dimensionality in that
the number of training points need only grow linearly with the dimension. In this case that
means we need N = O(m) training points. If m is not too much larger than d, then we will
be in an favorable situation.

Kernels and deep learning do not specify the features directly, but they do so in different
ways. To understand kernel methods, let us define a kernel K(x, x0) in terms of a dictionary
�(x) as:

K(x, x0) = h�(x),�(x0)i .

The kernel K(x, x0) measures the similarity between x and x0 through the lens of �; the
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larger K(x, x0), the more similar x and x0. A kernel regression computes:

f(x;↵) =
NX

i=1

↵(i)K(x, xi) , ↵ 2 RN , (19)

where we have assumed the kernel is symmetric, meaning K(x, x0) = K(x0, x). In other
words, f(x;↵) predicts the label of x by comparing x to each training point xi through
K(x, xi) and taking a weighted sum of the resulting similarity measures. Notice that we can
rewrite (19) as:

f(x;↵) =
NX

i=1

↵(i)K(x, xi) =
NX

i=1

↵(i)h�(x),�(xi)i

=
NX

i=1

↵(i)
nX

k=1

�k(x)�k(xi)

=
mX

k=1

"
NX

i=1

↵(i)�k(xi)

#
�k(x)

=
mX

k=1

✓(k)�k(x) , (20)

where we have set

✓(k) =
NX

i=1

↵(i)�k(xi) .

Since ↵ 2 RN and ✓ 2 Rm are learned from the training data, we see that (18) and (19) are
equivalent.

Notice, though, that (19) can be defined for any kernel K, not just those for which
K(x, x0) = h�(x),�(x0)i. On the other hand, many algorithms depend on just the inner
product hx, x0

i to measure the similarity between two data points. If we want to replace
these inner products with K(x, x0) and still have the algorithm behave well, we need to at
least know that K(x, x0) = h�(x),�(x0)i for some �, but we do not need to know �. This is
the key observation of kernel learning [8]. Kernel learning allows one to implicitly use very
complicated representations �(x) via what are often simple kernels K(x, x0). For example,
the polynomial kernel

K(x, x0) = (hx, x0
i+ c)m ,

implicitly defines the polynomial model class of degree m. Another example is the Gaussian
kernel

K(x, x0) = e�kx�x0k22/2�2
,

which implicitly defines a nonlinear infinite dimensional dictionary �(x)!
Because of this observation and the usefulness of kernels and the simplicity of incor-

porating them into machine learning, there is a well developed mathematical theory for
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determining when a kernel K(x, x0) implicitly defines a dictionary �(x) and thus can be
written as K(x, x0) = h�(x),�(x0)i. The summary of this theory is that K must be a re-
producing kernel and thus generate a reproducing kernel Hilbert space (RKHS). This is also
not easy to verify directly, but it turns out that K is a reproducing kernel if and only if it is
postitive semi-definite, which means that for any N and any {xi}

N
i=1 ⇢ X and any c 2 RN ,

NX

i,j=1

c(i)c(j)K(xi, xj) � 0 .

For more details we refer the reader to [8]; see also the course CMSE 820 (my old version
here or newer versions by Prof. Yuying Xie), which has thus far covered this topic every
year.
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