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Lecture 11
We recall and prove The Representer Theorem (Theorem 4) from last lec-
ture:

Theorem 4 (The Representer Theorem). Let c : X ⇥ R ⇥ R ! R [ {•} be
a cost function, W : [0, •) ! R a strictly monotonic increasing function, and
H a RKHS. Then each minimizer of

f ? = arg inf
f2H

1
n

n

Â
i=1

c(xi, yi, f (xi)) + W(k f kH)

has a representation of the form:

f ?(x) =
n

Â
i=1

aik(xi, x). (38)

Proof. Set k f k = k f kH and define W(k f k2) = W(k f k). Let U be the closed
subspace of H defined as:

U =

(
g 2 H : g(x) =

n

Â
i=1

bik(xi, x)

)
.

Since H is a Hilbert space, we can decompose f 2 H as

f (x) = fU(x) + f?(x) =
n

Â
i=1

aik(xi, x) + f?(x),

where fU 2 U and h f?, gi = 0 for all g 2 U. Notice in particular that the
last point implies:

8 i = 1, . . . , n, h f?, k(xi, ·)i = 0.

We now make two observations. The first is that:

8 j = 1, . . . , n, f (xj) = h f , k(xj, ·)i,
= h fU + f?, k(xj, ·)i,
=

n

Â
i=1

aik(xi, xj) + h f?, k(xj, ·)i,

=
n

Â
i=1

aik(xi, xj). (39)
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Thus Remp[ f ] = Remp[ fU] depends only on fU, and hence the values (39).
Secondly,

W(k f k) = W(k f k2),
= W(k fUk2 + k f?k2),
� W(k fUk2),

= W

 �����

n

Â
i=1

aik(xi, ·)
�����

!
.

Since W is strictly monotonically increasing, it is minimized only when
f? = 0. Since Remp[ f ] = Remp[ fU], this implies that f ? 2 U, and hence can
be represented as (38).

Exercises

Exercise 21. Prove the Semiparametric Representer Theorem:

Theorem 5. Let c : X ⇥ R ⇥ R ! R [ {•} be a cost function, W : [0, •) ! R
a strictly monotonic increasing function, and H a RKHS. Additionally, let {yj :
X ! R}m

j=1 be a collection of m real valued functions with the property that the
n ⇥ m matrix (yj(xi))ij has rank m. Finally, let F be the functional class:

F = { ef = f + h : f 2 H, h 2 span{yj}m
j=1}.

Then each minimizer:

ef ? = arg inf
ef= f+h2F

Remp[ ef ] + W(k f kH),

admits a representation of the form:

ef ?(x) =
n

Â
i=1

aik(xi, x) +
m

Â
j=1

b jyj(x), ai, b j 2 R.

To understand better the relevance of the Semiparametric Representer
Theorem, see [1, Chapter 4.8].
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7.3 Kernel ridge regression

Let us return to the example at the end of Lecture 9. Now that we have
introduced regularization, we can give the full story, which leads to the
popular machine learning method, kernel ridge regression.

Recall that we are in the regression setting with a quadratic loss func-
tion c(x, y, f (x)) = (y � f (x))2, and we have a feature map:

F(x) = (f1(x), . . . , fm(x)) 2 Rm.

We considered the functional class F = span(F), give by

F =

(
f : X ! R : f (x) =

m

Â
j=1

wjfj(x), wj 2 R

)
.

Let us now try to minimize the regularized risk over training data {(xi, yi)}in,
with regularization term kwk2:

inf
f2F

Rreg[ f ] = inf
w2Rm

n

Â
i=1

 
yi �

m

Â
j=1

wjfj(x)

!2

+ lkwk2.

Similarly to before, we set:

F(w) = F(w1, . . . , wm) =
n

Â
i=1

 
yi �

m

Â
j=1

wjfj(x)

!2

+ lkwk2.

Using the same notation

Fji = fj(xi) =

0

BB@

f1(x1) f1(x2) · · · f1(xn)
f2(x1) f2(x2) · · · f2(xn)

... ... . . . ...
fm(x1) fm(x2) · · · fm(xn)

1

CCA

Additionally, set:

y =

0

BB@

y1
y2
...

yn

1

CCA 2 Rn and w =

0

BB@

w1
w2
...

wm

1

CCA 2 Rm,
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we obtain the following partial derivatives for F:

∂F
∂w`

(w) = �2Fy[`] + 2FFTw[`] + 2lw[`].

Thus setting ∂F/∂w`(w) = 0 for all ` = 1, . . . , m, we get:

�
FFT + lI

�
w = Fy ) w =

�
FFT + lI

��1 Fy.

We remark that if l > 0, the matrix FFT + lI is always invertible.
Let us now develop a kernelized version, similar to Exercise 19. To do

so, note that we could have written w as:

w = l

�1F
�
y � FTw

�
.

Set:
a = l

�1 �y � FTw
�

. (40)

Thus:
w = Fa ) wj =

n

Â
i=1

aifj(xi).

Note we saw this equation for wj earlier in (37). But now with this spe-
cific regularization term, we can solve for a directly in terms of F and y;
indeed, using (40) we obtain:

la = y � FTw = y � FTFa,

which implies:

�
FTF + lI

�
a = y ) a =

�
FTF + lI

��1
y.

61



Spring 2017 CMSE 820: Math. Foundations of Data Sci.

Similar to our earlier calculation we rewrite f (x) as:

f (x) =
m

Â
j=1

wjfj(x),

=
m

Â
j=1

 
n

Â
i=1

aifj(xi)

!
fj(x),

=
n

Â
i=1

ai

m

Â
j=1

fj(xi)fj(x),

=
n

Â
i=1

aihF(xi), F(x)i,

=
n

Â
i=1

aik(xi, x),

where we have defined the kernel k as k(x, x0) = hF(x), F(x0)i. Notice
that Gram matrix of k, which is defined as Kij = k(xi, xj), is given by:

K = FTF.

Thus we can write a as:

a = (K + lI)�1 y.

To summarize, let H denote the RKHS of a kernel k(x, x0) = hF(x), F(x0)i,
which is either defined by a feature map F : X ! `2 or implicitly defines
such a F through Mercer’s Theorem. Then the optimizations

inf
f2span(F)

Rreg[ f ] = inf
w2`2

n

Â
i=1

 
yi �

•

Â
j=1

wjfj(x)

!2

+ lkwk2, (41)

and
inf
f2H

Rreg[ f ] = inf
f2H

n

Â
i=1

(yi � f (xi))
2 + lk f k2

H (42)

are equivalent. Indeed, by the Representer Theorem, the minimizer of (42)
has the form

f (x) =
n

Â
i=1

aik(x, xi),
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which implies that (42) can be rewritten as:

inf
f2H

n

Â
i=1

(yi � f (xi))
2 +lk f k2

H = inf
a2Rn

n

Â
i=1

 
yi �

n

Â
j=1

ajk(xi, xj)

!2

+
n

Â
i,j=1

aiajk(xi, xj).

(43)
The above calculations show that the two optimizations (41) and (43) re-
sult in the same minimizing function f ?. Furthermore, they have closed
form solutions for the weights given by:

w =
�
FFT + lI

��1 Fy and a = (K + lI)�1 y.

The optimization (43) is called kernel ridge regression, which is popular
machine learning algorithm.
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