Fall 2015 Math 414: Linear Algebra II

BEGINNING OF LECTURE 23

6.C Orthogonal Complements and Minimization Prob-
lems

Definition 45. If U C V, then the orthogonal complement of U is:

Ut={veV:(vu =0, YuecU}

Geometrical Examples:

o If U is a line in V = R?, then U~ is the line orthogonal U that passes
through the origin.

o If U is a line in V = R3, then U" is the plane orthogonal to U that
contains the origin.

e If U is a plane in V = R3, then U" is the line orthogonal to U that
passes through the origin.

Proposition 44. The following are basic properties of the orthogonal com-
plement:

1. If U C V, then U™ is a subspace of V
{0}t =V
v+ = {0}

IfU CV, then UNUL C {0}. If U is a subspace of V, then UNU*L =
{0}

5. IfUCV and W CV ad U C W, then W+ Cc U+
Proof. We go through the list:

1. We need to show Ut contains 0, is closed under addition and scalar
multiplication.

e Clearly (0,u) =0 Vu € U, thus 0 € U™,
e Now suppose v, w € U+. If u € U, then:

(v4+w,u) = (v,u) + {(w,u) =0+0=0=v+wec U"
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e Suppose A € Fand v e Ut. If u € U, then
M, u) =Mv,u) =A-0=0= \vc U"
2. (1,0)=0VveV=0ve{0}so {0}t =V
3. Suppose v € V. Then (v,v) = 0= v = 0. Thus V*+ = {0}.
4. Suppose U C V and v € U NU*. Then we must have (v,v) = 0 =

v =0, and so UNU* C {0}. If U is a subspace of V, then 0 € U and
by above 0 € U+, so UNU* = {0}.

5. This is clear.
]

Recall early on we proved that if U is a subspace of V', then there exists a
second subspace W of V' such that V = U & W. We now show that we can
take W = U+,

Proposition 45. If U is a finite dimensional subspace of V', then
V=UsU"

Proof. From the previous proposition we know that UNUL = {0}, so we just
need to show that U + U+ = V. Let v € V and let e4, ..., e, be an ONB of
U. Clearly then:

m

v = Z(v, ex)er +v — Z(v, ek) e

(. 1 J/ N k=1 J/
w

uelU

We want to show w € U+L. But this is clear since:

VE=1,....m, (w,e;) = (v,ep) —(v,ep) =0=weU"

Corollary 7. If V is finite dimensional and U is a subspace of V', then:
dim U+ = dimV — dim U
Proposition 46. If U is a finite dimensional subspace of V', then
U= (U4
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Proof. We prove this in two parts:

e First we show that U C (U4)t. Suppose u € U. Then by definition of
U+,
(v,uy =0 = (u,v), YveU"+

But the above also implies that u € (U+)* since

(UHr={weV:{wwv)=0 YveU'}

e Now we show that (U+)+ C U. Suppose that v € (UH)1. v € V s0 we
can write 1t as:

v=u+t+w, velU welU—=v—-—u=weU"
But by the above, we also have u € U C (U+)* and so:
v—u€ (U =v—ueclUNU) " =v-—u=0=2v=u=velU

O
END OF LECTURE 23
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