Fall 2015 Math 414: Linear Algebra II

BEGINNING OF LECTURE 31

7.C Positive Operators and Isometries
Positive Operators

Definition 51. An operator T € L(V) is positive if T is self-adjoint and

VoeV, (Tv,v) > 0.
Examples:

1. Orthogonal projections Py (when U is a subspace of V)

2. T self-adjoint and b,c € R such that * < 4c, then T? 4+ bT + ¢l is a
positive operator (see our proof proving that 7%+ bT + cI is invertible)

Definition 52. An operator R is the square root of an operator T'if R? = T.

Example: Suppose T' € L(R?) is a rotation by the angle 6 € [0, 27), i.e.,

cosf) —sinf
T_(sin9 cos 0 )

0 _ wint
<C082 81112)
. f 0
Slﬂ§ COS§

Positive operators mimic the numbers [0, 00). The next two theorems for-
malize this statement.

If R is a rotation by 6/2,

then RZ =T.

Theorem 30. Let T' € L(V). Then the following are equivalent:
1. T 1s positive
2. T is self-adjoint and all eigenvalues of T are nonnegative

3. T has a positive square root
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4. T has a self-adjoint square root

5. There exists and operator R € L(V') such that T = R*R
Proof. The plan is: (1) = (2) = (3) = (4) = (5) = (1).

e (1) = (2): By definition 7" is self-adjoint. So let A be an eigenvalue of
T with eigenvector v (recall this means v # 0). Then:

0> (Tw,v) = (Av,v) = Mv,v) = A]p||* = A >0

e (2) = (3): Since T is self-adjoint, by The Spectral Theorem there is
an ONB eq,...,e, of V consisting of eigenvectors of T'; let A,..., A\,

be the corresponding eigenvalues. By assumption each Ay > 0. Define
R € L(V) be defining it on ey, ..., e,:

Rey = v/ Mex

We claim that R is a positive operator and that R?> = T. The second
point is clear since:

R26k = )\kek = Tek,Vk; — 1,...,7”&

Thus R? and T agree on a basis and so they must be the same operator.
Furthermore R is positive since:

(Rv,v) = <R (Z(v,ej>ej> ,Z(v,ek>ek> = <Z<U,ej>Rej,Z<v,ek>ek>

= k=l j=1 =1
— jzn;kzn; ((v,€;)Re;, (v, ex)er)
= j}n;kzn;@, e;) (v, er)(Rej, )
= jﬁ;kﬁ;(v, e;) (v, en)(v/Ase, en)
= jilkzn;w, eV (v, ey v/ Aj(ej, ex)

=> VN lwep >0
j=1
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= (4): By definition
e (4) = (5): (4) means that T'= R? and R = R*. Thus: T = R* = RR =
R

T"=(R'R)"=R(R)=RR=T
For the second part,

(Tv,v) = (R*Rv,v) = (Rv, Rv) = |[Rv||* >0, Yv €V

Theorem 31. Every positive operator has a unique positive square root.

Proof. Suppose T € L(V) is positive. Since T is self-adjoint, by The Spec-
tral Theorem it has an ONB B of eigenvectors. Let v € B be one of these
eigenvectors, and let \ be its associated eigenvalue so that T'v = Av. By the
previous theorem A > 0 and T has a positive square root, say R. We will
prove that Rv = v v. Thus R will be uniquely determined on the basis B,
which means that it is the unique positive square root of T'.

Now we prove that Rv = v/Av. Since R is positive, and hence self-adjoint,
The Spectral Theorem impies that there exists an ONB eq,....e, of V con-
sisting of eigenvectors of R. Let ny,...,n, be the corresponding eigenvalues;
because R is also positive, we know from the previous theorem that n; > 0

for all k. Define Ay = n?; then /A, = n;, and

Rey, = v/ Aiey

Since ey, ..., e, is an ONB, we can write

n
U= Z<U7 €k>€k
k=1

Thus:

n n

Rv = Z(v, ek>\/)\7kek — R%y = Z(v, ek ) \pek

k=1 k=1
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But R? =T and Tv = \v, so R*>v = Tv = \v which implies:

n n

Z(v, ex) A€ = Z(v, er) e, = Z(v, ex) (A — Ap)ex =0

k=1 k=1 k=1
— (v,ex)(A—A) =0, VE=1,...,n

Hence either (v,er) = 0 or A = \; for each k; thus:

v = Z (v, ep)e, = Rv = Z (v,ek>\/)\>kek

{k: \e=A} {k: M=)}

— v\ Z (v, ep)er = Vv

{k: A=A}

END OF LECTURE 31

92



