
Math 994-002 
Applied and Computational Harmonic Analysis

Tuesday and Thursday, 1:00pm - 2:20pm

Wells Hall C117

Matthew Hirn



Compressed Syllabus

• Office hours: MTWR, 4:00 - 5:00pm 

• Book: A Wavelet Tour of Signal Processing, 3rd edition, by Stéphane 
Mallat 

• Grading: Homework (80%), attendance (20%), no final 

• Tentative course outline: Fourier analysis (ch 2); discrete signal 
processing (ch 3); time frequency analysis (ch 4); wavelet zoom (ch 
6); frames (ch 5); wavelet bases (ch 7); approximation in bases (ch 9) 

• Webpage: https://matthewhirn.com/teaching/spring-2020-
mth-994-002/



What is Harmonic Analysis?

Harmonic analysis traces its roots back to Fourier analysis. . .
<latexit sha1_base64="gMEXA8Z6dOtX4go8Ce32Gfy1QG4="></latexit><latexit sha1_base64="gMEXA8Z6dOtX4go8Ce32Gfy1QG4="></latexit><latexit sha1_base64="gMEXA8Z6dOtX4go8Ce32Gfy1QG4="></latexit><latexit sha1_base64="gMEXA8Z6dOtX4go8Ce32Gfy1QG4="></latexit>

Fourier analysis goes back to the 1820’s and Joseph Fourier, and his work Théorie
analytique de la chaleur
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Fourier
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Legendre
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Fourier Analysis

In terms of functions like this
<latexit sha1_base64="4SJ6jc3tW9kg9IqgD7rOairlO8w="></latexit><latexit sha1_base64="4SJ6jc3tW9kg9IqgD7rOairlO8w="></latexit><latexit sha1_base64="4SJ6jc3tW9kg9IqgD7rOairlO8w="></latexit><latexit sha1_base64="4SJ6jc3tW9kg9IqgD7rOairlO8w="></latexit>

Fourier analysis is the study of how to decompose functions or signals like this
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Heat and Wave Equations

This is useful for studying heat di↵usion (Fourier’s original motivation)...
<latexit sha1_base64="JvKKlK4bDzPzlrX1od1DCGaxQHQ="></latexit><latexit sha1_base64="JvKKlK4bDzPzlrX1od1DCGaxQHQ="></latexit><latexit sha1_base64="JvKKlK4bDzPzlrX1od1DCGaxQHQ="></latexit><latexit sha1_base64="JvKKlK4bDzPzlrX1od1DCGaxQHQ="></latexit>

...as well as waves (such as in music)
<latexit sha1_base64="abqP/kMY5NXFFmboVniSr0NuG80="></latexit><latexit sha1_base64="abqP/kMY5NXFFmboVniSr0NuG80="></latexit><latexit sha1_base64="abqP/kMY5NXFFmboVniSr0NuG80="></latexit><latexit sha1_base64="abqP/kMY5NXFFmboVniSr0NuG80="></latexit>

But harmonic analysis is useful for a lot more as well!
<latexit sha1_base64="gcQcuB5eRv+fNmtpJ3LcWKbcs2I="></latexit><latexit sha1_base64="gcQcuB5eRv+fNmtpJ3LcWKbcs2I="></latexit><latexit sha1_base64="gcQcuB5eRv+fNmtpJ3LcWKbcs2I="></latexit><latexit sha1_base64="gcQcuB5eRv+fNmtpJ3LcWKbcs2I="></latexit>

