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Lecture 9
6 Risk and loss functions

In supervised learning, we are given training samples {(x1, y1), . . . , (xn, yn)} ⇢
X ⇥Y . Our machine learning algorithm uses this data to construct a func-
tion f : X ! Y , which assigns a label f (x) to any x 2 X . But the question
then arises, how do assess the quality of f ? That is the subject of this
section.

6.1 Loss functions

Adapted from [1, Chapter 3.1]

We define a loss function. Denote by (x, y, f (x)) 2 X ⇥ Y ⇥ Y a triplet
consisting of data point x, its label y, and the predicted label f (x). A map
c : X ⇥ Y ⇥ Y ! [0, •) with the property that c(x, y, y) = 0 is a loss
function.

In what follows we give some examples of loss functions to keep in
mind.

6.1.1 Examples of loss functions for binary classification

Suppose Y = {�1,+1}.
For these first two examples, we assume that our machine learning

algorithm constructs a function f : X ! Y .

• 0–1 loss:
c(x, y, f (x)) =

⇢
0 if y = f (x),
1 if y 6= f (x).

• Input dependent loss:

c(x, y, f (x)) =
⇢

0 if y = f (x),
c̃(x) if y 6= f (x).

46



Spring 2017 CMSE 820: Math. Foundations of Data Sci.

Now suppose instead our machine learned algorithm outputs a func-
tion f : X ! R, which gives the confidence of our prediction. In this case,
sgn f (x) is the class label, and | f (x)| is our confidence in the prediction.
In this case some example loss functions are:

• Soft margin loss:

c(x, y, f (x)) = max(0, 1 � y f (x)) =
⇢

0 if y f (x) � 1,
1 � y f (x) if y f (x) < 1.

• Quadratic soft margin loss:

c(x, y, f (x)) = max(0, 1 � y f (x))2

• Logistic loss:

c(x, y, f (x)) = log(1 + exp(�y f (x))).

Figure 11 illustrates some of these loss functions.

Figure 11: Plots of various loss functions. Note that both of the soft margin
loss functions are upper bounds on the 0–1 loss function.

6.1.2 Examples of loss functions for regression

In regression tasks Y is a continuum of values, often Y ✓ R. In this case
the difference y � f (x) is usually more important than the product y f (x).
Thus in most cases the loss function will be of the type:

c(x, y, f (x)) = c̃(y � f (x)).

Here are some examples:
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Figure 12: Graphs of regression loss functions in black. Ignore the dotted
lines.

• Squared loss:

c(x, y, f (x)) = (y � f (x))2, i.e., c̃(x) = x

2.

• #-sensitive loss:

c(x, y, f (x)) = max(|y � f (x)|� e, 0) i.e., c̃(x) = max(|x|� #, 0).

When # = 0 we obtain the absolute loss function.

See Figure 12 for plots of these loss functions.

6.2 Test error and empirical risk

Adapted from [1, Chapter 3.2]

We now combine the individual penalties c(x, y, f (x)) to assess the qual-
ity of f . We assume there exists a probability distribution P(x, y) on
X ⇥ Y which governs the data generation and underlying functional de-
pendency.

We assume that the training data {(x1, y1), . . . , (xn, yn)} are drawn
i.i.d. from P(x, y). We also assume that we have no knowledge of what
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test patterns x we will be asked to classify or regress with f (x) (if you
know in advance the test points, it makes a difference).

Within this framework, we want to minimize the expected error over
all possible test points, which is all of X ⇥Y . That is, we want to minimize
the risk of f , also known as the expected loss, with respect to P and c:

R[ f ] = E[c(x, y, f (x))] =
Z

X⇥Y
c(x, y, f (x)) dP(x, y).

However, minimizing R[ f ] is impossible because we do not know P and
we do not know all of X ⇥ Y . All we are given is the training data
{(xi, yi)}in. These training points, though, allow us to compute an em-
pirical estimate of R[ f ], which we call the empirical risk:

Remp[ f ] =
1
n

n

Â
i=1

c(xi, yi, f (xi)).

With Remp[ f ], we now need to settle on a functional class F over which
to minimize it:

inf
f2F

Remp[ f ]. (30)

However, determining F is rather difficult (we’ll come back to this a bit
later). Even with a functional class F that we may like, the optimization
(30) can be ill posed.

