Fall 2015 Math 414: Linear Algebra II

BEGINNING OF LECTURE 24

Now we use the fact that V = U @ U~ to define the orthogonal projection of
V onto U.

Definition 46. Suppose U is a finite dimensional subspace of V.
The orthogonal projection of V' onto U is the operator Py € L£(V') defined
as:

Pyjv=u, wherev=u+w, velU, weUt

Remark: Since the decomposition v = u+w € U @ U+ is unique, the orthog-
onal projection Py is well defined.

Example: Recall from earlier we have: If u,v € V and u # 0, then

(o)
ull?

v=cu+w, (u,w)=0, c

Thus if U = span(u), then
(v, u)

el

Pyv=cu=

More generally, if U is an arbitrary finite dimensional subspace of V' and
€1,...,¢en is an ONB for U, then:

m

Pyv = Z(v, ek ) ek (14)

k=1
This is just one of many properties of FPy:
Proposition 47. If U s a finite dimensional subspace of V andv € V', then:
1. Py e L(V)
Pru=u YueU
Prw=0Ywe Ut

range Py = U

SAEER N

null Py = U+
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6. U—PUUEUJ‘

7. P2=Py

8.

[Povll < vl

Proof. We prove each part:

1.

This follows from (14) and the linearity of the inner product in the first
argument.

. IfuecU,thenu=u+0¢€U@®U", and thus Pyu = u.

IfweUt, thenw=0+w € U @ U™, and thus Pyw = 0.

This is clear

. Part 3 implies that U+ C null Py. Now suppose that v € null Py, i.e.,

Pyv = 0. Then if v = u +w € U ® U+, we must have Pyv = u = 0,
which implies that v =04+ w = w € U+ and so null Py C U+.

. Mfv=u+weU®U, then:

v—Po=@ut+w) —u=wecU"

Ifv=u+weU®U"L then:

(P3)v = Py(Pyv) = Pyu = u = Pyov

. Mfv=u+weU®U" then:

1Proll® = llull® < flull® + [lwl* = [lv]|*

[]

We now turn to a very important minimization problem: Given a subspace
U of V and a point v € V, find a point uy € U such that ||[v — ug|| is as small
as possible. In other words, find uy € U such that:

lv = uoll = min [jv —ul| == [lv —uo|| < lv—ul|, VueU

In fact the orthogonal projection gives the solution!
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Theorem 24. Suppose U is a finite dimensional subspace of V, v € V', and
uwe U. Then:
lo = Pyol| < flo—ul].

Furthermore,
|lv — Pyv|| = |lv —u|| <= u = Pyv

Proof. We have:

— Pyo|)? < ||lv = Py | + || Pyv —u|)?
o= Pyol|” < [lo = Puy ||+ || Buv — u ||

cU+ eU
= ||(v — Pyv) + (Pyv — u)|?
= [Jo — ul”

The inequality is an equality if and only if:

lv — Pyl = o —ul| & v — Pyol* = [lv = Pyol* + | Pyo — ul)*
& ||Prv —ul* =0
< Ppv=wu

Please read the very interesting Example 6.58 in the book.

END OF LECTURE 24
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