@tu = �u
<latexit sha1_base64="rQImB2ROm+Ph2TKCWcPJ+ikKRTc=">AAACKnicbVDLSgMxFM34dnxVXboJVsFVmXGjG0HUhUsFq4JTyp30jgaTzJDcCKX0O/wJf8Gt7t2JO/FDTGsXvg4EDufcV05eKekoSV6jsfGJyanpmdl4bn5hcam2vHLuSm8FNkWpSnuZg0MlDTZJksLLyiLoXOFFfns48C/u0DpZmjPqVtjScG1kIQVQkNq1NHNFAVqqbpyZUpoOGoo3NuKsAksSVJu453s8O0JFwH2w2rV60kiG4H9JOiJ1NsJJu/aedUrhdZgsFDjXG0wWCvtx5h1WIG7hGq8CNaDRtXrDT/X5ZlA6vChteIb4UP3e0QPtXFfnoVID3bjf3kD8z7vyVOy2etJUntCIr0WFV5xKPkiId6RFQaobCAgrw61c3IAFQSHHH1vQeC0JdT8OoaS/I/hLzrcbadJIT7fr+wejeGbYGltnWyxlO2yfHbMT1mSC3bNH9sSeo4foJXqN3r5Kx6JRzyr7gejjE5EwpgQ=</latexit><latexit sha1_base64="rQImB2ROm+Ph2TKCWcPJ+ikKRTc=">AAACKnicbVDLSgMxFM34dnxVXboJVsFVmXGjG0HUhUsFq4JTyp30jgaTzJDcCKX0O/wJf8Gt7t2JO/FDTGsXvg4EDufcV05eKekoSV6jsfGJyanpmdl4bn5hcam2vHLuSm8FNkWpSnuZg0MlDTZJksLLyiLoXOFFfns48C/u0DpZmjPqVtjScG1kIQVQkNq1NHNFAVqqbpyZUpoOGoo3NuKsAksSVJu453s8O0JFwH2w2rV60kiG4H9JOiJ1NsJJu/aedUrhdZgsFDjXG0wWCvtx5h1WIG7hGq8CNaDRtXrDT/X5ZlA6vChteIb4UP3e0QPtXFfnoVID3bjf3kD8z7vyVOy2etJUntCIr0WFV5xKPkiId6RFQaobCAgrw61c3IAFQSHHH1vQeC0JdT8OoaS/I/hLzrcbadJIT7fr+wejeGbYGltnWyxlO2yfHbMT1mSC3bNH9sSeo4foJXqN3r5Kx6JRzyr7gejjE5EwpgQ=</latexit><latexit sha1_base64="rQImB2ROm+Ph2TKCWcPJ+ikKRTc=">AAACKnicbVDLSgMxFM34dnxVXboJVsFVmXGjG0HUhUsFq4JTyp30jgaTzJDcCKX0O/wJf8Gt7t2JO/FDTGsXvg4EDufcV05eKekoSV6jsfGJyanpmdl4bn5hcam2vHLuSm8FNkWpSnuZg0MlDTZJksLLyiLoXOFFfns48C/u0DpZmjPqVtjScG1kIQVQkNq1NHNFAVqqbpyZUpoOGoo3NuKsAksSVJu453s8O0JFwH2w2rV60kiG4H9JOiJ1NsJJu/aedUrhdZgsFDjXG0wWCvtx5h1WIG7hGq8CNaDRtXrDT/X5ZlA6vChteIb4UP3e0QPtXFfnoVID3bjf3kD8z7vyVOy2etJUntCIr0WFV5xKPkiId6RFQaobCAgrw61c3IAFQSHHH1vQeC0JdT8OoaS/I/hLzrcbadJIT7fr+wejeGbYGltnWyxlO2yfHbMT1mSC3bNH9sSeo4foJXqN3r5Kx6JRzyr7gejjE5EwpgQ=</latexit><latexit sha1_base64="rQImB2ROm+Ph2TKCWcPJ+ikKRTc=">AAACKnicbVDLSgMxFM34dnxVXboJVsFVmXGjG0HUhUsFq4JTyp30jgaTzJDcCKX0O/wJf8Gt7t2JO/FDTGsXvg4EDufcV05eKekoSV6jsfGJyanpmdl4bn5hcam2vHLuSm8FNkWpSnuZg0MlDTZJksLLyiLoXOFFfns48C/u0DpZmjPqVtjScG1kIQVQkNq1NHNFAVqqbpyZUpoOGoo3NuKsAksSVJu453s8O0JFwH2w2rV60kiG4H9JOiJ1NsJJu/aedUrhdZgsFDjXG0wWCvtx5h1WIG7hGq8CNaDRtXrDT/X5ZlA6vChteIb4UP3e0QPtXFfnoVID3bjf3kD8z7vyVOy2etJUntCIr0WFV5xKPkiId6RFQaobCAgrw61c3IAFQSHHH1vQeC0JdT8OoaS/I/hLzrcbadJIT7fr+wejeGbYGltnWyxlO2yfHbMT1mSC3bNH9sSeo4foJXqN3r5Kx6JRzyr7gejjE5EwpgQ=</latexit>

@2
t u = �u

<latexit sha1_base64="vLlQWftRFeZBUAg/H9pc9XG31/k="></latexit><latexit sha1_base64="vLlQWftRFeZBUAg/H9pc9XG31/k="></latexit><latexit sha1_base64="vLlQWftRFeZBUAg/H9pc9XG31/k="></latexit><latexit sha1_base64="vLlQWftRFeZBUAg/H9pc9XG31/k="></latexit>



Fourier Transform

The Fourier transform for functions is:

bf(!) =
Z +1

�1
f(x)e�ix! dx

The Fourier inversion formula is:

f(x) =
1

2⇡

Z +1

�1
bf(!)eix! d!

The Fourier transform is like computing basis coe�cients of f(x) in the “ONB” B =
{eix!}!2R, and the Fourier inversion formula is analogous to an ONB reconstruction

<latexit sha1_base64="qhdZwV9iHTzPz6u88e2WuXNdefI="></latexit><latexit sha1_base64="qhdZwV9iHTzPz6u88e2WuXNdefI="></latexit><latexit sha1_base64="qhdZwV9iHTzPz6u88e2WuXNdefI="></latexit><latexit sha1_base64="qhdZwV9iHTzPz6u88e2WuXNdefI="></latexit>

