Fall 2015 Math 414: Linear Algebra II

BEGINNING OF LECTURE 19
Theorem 19 (Triangle Inequality). Suppose u,v € V. Then:
[u+f] < Jull + vl
with equality if and only if u = cv for ¢ > 0.
Proof. For the first part:
|u+v|)? = (u+v,u+0)
= (u,u) + (v, v) + (u,v) + (v, u)
= (u,u) + (v,v) + (u,v) + (u,v)
= [lull* + [lv]]* + 2Re(u, v)
< flall + loll* + 2/ (u, v)|
< JJull? + Joll? + 2ullo  [Canchy-Schwars]
= (llull + llol)?
The proof above shows that equality holds if and only if:
1. Re(u,v) = [{(u,v)], and
2. [(u,v)| = [lulll|v]

From the Cauchy-Schwartz inequality, we know #2 holds if and only if u = cv
for some ¢ € F. For #1, consider an arbitrary A = a+ib € C, where a,b € R.
Then ReX = a and |A\| = Va? + b?, so ReA = |A] if and only if A = a > 0.
Thus #1 holds if and only if (u,v) > 0, which combined with u = cv, implies
that equality holds if and only if ¢ > 0. ]

The next result is the Parallelogram Equality, which also has a geometric
interpretation in R?; see Figure 7.

Proposition 38. Suppose u,v € V. Then:
lu+ ol + flu = vf* = 2(|Ju]* + [lv]]*)
Proof. Simply compute:
lu+ | + Ju—v|* = (u+v,u+v) + {(u—v,u—v)
= [Jull® + [[o]* + {u, v) + (v, u) + [Jull® + [Jol* = (u,v) + (v, u)
= 2(|Jul® + [[v]1*)
]
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Figure 6: The triangle inequality for R?

Figure 7: Parallelogram equality in R?

6.B Orthonormal Bases

Definition 41. A list of vectors eq, ..., e, € V is orthonormal if
. |1 itj=Fk [norm 1] ey
(e ex) = { 0 if j # k [orthogonal] } =00 k),

0:Z—C, 6(0)=1andd(n)=0, Vn #D0.

where

Examples:
1. The standard basis in F"

2. Recalls the vector space V = {f : Zy — C}, where Zy ={0,..., N —
1}, and the Fourier basis:

1 eQm’lm/N.
VN

Define an inner product on this vector space:

e : Zy — C, er(n) =

(f.g) = Z f(n)g(n)

56



Fall 2015 Math 414: Linear Algebra II

Now V is an inner product space and eg,...,ey_1 is an orthonormal
list. We can verify this:

N-1
(ej,er) = ) _ej(n)er(n)
n=0
| Nl
_ 2mign/N —2mwikn/N
= — E € e
N
n=0
| Nl
- E eQm’(]fk)n/N
N
n=0
1 N—1 1 o . .
NanOl_N'N_ lfj_k
_ 1 1—(e2™iG-R)/NYN 1—e2mi—k) 1—-1 _ o
N B T 1_ezmiG-k/N  — N S 1—_e2miG-k/N — N~ 1_e2miG-k)/N — 0 lf] 7& k
Since ey, ...,en_1 is also a basis, we call it an orthonormal basis.

Definition 42. An orthonormal basis of V' is an orthonormal list of vectors
in V that is also a basis of V.

END OF LECTURE 19
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