To make this more concrete, let’s look at the following example. Con-
sider a regression task with the quadratic loss function c(x, y, f (x)) =
(y � f (x))2. Suppose that we have a feature map

F(x) = (f1(x), . . . , fm(x)) 2 Rm,

and we consider linear regressions over F:

F =

(
f : X ! R : f (x) =

m

Â
j=1

wjfj(x), wj 2 R

)
.

We want to find the minimizer of Remp, i.e.,

inf
f2F

Remp[ f ] = inf
w2Rm

1
n

n

Â
i=1

 
yi �

m

Â
j=1

wjfj(xi)

!2

,
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where w = (wj)m
j=1. Overloading notation slightly, we also let F stand for

the m ⇥ n matrix with entries given by:

Fji = fj(xi) =

0

BB@

f1(x1) f1(x2) · · · f1(xn)
f2(x1) f2(x2) · · · f2(xn)

... ... . . . ...
fm(x1) fm(x2) · · · fm(xn)

1

CCA

Additionally, set:

y =

0

BB@

y1
y2
...

yn

1

CCA 2 Rn and w =

0

BB@

w1
w2
...

wm

1

CCA 2 Rm,

as well as:

F(w) = F(w1, . . . , wm) =
n

Â
i=1

 
yi �

m

Â
j=1

wjfj(xi)

!2

.

Computing the partial derivatives of F we obtain:

∂F
∂wk

(w) =
n

Â
i=1

2

 
yi �

m

Â
j=1

wjfj(xi)

!
fk(xi),

= 2
n

Â
i=1

fk(xi)yi � 2
n

Â
i=1

fk(xi)
m

Â
j=1

wjfj(xi),

= 2Fy[k]� 2
n

Â
i=1

fk(xi)FTw[i],

= 2Fy[k]� 2FFTw[k]. (31)

Noting that the minimizer w? of F occurs when ∂F/∂wk(w?) = 0, using
(31) we obtain:

Fy = FFTw?.
It thus follows that:

w? =
�
FFT��1 Fy,

where (FFT)�1 denotes the inverse of the matrix FFT if FFT has full
rank, and the pseudo-inverse otherwise.
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If FFT is full rank but its condition number is large, then it will be
numerically very difficult to compute w. On the other hand, if m > n (i.e.
the dimension of our feature space is larger than the size of the training
set), then FFT will not be full rank and there will be a linear subspace
of solutions of dimension at least m � n, and thus the solution will not
be unique. Even if n = m, and there is an f such that f (xi) = yi for
all i = 1, . . . , n, this does not guarantee that f will generalize well to
data points x not in the training set. We’ll discuss how to account of this
problem in the next section.

Exercises

Exercise 19. Do the kernel version of the previous calculation. In other
words, consider the class of regression functions:

F =

(
f : X ! R : f (x) =

n

Â
i=1

aik(xi, x)

)
.

Again we want to minimize the empirical risk for the quadratic loss func-
tion, which is given by:

inf
f2F

Remp[ f ] = inf
a2Rn

1
n

n

Â
i=1

 
yi �

n

Â
j=1

aik(xi, xj)

!2

. (32)

Show that if k is symmetric and the Gram matrix of k with respect to the
training data {x1, . . . , xn} is invertible, the optimal a

? that minimizes (32)
is given by:

a

? = K�1y, (33)

where Kij = k(xi, xj).
Exercise 20. Let’s return to the MNIST data set. Consider again a binary
classification problem between pairs of numbers, e.g, 1 and 4, 3 and 5,
etc. Take the labels to be Y = {+1,�1}, +1 for one digit, �1 for the
other digit. We can use the kernel regression algorithm from the previous
exercise to define a classifier. Indeed, a class label can be defined as:

y = sgn f (x) = sgn

 
n

Â
i=1

aik(xi, x)

!
.
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In this case, the magnitude | f (x)| can be interpreted as a measure of
confidence in the prediction - the larger the value, the more confident
the prediction. Train such a regression with the quadratic polynomial
k(x, x0) = (hx, x0i + c)2 using (33). Compare your results to the linear
classifier you developed previously. What is your interpretation? Note 1:
Do this for all pairs of numbers, which will give you a better sense of the
difference between the two classification algorithms. Note 2: You most
likely will have to do a 50% training, 50% testing split (or something like
this), because otherwise the training kernel K can get quite large in mem-
ory. Thus to make a fair comparison, you will have to rerun your linear
classifier.
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