=<latexit sha1_base64="I/Q2PZ5SebcpSouikrrLXzSN1+w=">AAACEHicbVC7SgNBFJ31GdfXqoWFzWAiWIXdNNoIQRvLCOYBSQizk7vJkJnZZWZWCGF/wl+w1d5ObP0DW7/ESbKFSTxw4XDOPdzLCRPOtPH9b2dtfWNza7uw4+7u7R8cekfHDR2nikKdxjxWrZBo4ExC3TDDoZUoICLk0AxHd1O/+QRKs1g+mnECXUEGkkWMEmOlnnfa0VFEBONjtyNjJvsgjVu6KfW8ol/2Z8CrJMhJEeWo9byfTj+mqbB5yonWE6IMoxwyt5NqSAgdkQG0LZVEgO5OZq9n+MIqfRzFyo40eKb+TUyI0HosQrspiBnqZW8q/ue1UxNddydMJqkBSeeHopRjE+NpD7jPFFDDx5YQqpj9FdMhUYQa29bCFZCpYAZE5tpSguUKVkmjUg78cvBQKVZv83oK6Aydo0sUoCtURfeohuqIogy9oFf05jw7786H8zlfXXPyzAlagPP1C6U8nNg=</latexit><latexit sha1_base64="I/Q2PZ5SebcpSouikrrLXzSN1+w=">AAACEHicbVC7SgNBFJ31GdfXqoWFzWAiWIXdNNoIQRvLCOYBSQizk7vJkJnZZWZWCGF/wl+w1d5ObP0DW7/ESbKFSTxw4XDOPdzLCRPOtPH9b2dtfWNza7uw4+7u7R8cekfHDR2nikKdxjxWrZBo4ExC3TDDoZUoICLk0AxHd1O/+QRKs1g+mnECXUEGkkWMEmOlnnfa0VFEBONjtyNjJvsgjVu6KfW8ol/2Z8CrJMhJEeWo9byfTj+mqbB5yonWE6IMoxwyt5NqSAgdkQG0LZVEgO5OZq9n+MIqfRzFyo40eKb+TUyI0HosQrspiBnqZW8q/ue1UxNddydMJqkBSeeHopRjE+NpD7jPFFDDx5YQqpj9FdMhUYQa29bCFZCpYAZE5tpSguUKVkmjUg78cvBQKVZv83oK6Aydo0sUoCtURfeohuqIogy9oFf05jw7786H8zlfXXPyzAlagPP1C6U8nNg=</latexit><latexit sha1_base64="I/Q2PZ5SebcpSouikrrLXzSN1+w=">AAACEHicbVC7SgNBFJ31GdfXqoWFzWAiWIXdNNoIQRvLCOYBSQizk7vJkJnZZWZWCGF/wl+w1d5ObP0DW7/ESbKFSTxw4XDOPdzLCRPOtPH9b2dtfWNza7uw4+7u7R8cekfHDR2nikKdxjxWrZBo4ExC3TDDoZUoICLk0AxHd1O/+QRKs1g+mnECXUEGkkWMEmOlnnfa0VFEBONjtyNjJvsgjVu6KfW8ol/2Z8CrJMhJEeWo9byfTj+mqbB5yonWE6IMoxwyt5NqSAgdkQG0LZVEgO5OZq9n+MIqfRzFyo40eKb+TUyI0HosQrspiBnqZW8q/ue1UxNddydMJqkBSeeHopRjE+NpD7jPFFDDx5YQqpj9FdMhUYQa29bCFZCpYAZE5tpSguUKVkmjUg78cvBQKVZv83oK6Aydo0sUoCtURfeohuqIogy9oFf05jw7786H8zlfXXPyzAlagPP1C6U8nNg=</latexit><latexit sha1_base64="I/Q2PZ5SebcpSouikrrLXzSN1+w=">AAACEHicbVC7SgNBFJ31GdfXqoWFzWAiWIXdNNoIQRvLCOYBSQizk7vJkJnZZWZWCGF/wl+w1d5ObP0DW7/ESbKFSTxw4XDOPdzLCRPOtPH9b2dtfWNza7uw4+7u7R8cekfHDR2nikKdxjxWrZBo4ExC3TDDoZUoICLk0AxHd1O/+QRKs1g+mnECXUEGkkWMEmOlnnfa0VFEBONjtyNjJvsgjVu6KfW8ol/2Z8CrJMhJEeWo9byfTj+mqbB5yonWE6IMoxwyt5NqSAgdkQG0LZVEgO5OZq9n+MIqfRzFyo40eKb+TUyI0HosQrspiBnqZW8q/ue1UxNddydMJqkBSeeHopRjE+NpD7jPFFDDx5YQqpj9FdMhUYQa29bCFZCpYAZE5tpSguUKVkmjUg78cvBQKVZv83oK6Aydo0sUoCtURfeohuqIogy9oFf05jw7786H8zlfXXPyzAlagPP1C6U8nNg=</latexit>

+
<latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit>

=<latexit sha1_base64="I/Q2PZ5SebcpSouikrrLXzSN1+w=">AAACEHicbVC7SgNBFJ31GdfXqoWFzWAiWIXdNNoIQRvLCOYBSQizk7vJkJnZZWZWCGF/wl+w1d5ObP0DW7/ESbKFSTxw4XDOPdzLCRPOtPH9b2dtfWNza7uw4+7u7R8cekfHDR2nikKdxjxWrZBo4ExC3TDDoZUoICLk0AxHd1O/+QRKs1g+mnECXUEGkkWMEmOlnnfa0VFEBONjtyNjJvsgjVu6KfW8ol/2Z8CrJMhJEeWo9byfTj+mqbB5yonWE6IMoxwyt5NqSAgdkQG0LZVEgO5OZq9n+MIqfRzFyo40eKb+TUyI0HosQrspiBnqZW8q/ue1UxNddydMJqkBSeeHopRjE+NpD7jPFFDDx5YQqpj9FdMhUYQa29bCFZCpYAZE5tpSguUKVkmjUg78cvBQKVZv83oK6Aydo0sUoCtURfeohuqIogy9oFf05jw7786H8zlfXXPyzAlagPP1C6U8nNg=</latexit><latexit sha1_base64="I/Q2PZ5SebcpSouikrrLXzSN1+w=">AAACEHicbVC7SgNBFJ31GdfXqoWFzWAiWIXdNNoIQRvLCOYBSQizk7vJkJnZZWZWCGF/wl+w1d5ObP0DW7/ESbKFSTxw4XDOPdzLCRPOtPH9b2dtfWNza7uw4+7u7R8cekfHDR2nikKdxjxWrZBo4ExC3TDDoZUoICLk0AxHd1O/+QRKs1g+mnECXUEGkkWMEmOlnnfa0VFEBONjtyNjJvsgjVu6KfW8ol/2Z8CrJMhJEeWo9byfTj+mqbB5yonWE6IMoxwyt5NqSAgdkQG0LZVEgO5OZq9n+MIqfRzFyo40eKb+TUyI0HosQrspiBnqZW8q/ue1UxNddydMJqkBSeeHopRjE+NpD7jPFFDDx5YQqpj9FdMhUYQa29bCFZCpYAZE5tpSguUKVkmjUg78cvBQKVZv83oK6Aydo0sUoCtURfeohuqIogy9oFf05jw7786H8zlfXXPyzAlagPP1C6U8nNg=</latexit><latexit sha1_base64="I/Q2PZ5SebcpSouikrrLXzSN1+w=">AAACEHicbVC7SgNBFJ31GdfXqoWFzWAiWIXdNNoIQRvLCOYBSQizk7vJkJnZZWZWCGF/wl+w1d5ObP0DW7/ESbKFSTxw4XDOPdzLCRPOtPH9b2dtfWNza7uw4+7u7R8cekfHDR2nikKdxjxWrZBo4ExC3TDDoZUoICLk0AxHd1O/+QRKs1g+mnECXUEGkkWMEmOlnnfa0VFEBONjtyNjJvsgjVu6KfW8ol/2Z8CrJMhJEeWo9byfTj+mqbB5yonWE6IMoxwyt5NqSAgdkQG0LZVEgO5OZq9n+MIqfRzFyo40eKb+TUyI0HosQrspiBnqZW8q/ue1UxNddydMJqkBSeeHopRjE+NpD7jPFFDDx5YQqpj9FdMhUYQa29bCFZCpYAZE5tpSguUKVkmjUg78cvBQKVZv83oK6Aydo0sUoCtURfeohuqIogy9oFf05jw7786H8zlfXXPyzAlagPP1C6U8nNg=</latexit><latexit sha1_base64="I/Q2PZ5SebcpSouikrrLXzSN1+w=">AAACEHicbVC7SgNBFJ31GdfXqoWFzWAiWIXdNNoIQRvLCOYBSQizk7vJkJnZZWZWCGF/wl+w1d5ObP0DW7/ESbKFSTxw4XDOPdzLCRPOtPH9b2dtfWNza7uw4+7u7R8cekfHDR2nikKdxjxWrZBo4ExC3TDDoZUoICLk0AxHd1O/+QRKs1g+mnECXUEGkkWMEmOlnnfa0VFEBONjtyNjJvsgjVu6KfW8ol/2Z8CrJMhJEeWo9byfTj+mqbB5yonWE6IMoxwyt5NqSAgdkQG0LZVEgO5OZq9n+MIqfRzFyo40eKb+TUyI0HosQrspiBnqZW8q/ue1UxNddydMJqkBSeeHopRjE+NpD7jPFFDDx5YQqpj9FdMhUYQa29bCFZCpYAZE5tpSguUKVkmjUg78cvBQKVZv83oK6Aydo0sUoCtURfeohuqIogy9oFf05jw7786H8zlfXXPyzAlagPP1C6U8nNg=</latexit>
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<latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit>
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<latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit>

=<latexit sha1_base64="XsRrAKy+559z2kBW210W+5aERwM=">AAACFHicbVC7TsMwFHXKq4RXgbFLRIvEVCVdYEGqYGEsEn1ITVU5zk1r1XYi20GKog78BL/ACjsbYmVn5UtwHwNtOZKto3PuSydIGFXadb+twsbm1vZOcdfe2z84PCodn7RVnEoCLRKzWHYDrIBRAS1NNYNuIgHzgEEnGN9O/c4jSEVj8aCzBPocDwWNKMHaSINS2VdRhDllme2LmIoQhLarVfvafINSxa25MzjrxFuQClqgOSj9+GFMUm5mEIaVyrHUlDCY2H6qIMFkjIfQM1RgDqqfz86fOOdGCZ0oluYJ7czUvx055kplPDCVHOuRWvWm4n9eL9XRVT+nIkk1CDJfFKXM0bEzzcIJqQSiWWYIJpKaWx0ywhITbRJb2gIi5VQDn9gmFG81gnXSrtc8t+bd1yuNm0U8RVRGZ+gCeegSNdAdaqIWIugJvaBX9GY9W+/Wh/U5Ly1Yi55TtATr6xfruZ1c</latexit><latexit sha1_base64="XsRrAKy+559z2kBW210W+5aERwM=">AAACFHicbVC7TsMwFHXKq4RXgbFLRIvEVCVdYEGqYGEsEn1ITVU5zk1r1XYi20GKog78BL/ACjsbYmVn5UtwHwNtOZKto3PuSydIGFXadb+twsbm1vZOcdfe2z84PCodn7RVnEoCLRKzWHYDrIBRAS1NNYNuIgHzgEEnGN9O/c4jSEVj8aCzBPocDwWNKMHaSINS2VdRhDllme2LmIoQhLarVfvafINSxa25MzjrxFuQClqgOSj9+GFMUm5mEIaVyrHUlDCY2H6qIMFkjIfQM1RgDqqfz86fOOdGCZ0oluYJ7czUvx055kplPDCVHOuRWvWm4n9eL9XRVT+nIkk1CDJfFKXM0bEzzcIJqQSiWWYIJpKaWx0ywhITbRJb2gIi5VQDn9gmFG81gnXSrtc8t+bd1yuNm0U8RVRGZ+gCeegSNdAdaqIWIugJvaBX9GY9W+/Wh/U5Ly1Yi55TtATr6xfruZ1c</latexit><latexit sha1_base64="XsRrAKy+559z2kBW210W+5aERwM=">AAACFHicbVC7TsMwFHXKq4RXgbFLRIvEVCVdYEGqYGEsEn1ITVU5zk1r1XYi20GKog78BL/ACjsbYmVn5UtwHwNtOZKto3PuSydIGFXadb+twsbm1vZOcdfe2z84PCodn7RVnEoCLRKzWHYDrIBRAS1NNYNuIgHzgEEnGN9O/c4jSEVj8aCzBPocDwWNKMHaSINS2VdRhDllme2LmIoQhLarVfvafINSxa25MzjrxFuQClqgOSj9+GFMUm5mEIaVyrHUlDCY2H6qIMFkjIfQM1RgDqqfz86fOOdGCZ0oluYJ7czUvx055kplPDCVHOuRWvWm4n9eL9XRVT+nIkk1CDJfFKXM0bEzzcIJqQSiWWYIJpKaWx0ywhITbRJb2gIi5VQDn9gmFG81gnXSrtc8t+bd1yuNm0U8RVRGZ+gCeegSNdAdaqIWIugJvaBX9GY9W+/Wh/U5Ly1Yi55TtATr6xfruZ1c</latexit><latexit sha1_base64="XsRrAKy+559z2kBW210W+5aERwM=">AAACFHicbVC7TsMwFHXKq4RXgbFLRIvEVCVdYEGqYGEsEn1ITVU5zk1r1XYi20GKog78BL/ACjsbYmVn5UtwHwNtOZKto3PuSydIGFXadb+twsbm1vZOcdfe2z84PCodn7RVnEoCLRKzWHYDrIBRAS1NNYNuIgHzgEEnGN9O/c4jSEVj8aCzBPocDwWNKMHaSINS2VdRhDllme2LmIoQhLarVfvafINSxa25MzjrxFuQClqgOSj9+GFMUm5mEIaVyrHUlDCY2H6qIMFkjIfQM1RgDqqfz86fOOdGCZ0oluYJ7czUvx055kplPDCVHOuRWvWm4n9eL9XRVT+nIkk1CDJfFKXM0bEzzcIJqQSiWWYIJpKaWx0ywhITbRJb2gIi5VQDn9gmFG81gnXSrtc8t+bd1yuNm0U8RVRGZ+gCeegSNdAdaqIWIugJvaBX9GY9W+/Wh/U5Ly1Yi55TtATr6xfruZ1c</latexit>

+
<latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit>

+
<latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit><latexit sha1_base64="Av5+pMj9nXoK/5ob/cdSrxxoqug=">AAACEHicbVC7SgNBFJ2Nr7i+Vi0sbAYTQRDCbhotgzaWEUwMJCHMzt5NhszMLjOzwhLyE/6CrfZ2Yusf2PolTh6FSTxw4XDOPdzLCVPOtPH9b6ewtr6xuVXcdnd29/YPvMOjpk4yRaFBE56oVkg0cCahYZjh0EoVEBFyeAyHtxP/8QmUZol8MHkKXUH6ksWMEmOlnnfS0XFMBOO525EJkxFI45Yvyz2v5Ff8KfAqCeakhOao97yfTpTQTNg85UTrEVGGUQ5jt5NpSAkdkj60LZVEgO6Opq+P8blVIhwnyo40eKr+TYyI0DoXod0UxAz0sjcR//PamYmvuyMm08yApLNDccaxSfCkBxwxBdTw3BJCFbO/YjogilBj21q4AjITzIAYu7aUYLmCVdKsVgK/EtxXS7WbeT1FdIrO0AUK0BWqoTtURw1E0Ri9oFf05jw7786H8zlbLTjzzDFagPP1C4jCnMY=</latexit>

hf,
<latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit>

i
<latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit>

hf,
<latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit>

i
<latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit>

hf,
<latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit>

i
<latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit>

hf,
<latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit><latexit sha1_base64="G3d4fLzIAXTP/Qtx13NC3QdNQ+A=">AAACHnicbVC7TsMwFHXKq4RXgZHFoq3EgKqkC4wVLIxFog+pqSrHvWmt2k5kO0hR1S/gJ/gFVtjZECusfAnuY6AtR7J0fM592CdMONPG876d3Mbm1vZOftfd2z84PCocnzR1nCoKDRrzWLVDooEzCQ3DDId2ooCIkEMrHN1O/dYjKM1i+WCyBLqCDCSLGCXGSr1COdBRRATjmRvImMk+SOOWSm7AiRxwwNElttdeoehVvBnwOvEXpIgWqPcKP0E/pqmw0ygnWo+JMoxymLhBqiEhdEQG0LFUEgG6O559ZILLVunjKFb2SINn6t+OMRFaZyK0lYKYoV71puJ/Xic10XV3zGSSGpB0vihKOTYxnqaC+0wBNTyzhFDF7FsxHRJFqLHZLW0BmQpmQExcG4q/GsE6aVYrvlfx76vF2s0injw6Q+foAvnoCtXQHaqjBqLoCb2gV/TmPDvvzofzOS/NOYueU7QE5+sXKJ2hJA==</latexit>

i
<latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit><latexit sha1_base64="m3g6+NCN/XOZciy2pTWbgSfWCPk=">AAACGnicbZC7TsMwFIYdriXcAowsgRaJqUq6wFjBwlgkepGaqnLck9aq7US2gxRFnXkJXoEVdjbEysLKk+C2GWjLkSx9+v9zfOw/TBhV2vO+rbX1jc2t7dKOvbu3f3DoHB23VJxKAk0Ss1h2QqyAUQFNTTWDTiIB85BBOxzfTv32I0hFY/GgswR6HA8FjSjB2kh95yxQUYQ5ZZkdiJiKAQhtVyp2ILEYMjDYd8pe1ZuVuwp+AWVUVKPv/ASDmKTc3EQYVirHUlPCYGIHqYIEkzEeQtegwBxUL599YuJeGGXgRrE0R2h3pv6dyDFXKuOh6eRYj9SyNxX/87qpjq57ORVJqkGQ+aIoZa6O3Wki7oBKIJplBjCR1LzVJSMsMdEmt4UtIFJONfCJbULxlyNYhVat6ntV/75Wrt8U8ZTQKTpHl8hHV6iO7lADNRFBT+gFvaI369l6tz6sz3nrmlXMnKCFsr5+ASL9oDA=</latexit>



Signal Processing: Analog to Digital 

On a computer, we only store samples of a signal. How many do we need?
<latexit sha1_base64="38b0bUKogO7TBSTxyAER4qwnvfo="></latexit><latexit sha1_base64="38b0bUKogO7TBSTxyAER4qwnvfo="></latexit><latexit sha1_base64="38b0bUKogO7TBSTxyAER4qwnvfo="></latexit><latexit sha1_base64="38b0bUKogO7TBSTxyAER4qwnvfo="></latexit>



Signal Processing: Analog to Digital 

On a computer, we only store samples of a signal. How many do we need?
<latexit sha1_base64="38b0bUKogO7TBSTxyAER4qwnvfo="></latexit><latexit sha1_base64="38b0bUKogO7TBSTxyAER4qwnvfo="></latexit><latexit sha1_base64="38b0bUKogO7TBSTxyAER4qwnvfo="></latexit><latexit sha1_base64="38b0bUKogO7TBSTxyAER4qwnvfo="></latexit>

Nyquist/Shannon/Whittaker: If bf(!) = 0 for all ! /2 [�⇡/s,⇡/s], then we need
only need {f(ns)}n2Z. More precisely,

f(x) =
X

n2Z
f(ns)�s(x� ns)

with

�s(x) =
sin(⇡x/s)

⇡x/s
<latexit sha1_base64="wxX99f5oKsTKzGwszatmA3C0tvU="></latexit><latexit sha1_base64="wxX99f5oKsTKzGwszatmA3C0tvU="></latexit><latexit sha1_base64="wxX99f5oKsTKzGwszatmA3C0tvU="></latexit><latexit sha1_base64="wxX99f5oKsTKzGwszatmA3C0tvU="></latexit>



Compressive Sensing

{f(ns)}n2Z
<latexit sha1_base64="A24BUzrdfv5u9RCTLnK64Yv5ryg="></latexit><latexit sha1_base64="A24BUzrdfv5u9RCTLnK64Yv5ryg="></latexit><latexit sha1_base64="A24BUzrdfv5u9RCTLnK64Yv5ryg="></latexit><latexit sha1_base64="A24BUzrdfv5u9RCTLnK64Yv5ryg="></latexit>�<latexit sha1_base64="pYkmMzIvra8SJqY3v04PXTC0Wug="></latexit><latexit sha1_base64="pYkmMzIvra8SJqY3v04PXTC0Wug="></latexit><latexit sha1_base64="pYkmMzIvra8SJqY3v04PXTC0Wug="></latexit><latexit sha1_base64="pYkmMzIvra8SJqY3v04PXTC0Wug="></latexit>

y
<latexit sha1_base64="GC0IlMv8MwneMCqxxweUqRcy/oo="></latexit><latexit sha1_base64="GC0IlMv8MwneMCqxxweUqRcy/oo="></latexit><latexit sha1_base64="GC0IlMv8MwneMCqxxweUqRcy/oo="></latexit><latexit sha1_base64="GC0IlMv8MwneMCqxxweUqRcy/oo="></latexit>

If the samples {f(ns)}n2Z are sparse, and if we only care about being able to
reconstruct f(x) 99.99% of the time, we can get away with even less samples, far
fewer in fact!

<latexit sha1_base64="/fJ+nWElav1TW6weOV+LW05tk+s="></latexit><latexit sha1_base64="/fJ+nWElav1TW6weOV+LW05tk+s="></latexit><latexit sha1_base64="/fJ+nWElav1TW6weOV+LW05tk+s="></latexit><latexit sha1_base64="/fJ+nWElav1TW6weOV+LW05tk+s="></latexit>



Fast Calculations

That’s great, but how fast can we compute things like the Fourier transform after
we sample the signal?

bf(!) =
Z +1

�1
f(x)e�ix! dx

Answer: Fast, via the “Fast Fourier Transform!” Much faster than one might
initially think in fact.

<latexit sha1_base64="X3e/5ytpIvHEUvklMn06Bc7iEoA="></latexit>



Image Processing

If we have a lot of images, we may want to compress them. This requires a sparse
representation

Fourier analysis alone will not work, because images often have sharp transitions
and other fine scale structures, in addition to macroscopic patterns

We need something multiscale

<latexit sha1_base64="UlTEpbB76w9F/2NQs9aVOOj9cPo="></latexit>



Image Processing

A wavelet  is a localized
waveform with zero average

In 2D, we dilate and rotate  ,

 j,✓(u) = 2�2j (2�jR�1
✓ u)

and test the image x(u) against
 j,✓ by computing the wavelet transform:

Wx = {x ⇤  j,✓(u)}j,✓,u

<latexit sha1_base64="Y0FkWmSs1QaFUIEZIjpLjhPDrok="></latexit>

Linear and nonlinear image compression

<latexit sha1_base64="CGb50OdrEjaSbcH2eC3yNSxqiQ0=">AAACI3icbVC7SgNBFJ2Nr7i+opY2g0GwCrshoFgFbSwsIpgHZEOYnZ01Q+axzMwKYcm/2PgrNhZKsLHwX5xsttDECwPnnnvPvXNPmDCqjed9OaW19Y3NrfK2u7O7t39QOTzqaJkqTNpYMql6IdKEUUHahhpGeokiiIeMdMPxzbzefSJKUykezCQhA44eBY0pRsZSw8pVoOMYccombiAkFRERxr2zw5CCSERQSMEWGbVKArHkdr7Wubjq1bw84CrwC1AFRbSGlVkQSZxyuwIzpHXf9xIzyJAyFDMydYNUkwThsd3Tt1AgTvQgy2+cwjPLRDCWyj5hYM7+VmSIaz3hoe3kyIz0cm1O/lfrpya+HGRUJKkhAi8WxSmDRsK5YTCiimDDJhYgrKj9K8QjpBA21lbXmuAvn7wKOvWa36g17uvV5nVhRxmcgFNwDnxwAZrgFrRAG2DwDF7BO/hwXpw3Z+Z8LlpLTqE5Bn/C+f4B0JGlAw==</latexit>



Image Processing

A wavelet  is a localized
waveform with zero average

In 2D, we dilate and rotate  ,

 j,✓(u) = 2�2j (2�jR�1
✓ u)

and test the image x(u) against
 j,✓ by computing the wavelet transform:

Wx = {x ⇤  j,✓(u)}j,✓,u

<latexit sha1_base64="Y0FkWmSs1QaFUIEZIjpLjhPDrok="></latexit>

Linear and nonlinear image denoising

<latexit sha1_base64="ZZtkuORUEjVCGHFgGDhxLoUiMk0=">AAACIXicbVBNS8MwGE7n16xfVY9egkPwNNoxcMehFw8eJrhNWMtI03QLS5OSpEIp+yte/CtePCiym/hnzLYedPOFwJPneZ+8eZ8wZVRp1/2yKhubW9s71V17b//g8Mg5PukpkUlMulgwIR9DpAijnHQ11Yw8ppKgJGSkH05u5nr/iUhFBX/QeUqCBI04jSlG2lBDp+WrOEYJZbntc0F5RLi278xjSELEI8gFZ8sbNU4CjS6oonw0dGpu3V0UXAdeCWqgrM7QmfmRwFliBmCGlBp4bqqDAklNMSNT288USRGemCkDAzlKiAqKxYZTeGGYCMZCmsM1XLC/HQVKlMqT0HQmSI/VqjYn/9MGmY5bQUF5mmnC8XJQnDGoBZzHBSMqCdYsNwBhSc1fIR4jibA2odomBG915XXQa9S9Zr1536i1r8s4quAMnINL4IEr0Aa3oAO6AINn8ArewYf1Yr1Zn9Zs2VqxSs8p+FPW9w/rpKP9</latexit>



Signal Characterization

To understand the previous results, we must understand how wavelets characterize
certain classes of functions

<latexit sha1_base64="4m/myj8SNy2jednViWKaoRhJI/0="></latexit>



Extracting Information from Complex Signals

Sometimes we want to separate out the constituent components of complex signals.
Time-frequency transforms can help with this

<latexit sha1_base64="VBcVVNA4299WePkGlmDfFdOGsSE="></latexit>



Dictionary Learning

Rather than constructing wavelets, can we learn a dictionary of waveforms that
gives a sparse representation of natural images?

<latexit sha1_base64="3GCapojPQ32Jgz8blP4/kg60QAg="></latexit><latexit sha1_base64="3GCapojPQ32Jgz8blP4/kg60QAg="></latexit><latexit sha1_base64="3GCapojPQ32Jgz8blP4/kg60QAg="></latexit><latexit sha1_base64="3GCapojPQ32Jgz8blP4/kg60QAg="></latexit>

Machine learned waveforms that give
a sparse representation of natural images
(they look very similar to wavelets!)

<latexit sha1_base64="QwEgnd/bMSeqBgxTagQbEpKpT64="></latexit><latexit sha1_base64="QwEgnd/bMSeqBgxTagQbEpKpT64="></latexit><latexit sha1_base64="QwEgnd/bMSeqBgxTagQbEpKpT64="></latexit><latexit sha1_base64="QwEgnd/bMSeqBgxTagQbEpKpT64="></latexit>



Deep Learning

Of course we may not want to compress an image. We may want classify it or

even generate new synthetic images. Deep learning, and in particular convolutional

neural networks, are very good at these tasks and getting better every month
<latexit sha1_base64="pBBbivvyeyrM7ESQTuugYq3Mqcg="></latexit><latexit sha1_base64="pBBbivvyeyrM7ESQTuugYq3Mqcg="></latexit><latexit sha1_base64="pBBbivvyeyrM7ESQTuugYq3Mqcg="></latexit><latexit sha1_base64="pBBbivvyeyrM7ESQTuugYq3Mqcg="></latexit>



Deep Learning and Harmonic Analysis

j

✓

Gabor wavelets  j,✓
<latexit sha1_base64="4WUkPQebIWn8Z/PtVm6nNLVPi/c="></latexit><latexit sha1_base64="4WUkPQebIWn8Z/PtVm6nNLVPi/c="></latexit><latexit sha1_base64="4WUkPQebIWn8Z/PtVm6nNLVPi/c="></latexit><latexit sha1_base64="4WUkPQebIWn8Z/PtVm6nNLVPi/c="></latexit>

Curvelet  j,↵
<latexit sha1_base64="b/s2xX4B12ekNQfa+3XuDS12v8c=">AAACJnicbVBNSwMxEM3Wr7p+rXr0EqyCByltL+pN7MWjgrUFt5TZdLaNTbJLkhXK0n/hn/AveNW7JxFv4i8xrT1Y9cHA472ZTOZFqeDGVirvXmFufmFxqbjsr6yurW8Em1vXJsk0wwZLRKJbERgUXGHDciuwlWoEGQlsRoP62G/eoTY8UVd2mGJbQk/xmDOwTuoE5dDEMUguhn6oEq66qKxfz/QdCrR0L0wN7+S3hyGItA+jvU5QqpQrE9C/pDolJTLFRSf4DLsJy6R7lgkwJgdtORM48sPMYApsAD28cVSBRNPOJxeN6L5TujROtCtl6UT9OZGDNGYoI9cpwfbNb28s/ufdZDY+budcpZlFxb4XxZmgNqHjeGiXa2RWDB0Bprn7K2V90MCsC3FmC6pMcoty5LtQqr8j+EsatfJJuXpZK52eTdMpkh2ySw5IlRyRU3JOLkiDMHJPHskTefYevBfv1Xv7bi1405ltMgPv4wvqvaa2</latexit><latexit sha1_base64="b/s2xX4B12ekNQfa+3XuDS12v8c=">AAACJnicbVBNSwMxEM3Wr7p+rXr0EqyCByltL+pN7MWjgrUFt5TZdLaNTbJLkhXK0n/hn/AveNW7JxFv4i8xrT1Y9cHA472ZTOZFqeDGVirvXmFufmFxqbjsr6yurW8Em1vXJsk0wwZLRKJbERgUXGHDciuwlWoEGQlsRoP62G/eoTY8UVd2mGJbQk/xmDOwTuoE5dDEMUguhn6oEq66qKxfz/QdCrR0L0wN7+S3hyGItA+jvU5QqpQrE9C/pDolJTLFRSf4DLsJy6R7lgkwJgdtORM48sPMYApsAD28cVSBRNPOJxeN6L5TujROtCtl6UT9OZGDNGYoI9cpwfbNb28s/ufdZDY+budcpZlFxb4XxZmgNqHjeGiXa2RWDB0Bprn7K2V90MCsC3FmC6pMcoty5LtQqr8j+EsatfJJuXpZK52eTdMpkh2ySw5IlRyRU3JOLkiDMHJPHskTefYevBfv1Xv7bi1405ltMgPv4wvqvaa2</latexit><latexit sha1_base64="b/s2xX4B12ekNQfa+3XuDS12v8c=">AAACJnicbVBNSwMxEM3Wr7p+rXr0EqyCByltL+pN7MWjgrUFt5TZdLaNTbJLkhXK0n/hn/AveNW7JxFv4i8xrT1Y9cHA472ZTOZFqeDGVirvXmFufmFxqbjsr6yurW8Em1vXJsk0wwZLRKJbERgUXGHDciuwlWoEGQlsRoP62G/eoTY8UVd2mGJbQk/xmDOwTuoE5dDEMUguhn6oEq66qKxfz/QdCrR0L0wN7+S3hyGItA+jvU5QqpQrE9C/pDolJTLFRSf4DLsJy6R7lgkwJgdtORM48sPMYApsAD28cVSBRNPOJxeN6L5TujROtCtl6UT9OZGDNGYoI9cpwfbNb28s/ufdZDY+budcpZlFxb4XxZmgNqHjeGiXa2RWDB0Bprn7K2V90MCsC3FmC6pMcoty5LtQqr8j+EsatfJJuXpZK52eTdMpkh2ySw5IlRyRU3JOLkiDMHJPHskTefYevBfv1Xv7bi1405ltMgPv4wvqvaa2</latexit><latexit sha1_base64="b/s2xX4B12ekNQfa+3XuDS12v8c=">AAACJnicbVBNSwMxEM3Wr7p+rXr0EqyCByltL+pN7MWjgrUFt5TZdLaNTbJLkhXK0n/hn/AveNW7JxFv4i8xrT1Y9cHA472ZTOZFqeDGVirvXmFufmFxqbjsr6yurW8Em1vXJsk0wwZLRKJbERgUXGHDciuwlWoEGQlsRoP62G/eoTY8UVd2mGJbQk/xmDOwTuoE5dDEMUguhn6oEq66qKxfz/QdCrR0L0wN7+S3hyGItA+jvU5QqpQrE9C/pDolJTLFRSf4DLsJy6R7lgkwJgdtORM48sPMYApsAD28cVSBRNPOJxeN6L5TujROtCtl6UT9OZGDNGYoI9cpwfbNb28s/ufdZDY+budcpZlFxb4XxZmgNqHjeGiXa2RWDB0Bprn7K2V90MCsC3FmC6pMcoty5LtQqr8j+EsatfJJuXpZK52eTdMpkh2ySw5IlRyRU3JOLkiDMHJPHskTefYevBfv1Xv7bi1405ltMgPv4wvqvaa2</latexit>

⇢

|⇢ ⇤  �1 |

k⇢ ⇤  �1kqq

||⇢ ⇤  �1 | ⇤  �2 |

|||⇢ ⇤  �1 | ⇤  �2 | ⇤  �3 |

k|⇢ ⇤  �1 | ⇤  �2kqq

We can use tools from harmonic analysis
to understand why deep learning works,
and even better, to inform us how to push
beyond the current state of the art

<latexit sha1_base64="XYFKqM38tOsuLOvMxhQUj42B+tI="></latexit><latexit sha1_base64="XYFKqM38tOsuLOvMxhQUj42B+tI="></latexit><latexit sha1_base64="XYFKqM38tOsuLOvMxhQUj42B+tI="></latexit><latexit sha1_base64="XYFKqM38tOsuLOvMxhQUj42B+tI="></latexit>

Machine learned
filters at each
layer (again similar
to wavelets!)
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Harmonic Analysis on Graphs and Manifolds

In unsupervised learning tasks, we often want to organize high dimensional data in
some fashion, e.g., cluster it, or find a low dimensional representation of the data

It turns out we can do this by understanding how to do harmonic analysis on graphs
and manifolds, like these:
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What are the harmonics on manifolds?

Note that �eix·! = �|!|2eix·!

Thus eix·! is eigenfunction of � with eigenvalue �|!|2

Let M be a compact Riemannian manifold. It turns out we can define � for
functions f : M ! C. The eigenfunctions of � define the harmonics of M

Similarly let G = (V,E,W ) be a weighted graph. In this case we define an analog
of �, which is the graph Laplacian L. Its eigenvectors are the harmonics of G

<latexit sha1_base64="0nN9eydrxLWMosNfdTIGRAGOqmM="></latexit><latexit sha1_base64="0nN9eydrxLWMosNfdTIGRAGOqmM="></latexit><latexit sha1_base64="0nN9eydrxLWMosNfdTIGRAGOqmM="></latexit><latexit sha1_base64="0nN9eydrxLWMosNfdTIGRAGOqmM="></latexit>

Harmonic Analysis on Graphs and Manifolds



Manifold Learning

We can turn any dataset into a weighted graph

if we can measure some notion of similarity

between data points

Once we have a graph, we can construct the

graph Laplacian

These eigenvectors can be used to cluster

the data and/or give low dimensional embeddings

of the data
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